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PREFACE 


This book was written in an attempt to make group-theoretical methods 
a useful tool instead of an esoteric study. I have tried to reformulate the 
results of papers and books to make the material understandable. Tor 
most of the text, no previous knowledge of group theory is needed, but 
it is assumed that the reader knows quantum mechanics. 

The book developed from courses of lectures presented at various times 
at Argonne National Laboratory. Most of the material on crystal groups 
and erystalline fields was presented in a course in 1953. Some of the 
material related to nuclear physics was discussed in a course in 1956. 
In 1957, I lectured on the Lorentz group. The book contains only the 
introduction to a treatment of the Lorentz group. I felt that the subject 
could not be presented properly without a full discussion of quantum 
field theory. 

Much of the final manuscript was written in Ziirich, Switzerland, in 
1958-59. I am very grateful to the directors of the Argonne National 
Laboratory for enabling me to spend this concentrated effort on com- 
pletion of the book. I am also indebted to the Council of the Royal 
Society, London, for permission to reproduce the tables in Chapters 10 
and 11, which were originally published in Proceedings of the Royal Society. 

The: book is dedicated to my wife, Madeline, who typed the manu- 
script and corrected many stylistic and technical errors. 


MM. Ἡ. 
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INTRODUCTION 


The purpose of this book is to present those aspects of the theory of 
groups which are relevant to the treatment of problems in physics. It 
must be stated at the outset that all our results are obtainable without 
the formal methods of group theory. The alternative “simple” methods 
are, in fact, a physicist’s rediscovery of some group-theoretical techniques. 
For simple problems, the formal treatment is also simple; in complex 
problems, the use of powerful tools can save us considerable labor. We 
should not deprecate formalism as such—so long as the physical ideas are 
not lost from sight, the formalism is valuable. In the course of our study, 
the “intuitive” methods will be treated as well as more formal techniques. 

My hope is that this study of group theory will make the reader aware 
of the wide range of physical problems where the concepts of symmetry 
and invariance are important. Also, we shall see that many things which 
we have learned as isolated notions, such as parity, tensor character, 
spinor, angular momentum, etc., are aspects of group properties. 

Before starting our presentation of group theory, let us consider some 
simple examples. 

The Schrédinger equation for a one-dimensional problem can be written 
as 


ε΄ + [A — V(x)Ju = 0, (0-1) 


where J is the eigenvalue, wu the eigenfunction, and V(x) the potential. In — 
a one-dimensional problem the solutions are necessarily nondegenerate; 
i.e., to each eigenvalue ἃ there corresponds only one solution u(x). Now 
suppose that our potential V(x) is an even function of 2, 


Va) == Ve): (0-2) 


Replacing x by —z, we see that if u(x) is a solution belonging to the 
eigenvalue ἃ, so is u(—zx). The nondegeneracy then requires that 
u(—zx) = cu(x), where c is some constant: 


u(x) = cu(—2x) = c*u(z); c= +1. (0-3) 


Thus the eigenfunctions u(x) are either even or odd. We may generalize 
the statement of our result as follows: 

In the equation Lu = 0, where L is a linear operator, a symmetry 
property of Z (in our case L was unchanged when we replaced x by —2) 
leads to a classification of the solutions u according to the same symmetry 
property. 


Xill 
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We also note that the symmetry properties of the system (i.e., of the 
Hamiltonian) lead to selection rules: 


[ UnLUm ax = 0 


if u, and U» are both even or both odd; only terms of different symmetry 
combine with each other through the operator x. 

This simple example indicates the general question: What properties 
of the eigenfunctions follow from the invariance of the Hamiltonian under 
various symmetry operations? 

As another example, consider the motion of an electron in a spherically 
symmetric field (potential function V(r) depending on r only). The in- 
variance of the Hamiltonian under rotations leads to the result that the 
eigenfunctions are of the form R(r)Yj{"(6, ¢), where the Y;" are spherical 
harmonics. Each eigenvalue of the energy is characterized by an azimuthal 
quantum number J, and has 2/ + 1 eigenfunctions belonging to it (m = J, 
bi Deeg 1): 

The eigenfunctions are classified according to their behavior under rota- 
tions. For very special forms of V(r), say V(r) = 1/r, it may happen 
that terms with different values of J coincide. It was shown by Fock that 
this increased degeneracy results from the fact that the Hamiltonian in 
this case is invariant under a larger class of symmetry operations than just 
the rotations in three dimensions. A similar effect with a similar explana- 
tion occurs for the isotropic harmonic oscillator. It may also happen that, 
for special choices of constants in a Hamiltonian, terms can be brought 
into coincidence. In such a case, we speak of “accidental” degeneracy. 
By this we mean that the degeneracy is not a consequence of the symmetry 
properties, but is rather the result of a special choice of the Hamiltonian; 
such degeneracy can be removed without changing the symmetry properties 
of the Hamiltonian. 

Another example is the motion of an electron in the periodic potential 
in the interior of a metal. The periodicity of the potential enables one to 
draw those conclusions concerning the eigenfunctions which are the 
content of Bloch’s theorem. The classification of spectral terms for an 
electron in a crystal will be different from that in a free atom because of 
the loss of spherical symmetry. 

The determination of the characteristic vibrations of a molecule requires 
the solution of the secular equation. Except for the simplest molecules, Ὁ 
this is a formidable problem. The symmetry properties of the molecule 
can be used to reduce the secular equation to a more manageable one. They 
will also enable us to classify the term spectrum of the molecule and to 
deduce the selection rules for various processes. 
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For systems of identical particles, the Hamiltonian is invariant under 
any interchange. In atomic problems, this leads to the classification of 
terms according to their spin quantum number. In nuclear problems, 
when we consider neutron and proton as different charge states of the 
same particle (nucleon), we obtain an additional classification of terms 
according to a “charge” quantum number. 

Finally, the behavior of wave functions under rotations can be used to 
treat problems of coupling of angular momenta, and of angular correlation 
between particles emitted in successive processes. We have mentioned 
briefly some possible applications of symmetry considerations and of group 
theory. We shall discuss them in detail later on. 


CHAPTER 1 
ELEMENTS OF GROUP THEORY 


1-1 Correspondences and transformations. All of us are familiar with 
the concept of a correspondence, or mapping: We have a set of objects which 
we call points; these may be finite in number, in which case we can enu- 
merate and label them as, say “the points a, b, c,” (for a set of three ob- 
jects) or the points p1, ..., px (or the points 1, 2,...,n) for a set of n 
objects. They may be infinite in number, say “the points designated by 
the integers 1, 2, etc.”; or they may constitute a continuum (all the points 
in the XY-plane). By a mapping of the set of points on itself, we mean 
that we are given a recipe whereby we associate with each point p of the 
set an 7mage point p’ in the set. We say that p’ is the image of Ὁ under the 
mapping M. We indicate this symbolically by 


M 
p—p', or ’ = Mp. (1-1) 


We can describe Eq. (1-1) by the statement: The operator M acting on 
the object p changes it to the object p’. For a finite set of points the 
description of a mapping can be done by enumeration; e.g., for a set of 
three points, a, b, c, we can describe a mapping by saying: The mapping 
M takes the point a into its image ὃ, the point ὃ into a, and the point ς 
into c, or symbolically, 
| α -- ὃ 
M=jb— a}: (1-2) 


5. - 6 
Another possible mapping M’ might be | 


aa 
M’ = οὐ -» αὐ - (1-3) 


ca 


For an infinite set of points, enumeration is not possible. Instead we give 
a functional law (or recipe) for the mapping M. For example, we may 
consider the set of points on the X-axis, and a mapping M whose law 
15. — x = x + 2;1.e., each point is to be shifted two units to the right 
to arrive at its image. 

Two mappings M, M’ of a et of points are identical if Mp = M'p for 
all points p. Conversely, M = M’ means that Mp = ΜΡ for all points p. 


1 
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One special and important mapping is the identity I which maps each 
point on itself; Jp = p. We can perform mappings in succession: If M 
takes p into p’(p’ = Mp), and M’ takes p’ into p’’(p” = M’p’), then 
p’’ = Μ"' = M'(Mp), (1-4) 
which we write as 
ρ΄ = Μ΄ Κ᾽. (1--48) 


In other words, there is a single mapping (which we denote by M ‘M) 
which produces the same effect as the successive application of M and Μ'. 
If by a sequence of mappings M,, Ma, etc., we set up the correspondences 
pop —p"..., 
p’ == M xp, ρ΄’ ἘΞ: M op’, ρ΄"! — M 3p", tases 
then 


Dp = M3;(Moep') = M;3(M.(Mjp)) = M3M2(Mip) = M3M 2M ip, 


1.6., mappings satisfy the associative law. 
In our example of three points [Eqs. (1-2) and (1-3)] the mapping M'M 
means 


a-—-b-a a—-a 
Ὁ -» α --» αἱ ΞΞ 10 -» αὐ’ (1-5) 
c¢7-coa ca 


If we had performed the mappings in reverse order, we would have ob- 
tained MM’, 

a—b 

ὃ — ὃ: (1--58) 


ο -- ὃ 


so that MM’ ~ M’M. Thus the composition or product of mappings 
gives a result which, in general, depends on the order in which the mappings 
are performed; mappings are noncommutative operations. 

We shall be interested only in one-to-one mappings, or transformations; 
i.e., mappings in which no two points of the set have the same image, and 
every point p’ of the set is the image of one (only one) point p. The mapping 
M in Eq. (1-2) was one-to-one, while M’ in Eq. (1-3) was not. 

Given a one-to-one mapping, we can find the inverse mapping which 
undoes its work. Thus, if the transformation M takes p into p’, p’ = Mp, 
its inverse M~! takes p’ into p, p = M~'p’. Then p’ = Mp = MM~'y’, 
whence 

MM = TI, (1-6) 


1-1] CORRESPONDENCES AND TRANSFORMATIONS 3 


and p = M~'p’ = ΜΓ Μ᾽, so that M~'M = I. For example, the 
inverse of 

a— ὃ 

M= j4b—-a 

ς -ῷ 6 
is 

a—b 

M~!= {0 -“ a4}; 
cc 


hence, in this case, M is its own inverse. 
The inverse of a composite of transformations is easily found. For the 
mappings M, M’ which appear in Eq. (1-4), 


p= M~'y’, ρ' = ΜμΜ’-1 τ p= M'M'~'p", 


so that 
(M'M)—! = M7'm’-?, (1-7) 


In words, the inverse of the composite is obtained by carrying out the 
inverse transformations in reverse order. 
The following cases are examples of transformations. 


EXAMPLES. 


(1) Permutation. A set of n boxes (points) are labeled 1 to n. Each 
box contains an object. The objects are rearranged in the boxes so that 
once more there is one object in each of the n boxes. For example, if the 
object which was in box 1 before is now in box 3, we shall say that 3 is the 
image of 1 under the transformation. Consider a specific example of 4 
boxes. The objects in the boxes are rearranged so that the occupant of 
1 goes to 4, of 2 goes to 3, of 4 goes to 2, and of 3 goes to 1. This mapping is 


1 -- 4 
2-- ὃ 
4 -α 2 
8.- 1] 


We may say that our transformation is a transition from one arrangement 
of the numbers 1,...,4 to another arrangement. Such transformations 
are called permutations. One common notation for permutations is to 
write below each object its image under the transformation. In this nota- 
tion, our example would be written as 


1234 
4312) © 
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We have written the numbers in the top line in natural order, but this 
is not necessary; the same permutation could have been written as 


1324 . 4213 
4132 : 2341) ° 


So long as the object-image associations are the same, these various ways 
of recording represent the same permutation. 

Our example is a permutation of four symbols, so we say that it is a 
permutation of degree 4. We could have carried out other rearrangements 
of the four symbols, e.g., the point 1 could have 1, 2, 3, or 4 as its image. 
This would leave only three choices for the image of 2, which would then 
leave only two choices for the image of 3, and finally one choice for the 
image of 4. Thus there are4-3-2-1 = 4! = 24 permutations of degree 
4. Similarly, the number of permutations on n symbols, i.e., the number 
of permutations of degree n, is n! 

(2) Translations. The points of a line are labeled by the coordinate 2. 
The transformation is the shifting of each point two units to the night: 


Σ - χ' ΞξΞξὸ αὶ -ἴ- 2. 


(3) Projective transformations of a line. The projective transformations 
of the points on the X-axis are defined by 


,. ae +6 


π᾿ τ where ad -- bc σέ 0. 


2 ae ae ἢ x 


Problem. The cross ratio of four points on a line is defined as 


(αι — x2)/(%3 — 2) 
(σι — 24)/(43 — 14) 


where 21, £2, £3, 14 are the coordinates of the four points. Show that the cross 
ratio is invariant under projective transformation, i.e., the cross ratio calculated 
for the image points has the same form as that for the object points. 


EXAMPLES (conl.). 

(4) The permutations of degree n can also be viewed as special lenear 
transformations in n-dimensional space. The point whose vth coordinate 
is ἂν is mapped into the point whose p,th coordinate (relative to the same 
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axes) is xy, where py is the image of v under the permutation. The permu- 


tation is 
( 2 eet: 
PiP2---DPn 


while the corresponding coordinate transformation is 


, tes 
i 

Lino ΞΞ %2, 
Fe. Ὡς 


For the special case given in Example 1, the corresponding coordinate 
transformation would be 


rout / 
“Ly = 2.4, 
τα οἷ 
to = 38, 
nS 
%3 = 171; 
χὰ S25: 


(5) Linear transformations in n-dimensional space. The transformations 
of Example 4 are special cases of linear transformations in n-dimensional 
space. With respect to a fixed coordinate system, the linear transformation 


maps the point with coordinates (x1,...,%n) into the point with co- 
ordinates (z{,..., 2%), where the v’’s are given by 
nr 
w= Dayz; (G=1,...,7). (1-8) 
j=l 


The n? coefficients a;; in these linear equations form a square array, the 
matrix a of the transformation. The transformation (1-8) will have an 
inverse if the determinant of the matrix a differs from zero, i.e., if a is a 
nonsingular matrix. If we follow the transformation (1-8) by a second 
transformation, 


t= δ᾽ bit; (= 1,...,n), 
j=1 
the resultant transformation (product) will be 


n γι n 
xi! = > 65505 = 3 b3; 2 AKL 
j=1 re 2 
nr n 
—_ > (= ban) tie (1-9) 
j=l 


k=1 
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From (1-9) we see that the single transformation which would take us 


directly from the x’s to the x’’’s is 
a δι δὶ 
k=1 
where 
Cik = > δι)α)κ (2, C= 1, “2, nN). (1-10) 


j=l 


Equation (1-10) gives the rule for combination of elements of the matrices 
Ὁ and a to form the product matriz c: 


c = ba. (1-11) 


The last equation is a symbolic statement of the n” equations (1-10). 
Equation (1-8) can also be expressed as a symbolic equation. We may 
look upon the coordinates x1, ..., tn 88 elements of a matrix having n 
rows and one column: 


=|: |, (1-12) 


and similarly, for x’. Then Eq. (1-8) can be expressed symbolically as 


x’ == ax, | (1-13) 


x=a !x’, (1-13a) 


where ἂ 1 is the matrix of the coefficients of the inverse transformation. 


1-2 Groups. Definitions and examples. By a group of transformations, 
G, we mean an aggregate of transformations of a given point set which 

(1) contains the identity transformation ; 

(2) for every transformation M, also contains its inverse M~*; 

(3) if it includes M and M’, also includes their composite MM’. 

The euclidean (rigid-body) motions of ordinary space form a group; the 
set of all n! permutations of n points form a group; the motions of an 
equilateral triangle which bring it into coincidence with itself form a 
group, etc. 

From the notion of transformation groups, we arrive at the concept 
of an abstract group by dissociating points and transformations from any 
special pictorial significance. 
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An abstract group G is a set of elements a, ὃ, c, etc., for which a law of 
composition or “multiplication” is given so that the “product” ab of any 
two elements is well defined, and which satisfies the following condi- 
tions:* | 

(1) If a and b are elements of the set, then so 1s ab. 

(2) Multiplication is associative; that is, a(bc) = (ab)ec. 

(3) The set contains an element e called the identity such that ae = 
ea = a for every element a of the set. 

(4) If α is in the set, then so is an element ὃ such that ab = ba = 6. 
The element ὃ is called the inverse of a, and is denoted by ὃ = α΄. 

Though we frequently refer to the law of combination as “multiplica- 
tion,” this does not imply ordinary multiplication. The set of rational 
fractions (omitting zero) form a group under ordinary multiplication. 
The set of integers, positive, negative, and zero, form a group if the law of 
combination is ordinary addition. Even in these examples we are not 
referring to the abstract group, but rather to a concrete example (a “realiza- 
tion”) of the abstract group. The structure of an abstract group is deter- 
mined by stating the result of the “multiplication” of every ordered pair 
of elements, either by enumeration or by stating a functional law, without 
any particularization of the nature of the elements. 

Two elements a, 6 of a group are said to commute with each other if 


ab -- ba, (1-14) 


1.6., if their product is independent of order. From the group postulates 
we see that the zdentity element 6 commutes with all the elements of the 
group. If all the elements of a group commute with one another, the group 
is sald to be commutative or abelian. The use of the symbol -++ for combina- 
tion is customary for abelian groups. In such groups, the “product” of 
the elements a and b is written as a + b (or b + a), the symbol 0 is used 
for the identity, and the inverse of a is written (—a). 
The number of elements in a group is called the order of the group. 


* These postulates are actually redundant; (3) and (4) can be replaced by 
the weaker requirements: 

(3’) The set contains an element e called a left identity, such that ea = a 
for every element a of the sct. 

(4’) If a is in the set, then so is an element ὃ, such that ba = e, where 6 is 
the left identity described in (3’). The element ὃ is called a left inverse of a 
with respect to the left identity e. 

The interested reader should prove that the left identity e in (3’) is also a 
right identity, that is, ae = a, and is unique, and that the element ὃ in (4’) is 
also a right inverse (ab = e) and is uniquely determined by a. Thus (3) and 
(4) are consequences of the weaker requirements (3’) and (4’). 
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If we select an element a of the group G, we can form products of a 
with itself, e.g., 
aa, 


which we denote by a”. Similarly, by a” we mean the element which re- 
sults from a product of n elements each equal to a. Our symbol a! for 
the inverse of a was introduced with this notation in mind. Thus 


at-a=e= a". 


We can also define negative powers of a: 
απ = (a71)™ = (a™)™, (1-15) 


the last step being a consequence of (1-7). If all the powers of the element 
a are distinct, then a is said to be of infinite order. If this is not the case, 
then, as we take successive powers of a, we shall find two integers r and 
s(r > s) such that 


Multiplying by a~*, we have 
ONS 6. συ, 


Suppose that n is the smallest positive integer such that a” is the identity, 
1.6., 


αἷ 


=e, n> 0; (1-16) 
and if αὐ = e,k > 0,thenk > n. We say that the element a is of order n. 
If the element a is of order n, then all the elements 


a = €,4,0°,...,@ (1-17) 


are distinct (for if a” = a°, a’~* = ὁ withr — s < n). Thus, every other 
power of a will be equal to one of the elements listed in (1-17). Any 
integer ἡ can be written as 


b= on. 4 0O<t<n; 
hence 
aX a Qt — a®”a’ a (a”)*a’ a a’. 


From this argument, we also see that if αὖ = 6, kis a multiple of n. 

The group of order 1 contains one element, the identity 6: ee = 6. 

The group of order 2 contains two distinct elements. One of these must 
be the identity 6. Call the second element a. Then aa(= a”) cannot be a 
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since a2 = a implies a = 6, so we must have a” = 6; that is, a is its own 


inverse, a = a‘. The following examples are groups of order 2: 


EXXAMPLES. 


(1) The elements are the integers 0, 1. The law of combination is addi- 
tion modulo 2, i.e., we add the elements and find the remainder after 
division by 2: 


0+0= ὁ, 0+-1=+1-40=1, 1-1-ῷ 0. 


(2) The objects are the points of three-dimensional space. The element 
e is the identity transformation, while a is the transformation which re- 
places each point by its mirror image in a given plane (say the YZ-plane), 
so that a means changing the sign of the z-coordinate of every point. 

(3) The same as (2), but now a is the inversion in the origin of coordi- 
nates (.e., a replaces x, y, 2 by —x, —y, —2). 

(4) The same, but with a the rotation through 180° about, say the 
Z-axis. 

(5) The same, but now a is the reciprocal transformation in the unit 
sphere: The point with spherical coordinates r, 6, ¢ is imaged in the point 
1/r, 0, ¢. 

(6) The elements are the integers 1, —1, and the law of combination 
is ordinary multiplication. 

(7) The elements are the permutations on two symbols, 


Here we have seven different realizations of the abstract group of order 
2. All these groups have precisely the same structure, and are said to be 
tsomor phic. 

In general, we shall say that two groups G, G’ are isomorphic (G ~ (ΤΠ) 
if their elements can be put into one-to-one correspondence which is 
preserved under combination. For example, consider the groups (1), (6), 
and (7) cited above. We make the correspondence: 


Group (1): 0 1 1+1=0, 
Group (6): 1 —] (—1)(—1) = 1, 


Group (7): 1— 1 1—2 11> 2\f1l>2\ fl-1 
ee, 21 2—1/\2-1)° \2-2)° 
If we indicate the correspondent of a (in G) by a’ (in G’), so that the prime 


on an element signifies its correspondent, then G and G’ are isomorphic if 


a’b’ = (ab)’. 
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Note that a’b’ means the product of a’, b’ according to the law of combina- 
tion of G’, while ab means the product of a and b according to the law of 
combination of the group G. For example, the laws of combination in the 
three groups above were addition, multiplication, and successive trans- 
formation, respectively. | 

If two groups are isomorphic, they have the same structure; the symbols 
or words may differ, but the abstract groups are the same. 

Next consider the abstract group of order 3. Call the distinct elements 
a, ὃ, 6. The product ab cannot equal a (or ὃ) since this would imply ὃ = ὁ 
(or a = e). So ab must equal 6. Similarly, we see that a* = b. Thus the 
group of order 3 consists of a, a”, a® = e. This is an example of a cyclic 
group, one which consists of the powers of a single element. 

Some realizations of this group are: 

(1) The rotations in the plane of the equilateral wane’ ABC which 
bring it into coincidence with itself. 

(2) The rotations of three-dimensional space through angles of 0°, 120°, 
and 240° about the Z-axis. 

(3) The cube roots of unity with ordinary multiplication as the law of 
combination. 

For groups of higher order, this process of enumeration would become 
quite painful. The law of combination can be presented conveniently in 
the form of a group table: We label the rows and columns of a square array 
according to the elements of the group. In the box in the nth row and mth 
column, we record the product of the element labeling the nth row by the 
element labeling the mth column: 


J. + +b 


a ab 


For example, the table for the group of order 2 is 


6 a=—a or briefly, 6 
a|ae=a a*=e a 


ad 
[4.] 
I 
ῷ ὦ 
oe ῷ 


For the group of order 3, we have 


b(= a?) 


ao ore 93 
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We shall usually omit the first row and first column since all they do 1s to 
repeat the labeling. Note that the group tables for these examples are 
symmetric about the main diagonal. This will be the case if, and only if, 
the group is abelian. Also, we see that in each column (and in each row) 
all the elements of the group are displayed once and only once. The reason 
for this is that if we multiply all elements of the group from the left (or 
right) by a particular element a, then all the products obtained must be 
distinct: If ab = ac, then ὃ = 6. 
There are two distinct structures for abstract groups of order 4: 


(A) eja ὃ ς 
a bce ϑ b, ab=c= a®, 
ble ea = p= , 
clea ὃ 
i.e., the cyclic group a, a”, a®, αὖ = ὁ. 
(B) ela be 
alec ὃ αἴ = δ" = οὔ = 6, 
bic ea ab = ¢, ac = ὦ, be =a 
c|b ae 


This group is called the four-group, and is often denoted by the symbol V. 
From the symmetry of the tables we see that both groups are abelian. 


Problems. (1) Show that (A) and (B) are the only possible structures for the 
group of order 4. 

(2) Show directly that the group of order 4 must be abelian. 

(3) Give a realization of each of the groups of order 4. 


Let us consider some further examples of groups. 


EXAMPLES. 
(1) The elements are the integers 


Fer ee ee 0 as a ee 


and the law of combination is ordinary addition. The sum of any two 
integers is again an integer, 0 is the identity, and the inverse of n 15 —n. 
This group is of znfinite order. The identity, 0, has order one; the order of 
all other elements is infinite. 
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(2) The elements are all rational numbers with addition as the law of 
combination. 

(3) The elements are all complex numbers with addition as the law of 
combination. 

Note that the non-negative integers do not form a group under addition. 
The “products” are in the set, the set contains the identity (0), but the 
inverses are not in the set. 

(4) The group of even integers under addition: This group is of infinite 
order. Note that group (1) is isomorphic to group (4). To each element n 
of group (1) we may associate the element 2n in group (4). This example 
shows that a group can be isomorphic with another group which is only 
a part of the first. (Of course, this cannot occur for groups of finite order.) 

(5) The powers of 2 under ordinary multiplication, that is, 


πα σι σον 


If we make n in group (1) correspond to 2” in group (5), we see that the 
two groups are isomorphic. 

(6) The rational numbers, excluding zero, under multiplication. 

(7), (8) Similarly, the real numbers (complex numbers), excluding zero, 
under multiplication. 

(9) The nth roots of unity under multiplication. These are the numbers 
e2rmiin m — 0, 1,...,n— 1. This is a cyclic group, all the elements 
being powers of e?""/". It is clear that there is only one structure of the 
cyclic group of order 7; i.e., all cyclic groups of order n are isomorphic to 
one another, for if the elements of the two cyclic groups are powers of 
a and b, respectively, we make the correspondence a’ <> δῇ. This example 
also shows that there are groups of any finite order n. Moreover, if we have 
any cyclic group of infinite order, i.e., a group with clements 


it is isomorphic to group (1), and hence there is only one structure for the 
cyclic group of denumerable order. 
(10) The permutations of degree n, 


4 Deen ) 

PiPp2---Pn 

form a group called the symmetric group of degree n, which we denote by 
the symbol S,. The number of elements in S,, is easily found: 1 can be 
replaced by any of the symbols 1 to n; after this is done, 2 can be replaced 


by any of the remaining n — 1 symbols, etc. Thus the order of the sym- 
metric group S, 1s 7! 
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Consider the permutation of degree 8, 
12345678 
23154768] © 
Starting with the symbol 1, we see that the permutation takes 1 into 2. 
We then look for 2 in the top line and see that the permutation takes 2 
into 3, and 3 into 1, closing a cycle, which we write as (123). We now 
start with some other symbol in the top line, say 8. The permutation takes 


8 into 8, giving a cycle (8). Continuing, we find the cycles (45) and (67). 
We may write our permutation alternatively as 


(123) (45) (67) (8). 


Note that the cycles have no letters in common. The cycle (123) may be 
looked upon as an abbreviation for the following permutation of degree 8: 


12345678 
231456787 © 


We may shorten the notation and omit the unpermuted symbol 8, writing 
our original permutation as 


(123) (45) (67), (1-18) 


but we must keep in mind the degree of the permutation. Since the cycles 
have no elements in common, they commute with one another, e.g., 


(123)(45) = (45) (128), 


so the order in which we write the cycles is irrelevant. Moreover, in writing 
an individual cycle, we can start at any point in the chain: 


(123) = (231) = (812). 


A cycle containing two symbols (2-cycle) is called a transposition. 
Any cycle can be written as a product of transpositions (having elements 
in common). Thus 

(123) = (13)(12), 


and, in general, 
(12...) = (In) --- (13)(12). 


The cycle on 3 letters is written as a product of 2 transpositions, the 
cycle on 7 letters as a product of n — 1 transpositions. 
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Proceeding in this fashion, one can resolve any permutation into a 
product of transpositions. In our example, 


(123) (45) (67) = (13)(12)(45)(67). (1-19) 


In (1-18), the number of permuted symbols is 7, and the number of 
independent cycles is 8. The difference of these numbers, 7 — 3 = 4, 
is called the decrement of the permutation. The reader should supply the 
proof that if the decrement of a permutation is even (odd), its resolution 
into a product of transpositions will have an even (odd) number of factors. 
Permutations with even (odd) decrement are said to be even (odd) 
permutations. 

We now show that if we multiply a given permutation by a transposi- 
tion, we change the decrement by +1, 1.e., we go from an even permuta- 
tion to an odd one, or vice versa. Consider the transposition (ab) by 
which we multiply the given permutation. We resolve the permutation 
into independent cycles. Suppose a and ὃ occur in the same cycle: 


(α...αῦ... ). 
Then 


(ab)(a...ab...y) = (a... 2z)(b...y), 


so that the decrement is decreased by 1. Conversely, if a@ and ὃ are in 
different independent cycles, we see (by reversing the steps) that multi- 
plying by (ab) increases the decrement by 1. The product of two even 
(or odd) permutations is an even permutation. The product of an odd and 
an even permutation is odd. The inverse of an even (odd) permutation 
is even (odd). The odd permutations of degree n do not form a group 
(since their products are even permutations). The even permutations of 
degree n do form a group, the alternating group @n, which has n!/2 ele- 
ments. 

(11) Start with the set of all positive integers. Consider permutations 
in which any finite number of the symbols are permuted. The set of 
permutations constructed in this way is called the denumerable symmetric 
group. 

(12) The group of nonsingular n-by-n matrices, with matrix multiplica- 
tion as the law of combination. | 

(13) The unimodular group: the same as (12), except that the elements 
have determinant = +1. 

(14) The special unimodular group: the same as (13), except that the 
determinants are +1. 
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1-3 Subgroups. Cayley’s theorem. If we select from the elements of 
the group G a subset 3C, we use the notation # C G to symbolize that X is 
contained in G. If the subset 50 forms a group (under the same law of 
combination that was used in G), 50 is said to be a subgroup of the group G. 
Every group has two trivial subgroups: the group consisting of the identity 
element alone, and the whole group G itself. These are said to be mproper 
subgroups. The problem of finding all other (proper) subgroups of a given 
group G is one of the main problems of group theory. 

We must emphasize the requirement that 3¢ form a group under the 
same law of combination as G. The rational numbers form a group G 
under addition. The positive rational numbers form a.group G’ under 
multiplication; but G’ is not a subgroup of G, even though the elements 
of G’ are a subset of the elements of G. 

To test a subset 50 of elements of the group G to see whether % is a 
subgroup, we require that 

(1) the product of any pair of elements of 50 be in 3; 

(2) 50 contain the inverse of each of its elements. 

The other requirements for a group are taken care of because JC is 
contained in the group G. Thus, the associative law held for G and thus 
holds for 3. The group G contained an identity element, and from (2) 
and (1) it follows that 3¢ contains it. 

For a finite group (or any group, all of whose elements are of finite order), 
only requirement (1) is needed. In this case, for each element a in &, 
there exists a power of a (also in 50), say a”—*, such that aa"! = a” = e, 
so that requirement (2) is a consequence of (1). 

In general, both requirements are needed for infinite groups. For 
example, the positive integers under addition satisfy the first and not the 
second requirement, and hence do not form a subgroup of all integers 
under addition. 

The alternating group @, is a subgroup of the symmetric group S, on 
the same symbols (@, C S,). For n = 3, S3 consists of the elements e; 
(123), (132); (12), (13), (23), and @3 contains 6; (123), (132). 

If 00 is a subgroup of G, and K is a subgroup of δῦ, then K is a subgroup 
of G. This transitive relation leads to the idea of sequences of subgroups, 
each containing all those preceding it in the sequence. For example, we 
may take for G all integers under addition, for σὺ all even integers under 
addition, for K all multiples of 22 = 4 under addition, next all multiples 
of 25, ete.: 


G: tee eo Lee id 
ae: diy ee Στ eis 
K: ... —8, —4, 0, 4,8,..., 


and so on. 
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Each group contains all the successive subgroups listed below it, that is, 
GID Kh ton, 
and in this case, moreover, all these groups are isomorphic: 
Ce On ere 


Thus a group can be isomorphic with one of its proper subgroups, but this 
is not possible for groups of finite order. 
In the case of S3 given above, 


S3 D @3 De, 


where e is the group consisting of the identity only. For all groups of finite 
order, sequences such as those presented in this special example start 
with G and end with the group containing only e. Other sequences in S3 
would be: 

S3 D Hy 9 ὁ, 


S3D K2De, 
S3 D H3D 96, 


where 3C,; contains two elements, 6 and (23), 3,2 contains e and (13), and 
505 contains e and (12). 

A group G’ may be isomorphic with one or more subgroups of another 
group G; for example, Sg, the permutation group on two symbols, is iso- 
morphic with the subgroups 35C;, 3C2, and 33 of S3. Clearly this implies that 


Ky, = Ro “5 σ0 8. 


In general, S,—1 15 isomorphic with the n subgroups of S, which are ob- 
tained by leaving first the symbol 1, then 2,..., then n unchanged. We 
may also note that the elements of G which are common to two subgroups 
Γι, F, of G form a set D (the intersection of F; and 12) which is again a 
subgroup of G, for if a and ὃ are in D, then a, ὃ are in F and in 174; there- 
fore, ab and a7! are in F, and Fo, and hence are in D, so that D satisfies our 
requirements for a subgroup. Since every subgroup of G contains the iden- 
tity e, the intersection of any number of subgroups (i.e., the elements 
common to all) forms a subgroup which contains at least the identity. 

The symmetric groups S,, are especially important because they actually 
exhaust the possible structures of finite groups. This is shown by Cayley’s 
theorem: 


THEOREM. Every group G of order 7 is isomorphic with a subgroup 
of the symmetric group 5. 
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Before proving the theorem, we wish to note its consequences. Cayley’s 
theorem implies that the number of possible nonisomorphic groups of 
order n is finite, for these groups are isomorphic with subgroups of Sp. 
Since S,, is a finite group, it has only a finite number of subgroups, so that 
our statement is proved. This is an important result because it at least 
limits the task of finding independent structures of the group of order n. 
Now for Cayley’s theorem: Let the elements of the group G be aj, dg,..., 
Gn. Take any element ὃ; its products with each of the elements in group G 
are ba,, bao, ..., ban, all of which are different since ba; = ba; means 
a; = a;. Thus the products ba; give the elements of G in some new order. 
We associate with the element b the permutation 7», 


_ αι... ὅη 
bo ma (ae ), 
of the n objects a1, ..., @,. Another element c of G is associated with the 


permutation πο: 
W628 
Cc πε = : aan Ὁ 
(αι... CAn 


By this same rule, the element cb is associated with the permutation 


a,...@ 
cb -- Tp = : ΟΝ Ὁ 
cha, ...cbday 


To prove the isomorphism we must show that 7,» is the product of the 
permutations πο and 7. 

As we have seen before, only the object-image relation is essential in 
describing a permutation, while the order in which we write the symbols 
to be permuted is irrelevant. Thus, 7, can also be written as 


—— ba, ... ban 
© ~~ \e(baz) ... c(ban) ) ἡ 
Taking the product of the images of c and b, 
_ { bay... bay Q,...Qn 
ae oe ἜΝ ἰὼ fs oe =) ; 
we obtain 
The permutation 7, associated with the identity e of G is the identity 


permutation 
Teh = Web=b.- 
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Also, 


Wa-17Tq = Wa-la = Te, 


so that the permutations associated with the elements of G are a subgroup 
of S,, and the theorem is proved. 

The permutations which we have associated with each group element are 
just those we would obtain by looking at the group table. For example, 
in the four-group V, the structure table is 


a Fa oO 
a w7eQ o/0 
σῶα ᾧῷ 23 
QS FF ὦ σι] oO 
ovo eerals 


To find the permutation corresponding to, say the element a, we write 
in the top line the symbols 
eabc, 


and enter below them the symbols as they appear in the row where we 
multiply by a on the left, that 1s, 


aecb; 


beet 
a—- Ta — . 
aecb 


If we label the elements 6, a, ὃ, cas 1, 2, 3, 4, the permutations correspond- 


ing to e, a, b, c are: 
_ (1234 
ἴο τοὶ 1234 


SO 


1234 
1234 
eo (iis) = ¢ =e) 


oe ani = (14)(23). 


The permutation groups formed in this way have some special features: 
(1) They are subgroups of order n of the symmetric group Sy. (2) We 
see that, except for the identity (which permutes none of the symbols), 
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the permutations leave no symbol unchanged, for πὸ takes a; into ba; 
which can equal a; only if ὁ is the identity. Permutations in S, having 
these two properties are called regular permutations. Subgroups which 
contain only regular permutations have other properties which are conse- 
quences of the first two. If two of the permutations, 71, 72, took the same 
symbol, say 3, into the same symbol, say 4, then the permutation 7,7, 1, 
which is also in the group, would have to leave 3 and 4 unchanged. On the 
other hand, so long as 7; * πο, 7,71 cannot be the identity, and hence 
it does permute some of the symbols. But this contradicts our previous 
result that all the permutations (except the identity) leave no symbol 
unchanged. Since there are n permutations on the n letters, we conclude 
that the symbol 1 is taken into a different symbol (1, ..., n) by each of 
the permutations in the group. (The same applies to each of the other 
symbols.) For example, in V, πε takes 1 into 1, πὰ takes 1 into 2, πο takes 
1 into 3, and πε takes 1 into 4. 

Another interesting property of the regular permutation subgroups is 
the following: Consider any one of the permutations, 7, and resolve it 
into independent cycles. We claim that all the cycles must have the 
same length. If the resolution of 7, contained two cycles of differing lengths 
ly, ἰὼ (ly « lg), then 71, which is also in the group, would leave all the 
symbols in the first cycle unchanged, while it would not leave all the 
symbols in the second cycle unchanged; this contradicts our definition of 
the regular permutation subgroup. Jor example, in a regular subgroup, 
a permutation like 

(12) (345) 


cannot occur, since its square is 
(1) (2) (354). 


The four-group illustrates our statement. Each of its permutations is a 
product of two independent 2-cycles. 
The cyclic group of order 4 gives us the regular subgroup of S4: 


6; (1234) ; (13) (24); (1432). 
The first element has four 1-cycles, the second and fourth have one 4-cycle, 
and the third has two 2-cycles. 

Cayley’s theorem can be used to determine possible group structures. 
Tor example, suppose that n is a prime number. Then the group of order n 
is isomorphic to a regular subgroup of S,. Since the permutations are 
regular, their resolution into independent cycles must have all cycles equal 
- In length; therefore, the cycle length must be a divisor of n. Since n is 
prime, the cycle lengths can only be ἢ or 1 (for the identity). So the regular 
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subgroup is just the cyclic group containing the permutation (12...) 
and its powers. Thus we show that if the order n of a group is prime, 
then the group is cyclic. We shall give an alternative proof later in this 
chapter. Our result solves the problem of finding the possible structures 
of groups of prime order. 

Now let us use Cayley’s theorem to find the possible group structures 
of order 4. According to the theorem, our problem is equivalent to finding 
the regular subgroups of S4. The permutations of the subgroup must have 
either one 4-cycle or two 2-cycles (the identity, of course, has four 1-cycles). 
First suppose that one of the permutations is a 4-cycle, say (1234). Taking 
successive powers, we obtain (1234), (13)(24), (1432), 6, that is, a total of 
four elements. This is the cyclic group of order 4. Next, suppose that 
there are no 4-cycles, but only permutations with two 2-cycles. The square 
of such a permutation is e, and there are just three such permutations, 


(12)(34); (18)(24);, (14)(23), 


which, together with e, give us the four-group. 


Problems. (1) Give the elements of the regular subgroup of Se which is iso- 
morphic with the cyclic group of order 6. 
(2) Use Cayley’s theorem to find the possible structures of groups of order 6. 


1-4 Cosets. Lagrange’s theorem. The abstract groups of order 1, 2, 3 
have no proper subgroups. The cyclic group of order 4 has a subgroup of 
order 2, consisting of a? and e, since (a”)(a”) = αὖ = e. The four-group 
has three proper subgroups of order 2: α, 6; ὃ, 6; 6, 6, all of which have the 
same structure. We note that the order of the subgroups, 2, 15 a divisor 
of the order of the group, 4. We shall now show that this result (due to 
Lagrange) is generally valid: 

The order of a subgroup of a finite group is a divisor of the order of the 
group. 

Let the group G of order g contain the subgroup # of order ἢ. If 3 
exhausts the group G, then 50 = G, and the result is trivial. (Note that 
the equals sign here means that the two sets contain the same elements.) 
If not, then let a be an element of G which is not contained in 3. Denoting 
the elements of 50 by 6, Ho, H3, ..., Hn, we form the products ae = a, 
aH», aH3, ..., aH,. We shall denote this aggregate of products sym- 
bolically as a3¢. The products aH, are all different, for if aH, = aH,, then 
H, = H,. Also, none of them are contained in 3, for if aH, = H,, then 
a = H,H;,", and a would be contained in 3 contrary to our assumption. 
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Now we have two sets of ἢ distinct elements each, 3C and a3C, which are 
contained in G. If the group G has not been exhausted, we proceed as 
before, choosing some element ὃ of G which is not contained in either 3 
or a3. The set b3C will again yield ἢ new elements of the group G, for if 
bH, = aH,, then ὃ = aH,H;,", and ὃ would be contained in a3 con- 
trary to our assumption. Continuing this process, we can exhibit the group 
G as the sum of a finite number of distinct sets of h elements each: 


G = 5 + ade + δύο +--+ + Kae." (1-20) 


Thus the order g of the group G is a multiple of the order h of its subgroup 
5, that is, 
g = mh, (1-21) 


where m is called the index of the subgroup 3 under the group σ΄. The sets 
(complexes) of elements of the form a3 in (1-20) are called left cosets 
(residue classes, nebenklassen, nebengruppen) of 3 in α΄. They are certainly 
not subgroups since they do not contain the identity element. We could, 
of course, also have carried out our proof by multiplying 3 on the right. 
This would lead to the resolution of G into right cosets with respect to the 
subgroup &: 


G = 30+ Ha’ + HD’ +--+ + 501’. (1-20a) 


From Eq. (1-21) we see that a group whose order is a prime number can 
have no proper subgroups. | 

Starting with any element a (of order h) of the group G, we can generate 
a cyclic group by taking successive powers of a. The cyclic group {a}: 
a® = e,a,a”,..., a*—1, which is generated by a is called the period of a. 
It is the smallest subgroup of G which contains the element a. From 
Eq. (1-21), h is a divisor of g, so the orders of all elements of a finite group 
must be divisors of the order of the group. We conclude that a group of 
prime order is necessarily cyclic, and can be generated from any of its 
elements other than the identity element. This gives us the answer to the 
problem of finding the structure of the group of order 5: It is generated 
from an element a such that αὖ = e; and similarly for the groups of order 
7, 11, 18, ete. 


* The plus sign in Eq. (1-20) denotes the summation of sets: The set G con- 
tains all the elements in 3 and all the elements in αὐ, etc. In this case, the 
sets 5C, a5C,... have no elements in common. In general, the sum of two sets 
A and B is the set of all objects which are contained in at least one of the 
sets A, B. 
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The following are examples of the resolution of a group into cosets: 


EXAMPLES. 


(1) Let, G be the group of integers under addition, and 90 the group of 
multiples of 4 under addition. Then 


G=KH+01+H)4+(2+H)+ Ὁ - X), 


so that 50 has the index 4 in G. Here the coset (1 + 3) is the set of integers 
of the form 4n + 1 (n integral). Two elements a and ὃ of G are in the same 
coset if a — ὃ 15 divisible by 4. 

(2) Let G = S3 and & be the subgroup containing 6 and (12). Then 


55 = H+ (18)60 -Ἐ (23)9¢ = 3 + 3C(13) + 3C(28). 


Problem. The cyclic permutations on four symbols form a subgroup H of Sq. 
Resolve S4 into left cosets with respect to 3C. Compare this resolution with one 
into right cosets. 


Lagrange’s theorem can be used for finding the possible structures of 
groups of a given order. As an example, we find all structures of order 6. 
Since the order of the group is 6, the order of each of its elements is a 
divisor of 6, i.e., 1, 2, 3, or 6. If the group contains an element a of order 6, 
then the group is the cyclic group a, a?,..., a° = e. To find other pos- 
sible structures, we suppose that the group contains no element of order 6, 
but has an element a of order 3. Thus the group contains the subgroup a, 
a?,a® = e. If the group also contains another element, ὃ, then it contains 
the six distinct elements 6, a, a”, ὃ, ba, ba”. The element ὃ has order 2 or 3. 
If the order of Ὁ is 3, that is, b? = e, the element b” must be one of the six 
elements listed. We cannot have b? = e (since we assumed that ὃ is of 
order 3), and b? = ὃ, ba, or ba? implies ὃ = 6, a, or a”, respectively, which 
contradicts our assumption that b is distinct from these elements. Further- 
more, b? = a implies ba = e, and b? = a” implies ba” = e, both of 
which contradict our assumptions. Thus, the order of ὃ cannot be 3, and 
we must have b? = e. The product ab cannot be e, a, a”, or b. If ab = ba, 
then 


(ab)? = (ab)(ab) = (ab)ba = aba = a’, 
(ab)? = a2(ab) = δ; (ad)\*=a, (ab)>= ba’, (ab)° =e, 


and therefore the group would contain an element, ab, of order 6, contrary 
to assumption. (This can be done more briefly: a is of order 2, 6 of order 
3, and ab = ba, that is, aand b commute. Taking powers, we see that the 
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order of ab is the least common multiple of the orders of a and b.) We 


are now left with 
b27 =e, ab = ba’; 


ab = ba? implies (ab)* = (ab)ba” = 6. 

This last assumption leads to no contradictions. The group of order 6 
thus found can be characterized briefly. It is constructed by taking all 
possible products of a and ὃ, where 


a® = 2 = (ab)? = e. 


The group table is easily constructed: 


6 a a? δ θα ba? 
a αὐ 6 ῥα b θα 
αὐ |e α ba ba? ὃ 

b ba δα ὁ α a? 
ba | ba? b α ὁ a 
ῥα |b ba a α e 


This group is isomorphic with S3. 


Problem. Find the possible structures of groups of order 8. 


1-5 Conjugate classes. An element b of the group G is said to be 
conjugate to the element a if we can find an element u in G such that 


LT) saat ὃ. (1-22) 


Sometimes, we say that ὃ is the transform of a by u. By choosing u = e, 
we see that a is conjugate to itself. Also, if ὃ is conjugate to a and c is 
conjugate to ὃ, then ς is conjugate to a, for if c = vbv—', ὃ = μαι ἷ, 
then c = vuau~!v—! = (vu)a(vu)~1. Furthermore, from (1-22), a = 
u—'b(u—')—!; so if ὃ is conjugate to a, a is conjugate to ὃ. Thus we have 
a relation between elements which fulfills all the requirements for an 
equivalence relation (symbol =): 

(1) a=a. 

(2) If a = ὃ, then ὃ = a. 

(3) Ifa = b, and ὃ =c, thena =c. 

An equivalence relation can be used to separate a set into classes—in 
our case, to separate the group into classes of elements which are conjugate 
to one another. In an abelian group each element forms a class by itself, 
since for any a, ὃ, δαῦ 1 = a. In every group, the identity element e forms 
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a class by itself. We note that all elements in the same class have the same 
order; if αὐ = e and b = μαι ἷ, then b? = (uau—1)* = uau!uau!... 
— μαΐμ 1 = μοι 1 = 6. 

Conjugate transformations. For groups of transformations, the notion of 
conjugate elements has a simple physical meaning. Suppose that a is the 
reflection in the plane P, and c is a rotation about some axis. Since a leaves 
every point x of P unchanged, ax = x. Then 


(cac~')(cx) = cax = cx. 


So the transformation cac—! leaves the set of points cr unchanged. In 
other words, cac~' is the reflection in the plane obtained from P by the 
rotation c. Similarly, if a represents a rotation about one axis, then σας ὦ 
represents a rotation through the same angle about the axis obtained from 
the first by transforming with c. 

For example, suppose a group contains an element a which is the rota- 
tion through angle ¢ about the line /. Let ὁ be some other transformation 
of the group, say a translation. Then c takes / into another line 1’. The 
transformation cac~! has the following properties: οὐ takes the line l’ 
into the line 1; then a is a rotation through angle ¢ about / and leaves the 
points of 1 fixed; and finally, c takes / back into I’. The net result leaves 
the points of I’ fixed; hence σας ὦ is a rotation (through angle ¢) about the 
line ἴἔ-. 


Conjugate permutations. Now let us apply the notion of conjugate ele- 
ments to permutations. Suppose that a is the permutation 


| ee 
αι... η 


and ὃ the permutation 


Then 


= (°: Sea OX ) 
Ab, --- ἄρ, 
Comparing with a, we see that to obtain bab~* we apply the permutation 
b to the top row of a and to the bottom row of a individually. For example, 


let 
(1234 » (1234) . 
ὦ τ \ 4321)? π΄ (9134)? 
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we apply the permutation b to the top row of a, so that 1234 becomes πω 
and to the bottom row of a, so that 4321 becomes 4312; thus bab} 


bes _ tes 

4312) = \3412/° 

The procedure works equally well if the permutations are given in cycle 
form; e.g., @ = (12)(345) and ὃ = (24135). Then bab~* = (34)(512). 
We see that conjugate permutations have the same cycle structure so that 
the permutations in a given class are either all even or all odd. For example, 
in Ss, e forms a class by itself, the elements (12), (13), (23) form a class, 


and the elements (123), (213) form a class; so S3 contains three conjugate 
classes. In S4, the distinct classes are: 


6; 

(12), (13), (14), (23), (24), (34); 

(12) (34), (13) (24), (14) (23); 

(123), (132), (124), (142), (134), (143), (234), (243); 
(1234), (1243), (1324), (1342), (1423), (1432). 


Solel ase oc ead 


Problem. Separate the elements of Ss into conjugate classes. 


From the procedure used in the example of S4, the general method should 
be clear. The permutations of S, operate on a total of n symbols. Suppose 
that we resolve the permutations into independent cycles and let the 
number of 1-cycles be v;, of 2-cycles be v2, ..., of n-cycles be vz. Since 
the total number of symbols is n, we must have 


ν1 t+ 2ν. - -- + ny, = ἢ. (1-23) 


A permutation which when resolved into independent cycles has νὰ 1- 
cycles, vg 2-cycles, ..., Yn n-cycles is said to have the cycle structure 
(171, 2”2,...,n”"), or briefly, (v). As we saw above, all the permutations 
of S, which have the same cycle structure (v) form a conjugate class in Spy. 
Each solution of (1-23) for positive integers 71, ..., Yn gives a class in Sp, 
and hence the number of classes is just the number of such solutions. If 
we let 

Vy tre terre +m = δι, 

Yas Mag τΓ τ. Ὁ Un, Ξξ IND) 


DN 
then 


Ay tAg ter tr =n and hy ΩΣ ΣΧ, SO. (1-25) 
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The splitting-up of n into a sum of n integers as in (1-25) is called a parti- 
tion of n. From (1-23), (1-24), and (1-25) each solution of (1-23) (in non- 
negative integers) corresponds to a partition of n into (Aj, ..., An). Con- 
versely, given a partition as in (1-25), there is a corresponding cycle 
structure, namely: 

Vy = At — Az, 

Vo = Ae — As, 


Vn = An: (1-26) 


Usually we do not bother to record those X’s in (1-25) which are 0; e.g., 
the partition of 5, 
(22100), 


16. 5 = 24+24+14+0+0 = dA, + ro +--+ + Az 15 written as (221) 
or, even more briefly, as (221). From (1-26), the corresponding cycle 
structure is 

Vy = λι.-- λό Ξ52 -- 2 -Ξ 0, 


Vo = Xp — AZ = 2-1= 1, 
V3 = 3 = I, 
1.e., one 2-cycle and one 3-cycle. 
Similarly in S,, the partition (31°) has 
Vy = 2, Vo = 0, v3 = 0, Ve = 1; 


so the cycle structure corresponding to (31°) is two 1-cycles and one 4- 
cycle. 

A transposition in S, contains one 2-cycle and (n — 2) 1-cycles;. hence 
the partition corresponding to this cycle structure is (n — 1, 1). 

We see that the problem of finding the number of conjugate classes in 
S, is reduced to the problem of partitioning n. We list the partitions for 
the first few symmetric groups and the total number, r, of classes: 


Sy: (1); ἘΠῚΞΞ Ι, 
So: (2), (1; r = 2, 
S3: (3), (21), (1°); r= 3, 
S4: (4), (31), (27), (217), (14); τ = 5. 
Note the order in which we record the partitions. The partition having 


maximum }, is recorded first, and if two partitions have the same \,..., 
\,, then the one with larger ),+ is listed first. 


1-5] ’ CONJUGATE CLASSES 57 


Problem. Continue the table ton = ὅ, 6, 7. Forn = 5, give the cycle struc- 
ture corresponding to each partition. 


An important datum is the number of permutations of S, in a given 
conjugate class. This number ny) is easily found as follows: The class 
with cycle structure (v) contains the permutations with v, 1-cycles, νῶ 
2-cycles, ..., Yn n-cycles. We imagine the structure to be written out 
with no symbols inserted: 


Ose, 10s): see: 
Vv; 1l-cycles, ΣΙ π΄ Ona etc. 


There is a total-of places in the various cells into which the n symbols 
1 to n are to be placed. This can be done in n! ways. However, duplica- 
tions will result; e.g., if 1 and 2 appear in l-cycles, (1)(2) is the same as 
(2)(1). All the νι 1-cycles can be permuted (in v,! ways), all the v2 2-cycles 
can be permuted among themselves in v2! ways, etc., so that a given per- 
mutation will be repeated v;!v2!---v,! times. In addition, a 2-cycle like 
(12) can also appear as (21); a 3-cycle like (123) can also appear as (231) 
or (312), etc.; thus each permutation is repeated 1712”2...n”" times. 
Hence the number of distinct permutations of S, having the cycle struc- 
ture (v) is 

n! 


Nyy) = y (1-27) 


νι} - 2.2 «νοὶ. 873 -ygl---n™-v,! 
Problem. Find the number of permutations in each class οἱ Ss. 


It is important to remember that what we have done above applies only 
to the full symmetric group S,. For example, in S4 the permutations 


(12)(34), (18)(24),  (14)(23) 


are all in the same class because S4 contains a permutation ὃ = (23) such 
that 
b(12)(34)b— 7? = (13)(24). 


If we consider the four-group V, the permutations listed above are not in 
the same class in V, since V does not contain the transpositions. In fact, 
since V is abelian, each of its elements forms a class by itself. 
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Problem. By taking successive products of the permutations 
(1234) (5678) and (1537) (2846), 


show that one generates a group of order 8. Separate the elements of the group 
into conjugate classes. Show that this group (the quaternion group) is isomorphic 
to the group with elements 


1, =|, 1, =4, 7, --ῦ, k, —k; 
Peg? Sa. 4p Sh See Se. 


1-6 Invariant subgroups. Factor group. Homomorphism. Starting 
from a subgroup 90 of the group G, we can form the set of elements αὔθα ἢ, 
where a is any element of G. (By αὔρα we mean the set of elements 
aha—', where h runs through all the elements of 50.) This set of elements 
(or complex) is again a subgroup of G, (reader, please verify), and is said to 
be a conjugate subgroup of 3 in G. By choosing various elements a from 
G, we may obtain different conjugate subgroups. It may happen that 
for all a, 

axa’ = &K, (1-28) 


1.6., all the conjugate subgroups of 3 in G are identical with 3. In this 
case we say that 3 is an invariant subgroup (self-conjugate subgroup, 
normal divisor) in G. Written out, (1-28) states that, given an element ἢ: 


in 5C, we can, for any a, find an element hg in 50 such that ahya~! = he or 
ah; = haa. The last equation can be written as 
axe = Ka, (1-29) 


and leads to a second definition of an invariant subgroup: The subgroup 
50 is invariant in G if the left and right cosets formed with any element a 
of G are the same. We may say from (1-29) that the subgroup &, taken 
as an entity, commutes with all elements of G. From the statements 
following (1-28) we also see that (1-28) implies the result: If ἢ: is in &, 
then all elements ah,a~' are in 3C. In other words, a subgroup 90 of G is 
invariant if, and only if, it contains elements of G in complete classes; i.e., 
for any class of G, 50 contains either all or none of the elements in the class. | 
The identity element and the whole group G are trivial invariant subgroups 
of G. A group which has no invariant (proper) subgroups is said to be 
simple. A group is said to be semisimple if none of its invariant subgroups 
are abelian. All the subgroups of an abelian group are clearly invariant. 

Invariant subgroups have some very special properties. If 3 is invariant 
in G, then 


(a3C) (050) = a(5Cb)IC = α(δ0)50 = ab(HH) = (ab)K, (1-30) 
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since 5070 simply gives the set of elements in 3. Thus the product of two 
cosets of an invariant subgroup is again a coset. Also, we note that 


5C(a5C) = (Ka)H = (αὐ) δῦ = a(KIH) = aK, (1-31) 


so that multiplying any coset of 5 by 3 yields the coset; the invariant 
subgroup 590. behaves like an identity element in this multiplication of 
cosets. Again, if we have a coset a3C, we can find the coset which 15 its 
inverse (under our new “coset multiplication”), namely, the coset α΄ πο 


which contains α ἢ: 


(a—135¢) (a3) = α΄ 13CaC = a ‘aH = 70. (1-32) 


When we consider the cosets of 3C as elements, and define product as the 
result of coset multiplication, the cosets of the invariant subgroup form a 
group which is called the factor group (or quotient group), symbolized by 
G/3C, whose order is the index of 50 in G. 

Let us find the conjugate subgroups of the subgroup 3 [e, (12)(84)] in 
the group S4. The subgroup 3 is not invariant since it does not contain all 
elements of the third class listed for S4 in Section 1-5. When we form 
αὔρα 1 with elements a from S4, we must get cycle structures which are 
the same as those of the elements of 3¢. Thus the conjugate subgroups are: 


a: 6, (12) (34), 
0: e, (13)(24), 
60: 6, ((4)(28). 


Each is obtained 8 times: 


50 for a = e, (12), (34), (12)(34), (13) (24), (14) (23), (1324), (1423); 
5c’ for a = (14), (23), (132), (124), (143), (234), (1243), (1342); 
3c” for a = (13), (24), (123), (142), (134), (243), (1234), (1432). 


On the other hand, the subgroup 
V: e, (12)(34), (18)(24), (14) (23) 


is invariant in S4 since it contains elements of S,4 in complete classes. 


Problems. (1) Without enumerating, find the conjugate subgroups of S3 in S4; 
of Se in S84; of the cyclic group [e, (123), (132)] in Sa. 

(2) Prove that a subgroup of index 2 is necessarily invariant. 

(3) Show that all subgroups of the quaternion group are invariant. 
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In the cyclic group G of order 4 (a, a”, αὅ, αὖ = e), the subgroup 90 (e, a?) 
is invariant (G is abelian!). The factor group G/3 contains two elements, 


E = (e,a*), A= (a,a°*), 
with A? = Ε. 

Earlier we introduced the concept of isomorphism for groups which had 
the same structure. A one-to-one correspondence was set up between 
elements a of a group G and elements a’ in a group G’, such that (ab)’ = 
a’b’. By a homomorphic mapping of G on G’ we mean a similar correspond- 
ence which preserves products, but now several elements of G may have 
the same image in G’. 

For example, let G be the cyclic group of order 4, and let G’ consist of 
an identity element alone. We map all the elements of G into the identity 
of G’. Similarly, if G’ is the group of order 2, with elements b and b? = e, 
we obtain a homomorphism of G on G’ if we map (a?, 6) into b? = e, and 
(a, a®) into ὃ. 

In a homomorphic mapping of G on G’, the image of the identity element 
6 of G is the identity e’ of G’, for if ab = a (so that ὃ is the identity of G), 
then a’b’ = a’, so that b’ is the identity in G’. If the set of elements ay, 
Qo,..., 4, οἵ Gare mapped on e’, then choosing some other element b of G, 
we find h distinct elements θαι, bag, ..., ba, of G which are mapped on 
the same element b’ of G’, for (ba)’ = b’a’ = b’e’ = b’. Thus equal num- 
bers of elements of G are mapped on each element of G’. If ais mapped on 
e’, so is a", as one can verify by taking images in the equation aa! = 6. 
Hence the elements of G which are mapped on e’ form a group, in fact an 
invariant subgroup of G, for if a is mapped on e’, then so are all the elements 
in its class, since (μαμ 1)" = w’a'(u—")’ = w'e’'(u’)~! = e’. Calling this 
invariant subgroup 3, we find that any coset a3C is mapped on a single 
element of G’, since (a3C)'’ = α΄ = a’e’ = a’. Thus we see that CG’ is 
isomorphic to the factor group G/&. 


1-7 Direct products. A group G is said to be the direct product of its 
subgroups 3C;, He, ..., Hy if: 

(1) The elements of different subgroups commute. 

(2) Every element of g is expressible in one and only one way as 


g = hy...Mna, 


where h; is in K,,..., and hy, is In Ky. 
It is assumed that none of the subgroups consists of the identity element 
only. Symbolically, we write 


G = Hy Χ Re X 0+ K Ry. (1-33) 


The subgroups 31, Ho, ..., Hn are said to be direct factors of G. 
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From requirements (1) and (2) it follows that the subgroups 3; have 
only the identity in common. It also follows that all the ὅδ; are invariant 
subgroups in G. According to (2), any element g of G can be written as 


g = hyhg...hn, 


where, according to (1), the h; all commute with one another. Suppose ἐξ 
belongs to 50,. Then any conjugate of h/ is of the form 


ghig = (hihe eee hn) ht (hihe and hey = hahthz", (1-34) 


and also belongs to 3¢;. [The factors in (1-34) which belong to other sub- 
groups than 3C; commute through and cancel.] Thus 3; contains elements 
of G in complete classes, and is therefore invariant in G. 

As an example of the resolution of a group into direct factors, consider 
the cyclic group G of order 6 (a° = ὁ). It can be written as the direct 
product of the subgroups 

A: ¢€,a’,a’, 


B: ea’. 
We have 
G=AXB. 


Every element of G is expressible in only one way as a product of an ele- 
ment of A by an element of B. (Reader, check!) 

In our work we shall also deal with a direct product G X G’ of two 
groups G, G’. To obtain it, form all pairs 


(a, a’), 
where a is in G and a’ in G’. The product of pairs is defined by 
(a, a’)(b, δ΄) = (ab, a’b’). (1-35) 


If e, e’ are the identity elements of G, G’, then the pairs (a, e’) form a sub- 
group Γ which is isomorphic to G, the pairs (e, a’) form a subgroup I’ 
which is isomorphic to G’, and the group of element pairs defined above 
is the direct product of I and I” according to our previous definition. 
Usually we shall say simply that it is the direct product of G and G’. 
It is clear that the order of the direct product of two groups is the product 
of their orders. 


CHAPTER 2 
SYMMETRY GROUPS 


2-1 Symmetry elements. Pole figures. A large class of groups which 
are important in physics and chemistry are the so-called symmetry groups. 
In this chapter, we shall discuss them in some detail as a preliminary to 
later use and to provide concrete examples of the concepts introduced in 
Chapter 1. 

The classification of the spectral terms of a polyatomic molecule is 
related to its symmetry. So, too, is the problem of finding the vibration 
spectrum of the molecule. The underlying microscopic structure of crystals 
is related to the symmetry of their external macroscopic form. The classi- 
fication of electron energy levels in a crystal will be related to the sym- 
metry of the field in the crystal. For all these problems it is essential first 
to enumerate in a systematic fashion the possible types of symmetry 
which a molecule or crystal can possess. 

The symmetry of a body is described by giving the set of all those 
transformations which preserve the distances between all pairs of points 
of the body and bring the body into coincidence with itself. Any such 
transformation is called a symmetry transformation. It is clear that this 
set forms a group, the symmetry group of the body. The distance-preserving 
transformations can all be built up from three fundamental types: 

(1) Rotation through a definite angle about some axis. 

(2) Mirror reflection in a plane. 

(3) Parallel displacement (translation). 

The last symmetry element, translation, can occur only if the body is 
infinite in extent (e.g., an infinite crystal lattice). It is worth pointing out 
that when one uses translational symmetry in a physical argument, one 
implies that the solution to the problem is not affected by far-distant 
points of the body, since the necessarily finite body is replaced by its 
infinite extrapolation. For example, in the theory of solids one must later 
consider separately the problem of surface states. 

For a body of finite extension, a molecule or the macroscopic form of a 
mineral, only the first two symmetry types are possible. In fact, all trans- 
formations of the symmetry group of a finite body must leave at least one 
point of the body fixed. In other words, all axes of rotation and all planes 
of reflection must intersect in (at least) one point. Clearly, successive 
rotations about nonintersecting axes or reflections in nonintersecting planes 
will result in the introduction of translation and continual shift of the body. 
The symmetry groups of finite bodies (which must leave at least one point 
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of the body fixed) are called point groups. We shall restrict ourselves in 
this chapter to point groups of finite order. 

First, let us suppose that the body is brought into coincidence with it- 
self if we rotate it through an angle y = 27/n (n integral) about a certain 
axis. Such an axis is said to be an n-fold rotation axis. If n = 1, we have 
coincidence after rotation through 27, which is the identity transformation. 
We shall denote the operation of rotation through 27/n by the symbol 
C,. Successive applications of this transformation, ΟΣ, C3, ete., (ie., 
rotations through 47/n, 67/n, etc.), must also bring the body into coin- 
cidence with itself. If n is divisible by the integer /, then 


(Cy: ἘΞ Ξ (11. (2-1) 


Thus a 6-fold axis is at the same time a 2-fold and a 3-fold axis. The 
largest n (or the smallest angle y) characterizes the axis. It is also clear 
that successive rotations through 27/n about the same axis bring us 
back to the initial position and produce the identity transformation. Thus 


n= E, (2-2) 


where we have introduced the symbol FE (eznhezt) for the identity trans- 
formation. 


FIGURE 2-1 


Since it is essential to visualize what is happening under symmetry 
transformations, we shall draw numerous diagrams to try to help the 
reader. One type of diagram is shown in Fig. 2-1. The vertical line is a 
3-fold axis passing through the center (fixed point) O of the molecule. The 
fact that the axis is 3-fold is indicated by the small triangle A affixed to 
the end of the axis. Similarly, a 2-fold axis would have @, and a 4-fold 
axis ΚΒ at its end, etc. If there is an etom of the molecule at the point P, 
the presence of the 3-fold axis requires that identical atoms be at P’, P”, 
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where OP = OP’ = OP”. Similarly, if an atom is at Q, we must have 
identical atoms at Q’, ΄΄. For special positions, like R, on the axis of 
rotation, the image points are coincident with R. 

This method of presentation is satisfactory for molecules. When we 
consider the external symmetry of crystals, the problem is a little different. 
The areas of the crystal faces of a given substance may vary considerably, 
depending on the conditions under which the crystal was grown. The main 
content of all the investigations on morphology of crystals is the law of 
constancy of crystal angles: The angles which the crystal faces make with 
one another are fixed characteristics of the crystal. This means that the 
crystal is characterized by the directions of the normals to the crystal 
faces and the angles which the normals make with one another. Note that 
the distances of the crystal faces from the “center” are not the same for all 
samples. Thus, the simplest method for describing the crystal is to in- 
dicate on the surface of a unit sphere the poles of a polyhedron, i.e., the 
points in which the normals to the crystal faces intersect the surface of 
the sphere. To obtain the shape of the crystal from the pole diagram, we 
merely draw the tangent planes to the unit sphere at all poles and obtain 
a closed polyhedron. 

To present the pole figure in two dimensions, we make use of stereo- 
graphic projection. In Fig. 2-2 we join the pole P on the unit sphere to 
the south pole S. The intersection P’ of the line PS with the equatorial 
plane is the stereographic projection of P. To show the poles in stereo- 
graphic projection, we draw the equatorial circle AB and mark the pro- 
jections of the poles on it by open circles (see Fig. 2-3). Note that all 
points in the northern hemisphere project into points in the interior of the 
equatorial circle, and points on the equator project into points on the 
periphery of the circle. If we treated the points in the southern hemisphere 
in the same way, their projections would be outside the unit circle, and the 
projection of the south pole S would be at infinity. To avoid treating the 


@U’,U” 
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FIGURE 2-4 


two halves of the sphere unsymmetrically, we use S for projecting the 
points of the upper hemisphere, while the points in the lower hemisphere 
are projected from the north pole N. To distinguish between these, one 
can either use two separate circles, one for each hemisphere, or, as we shall 
do, mark projections of poles in the lower hemisphere by crosses. Thus, 
in Fig. 2-3, T’ is the image of a point in the lower hemisphere, and U’, U” 
(with both cross and circle) means that there are two poles, one in each 
hemisphere, which are at mirror-image positions relative to the equatorial 
plane. | 

From our 3-fold axis of Fig. 2-1, the picture of P, P’, P” in Tig. 2-2 
would be three points on a latitude circle, as shown. The stereographic 
projection of the same points is shown in Fig. 2-4. 

If we draw the tangent planes to the sphere of Fig. 2-2 at P, P”, P’””, 
we obtain a triangular pyramid with vertex along the vertical 3-fold axis. 
If we add a triplet of poles Q, Q”, Q’” along the equator, we obtain a 
triangular prism. To close the polyhedron, we need another triplet of 
points R, R’’, R’” in the lower hemisphere. We note that the points P 
and F alone suffice to give a closed polyhedron, but we can add triplets 
like the points Q to get more complex figures. To avoid giving the figure 
higher symmetry than the 3-fold axis, we must be sure that there is no 
simple relation between the positions of P and R. This is more easily 
accomplished in the molecular problem since, as we see in Fig. 2-1, we can 
vary the distance of the atom from the axis. 

We should note that this first symmetry operation, rotation, is one which 
can move a body rigidly from its initial to its-final position. The second 
fundamental operation, reflection in a plane, is different. It does not 
correspond to a physically possible rigid displacement. Tigures which can 
be superposed only after mirror reflection are said to be enantiomorphic. 

We shall use the symbol a for reflection in a plane. Since two reflections 
in the same plane return us to the initial position, we have 


δ΄ on, (2-3) 
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so that reflection in a plane is an element of order 2. If it is necessary to 
specify the plane of reflection, this will be indicated by a subscript. Gen- 
erally, there will be one axis of rotational symmetry which will be the main 
symmetry of the body. If this is the case, then we shall denote reflection 
in a plane perpendicular to this principal axis by o, (h for horizontal), 
while we use σὺ for reflection in a plane passing through the axis (v for 
vertical). | 

The combined application of our two fundamental operations (rotation 
about an axis and reflection in a perpendicular plane) leads to a symmetry 
transformation which we shall call a rotation-reflection symmetry (dreh- 
spiegelung). A body is said to have an n-fold rotation-reflection axis if it is 
brought into coincidence with itself under the combined operation of 
rotation through 27/n about the axis and reflection in the perpendicular 
plane (see Fig. 2-5). We denote this operation by S,. Clearly 


Sn = Cron = OnCn, (2-4) 


where we note that rotation about an axis and reflection in the perpendicu- 
lar plane commute with each other. From Eqs. (2-2), (2-3), and (2-4) 
we have 

(Sn)” = (Cnon)” = (Cn)"(on)"; (2-5) 


so, for even ἢ, (S,)” = EH. But for odd n, (Sy)” = on. Thus for odd n, 
if the body has the symmetry S,, it also has the symmetries o, and C, 
as independent symmetry elements. 

A very important case is that of a rotation-reflection axis of order 2: 
So is the rotation through a about an axis followed by reflection in the 
plane perpendicular to the axis. The result of this combined operation, 
which we call inversion, is to move each point P of the body to the point 
P’ which is its inverse relative to the fixed point O: P and 4’ are on oppo- 
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site sides of O on the straight line POP’, and are equidistant from 0. 
Denoting the inversion by J, we have 


f= δου ΞΞ Cop. (2-6) 
From Eq. (2-6) it follows that 
C2 = Ion, Co, = IC 2. (2-62) 


All three elements I, o,, and Cz, commute. If any two of these elements 
belong to the symmetry group, then so does the third. 

We now consider a few simple properties of successive reflections in 
different planes, or of rotations about different axes. First, we note that 
the product of rotations about two axes passing through the point O is 
again a rotation about some axis passing through O. Next consider the 
product of reflections in two planes intersecting in a line. In Fig. 2-6, 
let v and v’ be the traces of the two planes, and O the trace of their line 
of intersection. Let ¢ be the angle between the planes. Reflecting first 
in v’ and then in v, we see that P goes to [δ΄ and then to P’”’, where OP = 
OP’ = OP”. From the construction, the angle between OP and OP” 
equals 2¢. Thus, 

συσυ' = C(2¢), (2-7) 


where C(2¢) is a rotation through 2¢ about the line of intersection of the 
planes, in the direction from v’ to v. Similarly, συσυ is a rotation through 
the same angle about the same axis, but in opposite direction. Soo, and 
og, do not commute except for the special cases where ¢ = 7/2 and the 
product is C2, and the trivial case of ¢ = 7, ἤθη συ = συ. Multiplying 
Eq. (2-7) on the left by συ, we find 


Cy = 0,C'(2¢). (2—7a) 
P 
a’ 
φ 
O 3 b 
a 
P’ 
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Thus the product of a rotation through a given angle about an axis and 
reflection in a plane passing through the axis is a reflection in a second 
plane passing through the axis, making an angle with the first plane equal 
to half the angle of the rotation. Again we have three mutually dependent 
elements. Any two of the symmetry elements σὺ, συ’, and C(2¢) imply the 
presence of the third. 

Another important property is shown in [ig. 2-7: OP is vertical, while 
Oa and Ob lie in a horizontal plane. Consider the effect of successive rota- 
tions through 7, first about Oa and then about Ob. The rotation about Oa 
leaves Oa fixed and moves P to P’ (OP = OP’). If next we rotate through 
π about Ob, P’ moves back to P, so the product must be a rotation about 
POP’. Also, the point a which was left fixed by the first rotation now 
moves to the position a’ in Fig. 2-7. Thus successive rotations through 
angle a about two axes making an angle ¢ with each other result in a 
rotation through 2¢ about an axis perpendicular to the first two. In 
particular, if the X- and Y-axes are 2-fold rotation axes, then so is the 
Z-axis. 7 


2-2 Equivalent axes and planes. Two-sided axes. In our enumeration 
of the possible point-symmetry groups, we shall find the distribution of 
the group elements in classes. One important means for obtaining con- 
jugate transformations was already mentioned in Chapter 1, Section 1-5, 
and will now be discussed in detail. If, as in Fig. 2-2, we have a 3-fold 
axis in the vertical direction, and if the line OP is an n-fold axis, then we 
must also have n-fold axes along OP” and OP’”; rotations through the 
same angle around these three axes all belong to the same class. All the 
axes (or planes) which can be brought into coincidence by some operation 
of the group are said to be equzvalent axes (or planes). Rotations through 
the same angle about equivalent axes are in the same class. The same rule 
applies to rotation-reflection operations about equivalent axes. 

This result does not help us in the special case of rotations or rotation 
reflections about the same axis. To see how we treat this case, let us look 
again at what we did in obtaining equivalent axes. When we describe the 
rotation about an axis, we first assign a polarity to the axis and a positive 
sense of rotation as given, say, by the right-hand rule. In Fig. 2-8, if the 
axis A’A can be shifted to the position B’B by one of the rotations of the 
symmetry group, the directions of rotation around the equivalent axes 
will be related as shown in the figure. If, on the other hand, by a rotation 
of the group, A’A is brought not into B’B but into BB’, the diagram would 
be that shown in Fig. 2-9. In the two cases, the rotations around B’B 
which are conjugate to a given rotation around A’A are equal rotations in 
opposite directions. Now let us consider Fig. 2-10. Suppose that there is 
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a rotation p in the group which takes A’ A into AA’, e.g., a rotation through 
aw about the line CR (so that p? = E,p = p~'). If the rotation C(¢) 
through angle ¢ around A’A takes the point P into P’, then the transform 
of C(¢) by p, namely pC(¢)p, takes P into the point Q” and represents a 
rotation around A’A through angle ¢ in the reverse direction. To see this, 
carry out pC'(¢)p step by step: Thus p takes P to Q, then C(¢) takes Q to 
Q’, and finally p takes Q’ to Q’’. Whenever there is a rotation in the group 
which carries A’A into AA’, we say that A’A is a two-sided axis, and as 
we see from Fig. 2-10, equal rotations about A’A in opposite directions are 
conjugate to one another. If A’A is an n-fold symmetry axis, then ΟἹ 
and C”™~* = C;* are conjugates. So we have the result that for a two- 
sided axis, any rotation and its inverse belong to the same class. 

Next, suppose there is a plane of symmetry perpendicular to AA’, 
namely, the equatorial plane in Fig. 2-11. If C(@) takes P to P’, then the 


A A 
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transform by on, onC(¢)o;,, gives the following sequence of operations: 
o;, | = ao, takes P to Q, then C(¢) takes Q to Q’, and finally σι, takes Q’ 
to P’ so that 


σι (on = Ο(φ), (2-8) 


which is evident from our earlier statement that 7, commutes with C(¢). 
The operation a, reverses the polarity of the axis and at the same time 
reverses the sense of rotation as given by the right-hand rule, so that we 
get the same rotation as before, and the axis-A’A is not two-sided (see 
Fig. 2-11). 

' On the other hand, suppose that there is a plane of symmetry passing 
through the axis AA’ (perpendicular to the paper) as shown in I'ig. 2-12. 
The operation σὺν does not change the polarity of the axis Gt takes A’A 
into A’A), but it does reverse the sense of rotation. In Fig. 2-12, C(¢) 
takes P into P’, while ¢,C(¢)o, _ takes P first to Q, then to Q’, and finally 
to Q” so that 


συ (φ)στ᾽ = 5,C($)o, = Ο(--φ). (2-9) 


In this case also the axis A’A is two-sided. 

After these preliminaries, we can proceed to our problem. We can 
divide our symmetry operations into two types: pure rotations, and 
rotation reflections (including reflection and inversion as special cases). 
We first build up the point groups which contain only rotations. 
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2-3 Groups whose elements are pure rotations: uniaxial groups, 
dihedral groups. In this category we first consider the case where we 
have only one axis of rotational symmetry. We choose the Z-axis as this 
principal axis. The number of elements in the group is equal to the order 
of the axis. If the axis is n-fold, we designate the symmetry group as C,. 

I. Groups having a single n-fold rotation axis: Cn. 

The group ΘΟ; contains only the identity L, and corresponds to complete 
absence of symmetry. All groups of this type are cyclic, and each element 
forms a class by itself. To illustrate the symmetry, we draw a set of 
equivalent poles in stereographic projection. These are shown for n = 1, 
2, 3, 4, 6 in Figs. 2-13 through 2-17. 

We must emphasize that Figs. 2-13 through 2-17 merely show one set 
of equivalent poles. They are clearly not sufficient to bound the volume of 
a crystal. (At least four faces are needed to bound a volume.) To show a 
complete set of poles having the desired symmetry (and no higher sym- 
metry) would make the diagrams extremely complicated. Figure 2-18 
shows a complete set of poles for a crystal with symmetry @,. Molecular 
configurations having the desired symmetries are somewhat easier to 
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illustrate, since we can vary distances from the center and use nuclei 
of different species. Figures 2-19 and 2-20 show molecules having the 
symmetry groups Cz and @3. A molecule containing four different nuclei 
not all in the same plane would “belong” to @; (.e., have no symmetry). 
Figure 2-19 shows the molecule H2C—CCle in a twisted configuration 
having the symmetry group @z. (If the molecule were plane, it would 
have higher symmetry, as we shall see later.) Figure 2-20 shows twisted 
H3;C—CCls which “belongs” to @3 (i.e., has the symmetry group @3). 
Now we proceed to add other axes of rotational symmetry. First we 
impose a restriction by requiring that there shall be no more than one 
rotation axis of order greater than 2. Thus, if we start from the group C,, 
we can adjoin only a 2-fold axis. Moreover, this axis must be at right angles 
to the n-fold axis; otherwise we could obtain a second n-fold axis by rota- 
tion through 7 about the 2-fold axis. Thus the only possible adjunction 
is a 2-fold axis perpendicular to the n-fold axis. If we now take products 
of these symmetry operations, we generate a total of n 2-fold axes in the 
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FIGURE 2-21 FIGURE 2-22 FIGURE 2-23 


horizontal plane and arrive at: 

II. Groups having an n-fold axis and a system of 2-fold axes at right 
angles to wt: the dihedral groups Dy. 

These groups contain 2n elements. The principal (n-fold) axis is two- 
sided, so Οὗ and ΟἹ ἢ are in the same class. Figure 2-21 shows the horizontal 
plane with a single 2-fold axis a; the n-fold axis is perpendicular to the 
paper. Suppose first that n = 2. Applying C2 to the axis a merely re- 
verses it. But if we let C, be the rotation through 7 about a, then the 
product CeCa = Cs, where Cs is a rotation through 7 about the axis ὃ in 
Fig. 2-21. Thus, the group 125 has three mutually perpendicular axes of 
second order. All the axes are two-sided. The group is an abelian group 
of order 4, and is isomorphic to the four-group. Sometimes the symbol V 
is used for this group. | 

For n > 2, the dihedral group D, is not abelian. 

Figure 2-22 shows the case of n = 3. When Cy and C3 are applied to 
the axis a, they generate the equivalent axes ὃ and c. The group Ds con- 
tains six elements, E, (5, C3, and the three 2-fold rotations. There are three 
classes: 


E; C's, C3; Ca; Cs, Cc. 


The case of n = 4 is shown in Fig. 2-23. The 4-fold rotations applied 
to the axis a generate only one new axis b equivalent to a. The product 
C',C, 15 a 2-fold rotation about an axis a’ midway between a and ὃ. Apply- 
ing Οὐ, to a’, we now generate the axis δ΄. Thus for n = 4, the two-fold 
axes split into two sets of equivalent axes. The group D, has eight 
elements in the following five classes: 


Be Cpr Cre Og, CaO 


The results for the general case should now be clear. The group D, con- 
tains 2n elements. If n is even (n = 2p), then EF and C? = (5 each form 
a class; this leaves (n — 2) = (2p — 2) n-fold rotations which fall into 
classes by pairs, giving (p — 1) classes. The 2-fold rotations fall into two 
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classes of p elements each. The total number of classes is p+ 3 = 
(n + 6)/2. 

If n is odd, (n = 2p + 1), all 2-fold axes are equivalent so that the 
(2p + 1) 2-fold rotations are all in the same class. The element / forms a 
class by itself, while the rotations about the n-fold axis give (n — 1)/2 = p 
classes. The total number of classes is p + 2 = (n 4+ 8)/2. 


Problem. Show that the dihedral group D, is generated by two elements a, 
δ, such that a” = b? = (ab)? = e. 


The pole figures for D2 = V, D3, D4, Deg are shown in Figs. 2-24 
through 2-27. A possible example of Dz would be obtained if we replaced 
the Cl-atoms in Fig. 2-19 by H-atoms (giving C2H4) and made all the 
CH-distances equal. An example of D3 would be C2Hg in the configura- 
tion shown in Fig. 2-28. (The angle of twist of the CH3-groups relative to 
one another must not be 60° since the resulting symmetry would be 
higher than D3.) 


2~—4 The law of rational indices. We have now exhausted the possible 
point groups containing only rotations and having at most one axis of order 
greater than two. The reader may have noted that we only went up to 
n = 6 and omitted n = 5. The reason for this is that, for molecules, the 
cases which we have omitted are uncommon. In the case of crystals the 
nonexistence of axes of order 5, 7, 8, etc., follows from the empirical “law 
of rational indices.” Consider the various faces and edges of a crystal 
polyhedron. Choose any three noncoplanar edges and use lines parallel 
to them through the origin as a system of coordinate axes. Any face of the 
polyhedron will have intercepts on these axes equal to u, v, w. The law of 
rational indices states that for any two crystal faces, 

/ / 

τ ἿΕ i = 7,178, (2-10) 
where nj, 2, 1.3 are integers. Note that parallel displacement of a plane 
or use of reciprocals of the intercepts makes no change in Eq. (2-10). 
This law is the expression of the results of measurements on crystals. 
One thing worth checking is whether the law is mathematically self-con- 
sistent. The planes considered in Eq. (2-10) form new edges which can 
be used as axes. For these new axes, we may use planes formed by the old 
axes to give an equation similar to (2-10). For self-consistency we must 
require that the ratios be again integers. A complete proof in three dimen- 
sions is rather lengthy. Instead we shall sketch a typical part of the proof 
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Figure 2-29 


in the simpler two-dimensional case. In Fig. 2-29, let OO’ and OO” be 
lines parallel to crystal edges, while SK and TO’ are two crystal faces of 
the lattice. The intercepts of these planes on OO’ and OO” must satisfy 


μι! 
ΩΝ 


where 7. 15 rational. From the figure, 
sin OTO' υ' snOSK νυ 
sin 007 τ΄ snORS ὦ 
If we now use the axes PR and PO’ and consider the faces OO’ and OO”, 


the ratio of indices 15 


PS/PR PS/PT δ ΡΙῸ sinPRO’ — snOTO’ sm ORS 


PT/PO'’ PR/PO'’ sn PST 5 ΡΟΝ sinOSR sin ΟΟΤ' 


/ ᾽ὔ 
v’/u =— 
v/u 


This proof of consistency is essentially the statement of cross-ratio theorems 
of projective geometry. 

Now using the law of rational indices, we prove that for n > 5 the 
only possible order of a rotation (or rotation-reflection) axis is n = 6. 
Suppose that the vertical axis in Fig. 2-30 is an n-fold axis with n > 5. 
Then starting with the pole 1, we can generate a total of at least five poles. 
All these poles lie on a latitude circle. The radii from the center of the 
sphere to the poles are normals to crystal faces, and all make the same angle 
θ with the vertical. Let nj, no, n3, m4, ns be unit vectors along the normals. 
All of them have the same vertical projection, cos 6. Their horizontal 
projections have magnitude sin θ and make successive angles Ψ = 27/n, 
as shown in the figure. (For a rotation-reflection axis, normals 1 and 3, 
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say, would be reversed in direction, but this would not affect our proof.) 
Any two crystal faces determine a crystal edge which lies in both planes, 
and therefore 1s perpendicular to the normal to each plane. Thus the edge 
produced by the faces at poles 1 and 2 has a direction given by the cross 
product ny X Nz. We choose as our axes the crystal edges ἢ; X Ng, 
No X Ns, n; Χ n3. We now apply the law of rational indices to the crystal 
faces at the poles 4 and 5 (or to planes parallel to them). In Fig. 2-31, if 


FIGguRE 2-31 


n is a unit vector normal to the crystal face F’, the intercept of F on the 
axis vis 1/y-n. We shall work with the reciprocal intercepts, so we want 
N4-My X Ne, N4g-Ne X Nz, N4-Ny X Nz, and similarly for ns. The values 
of all these quantities can be obtained from Fig. 2~30. One finds that the 
intercepts have a common factor sin? θ cos @ which drops out when we 
take ratios. The law of rational indices then states: 


sin dy — sin 2y — siny. sin2y — siny — siny | 


sin 2y — siny — siny sin 8y — sin 2y — siny ἐπὶ... 
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where a, ὃ, c are integers, or 


eas = 7, where r is a rational number, 
__ 2cos (5/2) sin (y/2) — 2 sin (y/2) cos (p/2) 
~ 2 cos (3/2) sin (W/2) — 2 sin (W/2) cos (/2) 


_ cos (5¥/2) — cos (¥/2) 
~ cos (3~/2) — cos (W/2) 


_ sin 8(y/2) Ν 
~ “sin ψΨ. 9) 1 - 2cosy ΞΞ γ. 


Hence cosy = cos (277/n) is a rational number. For n > 5, the only 
possible solution isn = 6 (cos 7/3 = $), and thus our theorem is proved. 


2-5 Groups whose elements are pure rotations. Regular polyhedra. 
Now we return to groups containing only rotations. Our next step is to 
consider groups having more than one n-fold axis with n > 2. Among all 
these axes of order n, choose the two which make the smallest angle with 
each other. If we draw the points (poles) where the axes intersect the unit 
sphere as in Fig. 2-32, let us suppose that Po, P; are the poles of these 
closest axes. In other words, the great circle PoP; is assumed to be the 
shortest great circle joining any two poles of nth-order axes. If we now 
perform an n-fold rotation about the axis Po, we generate from P,; (n — 1) 
new n-fold axes, among which is the one through A shown in the figure. 
The spherical angle between PoP, and PoA is ψ = 27/n, and PoP; = 
P A. Rotating through y around A, we now generate from Po another 
n-fold axis through B. The points P;, Po, A, B, etc., obtained by this 
procedure all lie in the same plane, and therefore the figure must close 
again at P;. (Otherwise we would obtain an n-fold axis nearer to ἢ. 
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than Po.) Now starting again from Po, generate another axis from P,, 
and continue to form a second regular spherical polygon. By this process 
we cover the whole surface of the unit sphere with similar regular spherical 
polygons. Thus we obtain a regular spherical polyhedron with F faces, 
V vertices, and αὶ edges. Each face of the polyhedron is a regular spherical 
polygon of 8 sides. The number of edges which meet at a vertex is ἢ. 
Since each edge has a vertex at its two ends, H = nV/2. Since each edge 
is shared by two faces, we have αὶ = Fs/2. Combining these, we have 
Fs = nV. The area of the polygon of s sides on the unit sphere is equal 
to the sum of the angles of the polygon minus (s — 2)z. For our regular 
polygon, the area is s(27/n) — (s — 2)7. Multiplying by the number of 
faces F, we obtain the total surface of the unit sphere, 477. Thus, 


or 


Se ey ae (2-11) 


Using the relations obtained above, we can rewrite (2-11) as 
V—HF+F= 2. (2-12) 


This is Euler’s theorem, which in the form (2-12) is valid for any network 
on the surface of the sphere. Rewrite (2-11) as 
28 4 


aoe sO) = 


Q_ 
n FE (2-13) 


We see that 2s/n must be greater than s — 2, and therefore, since n > 2, 
the possible values of s are restricted. 
For n = 3,s < 6: s=38 gives F = 4: 8 ΞΞὝ 4 gives F = 6: 85 - 5 
requires F = 12. 
Forn = 4,8 « 4: s = ὃ gives F = 8. 
For n = 5, only s = 3 is possible, with ee = 20. 
There is no solution for n > 6. 


We have the following possibilities: 


F 

4 tetrahedron 

6 cube 
octahedron 

12 dodecahedron 
20 icosahedron 


δι ὦ μα ὦ ὦ 8 
WoW Fe ὦ ὦ 
QO 
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The first two have the same symmetry elements—four 3-fold axes which 
join one of the vertices 1, 2, 3, 4 of the tetrahedron to the opposite face as 
shown in Tig. 2-33. Starting with the pole of one face of a crystal, we find 
that rotations about these axes generate a total of 12 poles, so the number 
of elements in the group is 12. Rotations about any one axis bring the 
other three into coincidence, so all four axes are equivalent. The axes are 
one-sided, so we have two classes of four elements each: C'3(4); C3(4). If 
we rotate about axis 1 so that 2 — 3, 3 — 4, 4 — 2, and follow with a 
rotation about axis 2 which takes 3 -- 4, 4 — 1, 1 — 8, the product takes 
2—>4,4 - 2:8 -Ὁ 1,1 — 3, and is therefore a rotation through 7 around 
the line joining the midpoints of the opposite edges 24 and 13. In this way 
we find three 2-fold axes which are equivalent to one another. Hence the 
2-fold rotations form a class of three elements. Finally, the tetrahedral 
group T has 12 elements in 4 classes, 


T:E; C2(3); Cs(4); C3(4), 


where the number in parentheses is the number of conjugate elements in 
the class. Another way of representing these axes is shown in Fig. 2-34. 
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We also note that the group T can be obtained from the group V by 
adjoining to it a 3-fold axis placed symmetrically with respect to the three 
2-fold axes of V. For this reason the symbol C, αὶ C, ~ C, is sometimes 
used for 7’. 

Next we consider the octahedron. Here we start with three mutually 
perpendicular 4-fold axes. By taking products of these rotations one 
obtains the total rotational symmetry of a cube, as shown in Fig. 2-35. 
There are four 3-fold axes (space diagonals), three 4-fold axes (joining 
centers of opposite faces), and six 2-fold axes (joining midpoints of opposite 
edges). 

By applying 3-fold and 4-fold rotations to any one of the 2-fold axes, 
we can generate them all, and hence all six 2-fold rotations are in the same 
class. One can easily see that all axes are two-sided, that all 3-fold axes are 
equivalent to one another, and that all 4-fold axes are equivalent to one 
another. So the group O has 24 elements in 5 classes: 


O: E; C2(6); Cz,C2(8); Cs, C36); οὗ): 


The icosahedral group Y, which is obtained for both of the last entries 
in our table of possibilities, has no physical interest, since for crystals 
5-fold axes cannot occur, and no examples of molecules with this symmetry 
are known. Y is the group of 60 rotations about the symmetry axes of an 
icosahedron, which has six 5-fold axes, ten 3-fold axes, and fifteen 2-fold 
axes. | 

To summarize: By permitting chains of higher-order axes, we obtain 
three new groups of rotations: 

ΠῚ. 7, O, Y. The pole figures for 7.and O are shown in Figs. 2-36 and 
2-37. With regard to all these pole figures, we must point out that one set 
of equivalent poles may not be enough to form a closed polyhedron or to 
fix the symmetry unambiguously. In such cases one must add a second 
equivalent set. 


FicgurRE 2-36 FIGURE 2-37 
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Problems. (1) Show that all the elements of the group O are generated from 
rotations around the 4-fold axes. (2) Enumerate all subgroups of O. Which of 
these are invariant? 


2-6 Symmetry groups containing rotation reflections. Adjunction of 
reflections to Θ,.. Now that we have all the possible symmetry groups 
containing only rotations, we must add elements of the second type, 1.6., 
rotation reflections. Let S be a rotation reflection which is an element of 
the group. The product of S with any rotation is again a rotation reflection. 
The product of two rotation reflections is a rotation. We note first that the 
pure rotations form a subgroup & of the group G. Moreover, this subgroup 
is necessarily of index 2, and is therefore an invariant subgroup. In other 
words, we claim that every rotation reflection S; of the group is contained 
in the coset S3 formed with any one of them. In fact, 


S; = (SS~*)S; = S(S~*S;), 


and S~!S;, being the product of two rotation reflections, is a rotation, and 
is therefore in 3C. The factor group G/3C is always of order 2. 

We now proceed as follows: We choose for % any one of the pure rotation 
groups. In adjoining a rotation reflection S, we do not permit the appear- 
ance of new rotations (since by the above argument they should already 
be in 20). What choices do we have for S? One possibility is that S 2 = F, 
for which there are two solutions: S=o, S = I. Thus we can add a 
reflection or an inversion. If S? ¥ E, then S? must be one of the elements 
of 20 other than the identity. The axis of the rotation reflection must be 
one of the axes of rotation of the group 3. If C, is an element of 3, the 
only other choice is S? = Cn, for if we take S? = Οὐ» then S’C,°? = E, 
or (SC;,?)? = E; by adjoining S’ = SC,” iristead of S, we would have 
(S’)? = E. Or if we take S? = C7?T’, then we could instead adjoin 
S’ = 50, and obtain (S’)? = Cn. So we have three possible adjunctions: 
σ, I, and S, such that 55 = Cy. 


Adjunction of reflections to the group Cp. 


Case 1. Adjoin S* = Cy. 


For n = 1, S? = E, and we have cases 2 and 3. 

For n = 2, S? = Co, S = Sy. We obtain the abelian group 84 con- 
taining 4 elements in 4 classes. 

For n = 3, 52 = C3, S = Sg. Again we obtain an abelian group S¢ 
with 6 elements in 6 classes. 

For n > 4, we would obtain a rotation-reflection axis of order greater 
than 6, which was excluded earlier. 
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Case 2. Adjoin o. If we are not to introduce new rotations, the plane 
of reflection must either be perpendicular to, or pass through the prin- 
cipal axis. 

(a) If we adjoin a; to C,, the group obtained is called C,,. All these 
groups are abelian, and contain 2n elements in 2n classes. If n is even, 
the group contains (ΟΦ. σι) = Coo, = I, so that the body has a center 
of symmetry. For ἢ = 1, the group @,, contains the two elements EF 
and σ᾽; this group is usually denoted by @,. In this way we obtain the new 
groups 

Cs, Con, Can, Can, Con. 


(b) If we adjoin σὺ to C,, then by combining συ with rotations around 
the vertical axis we generate a set of n vertical planes. Excluding n = 1, 
which gives @,, we obtain new groups which we label Coy, C3, C4, Cov. 
The group Cn, contains 2n elements. As shown earlier, the presence of 
συ makes the rotation axis two-sided. If n is odd (n = 2p + 1), all 
planes are equivalent, and all reflections fall into one class. At the same 
time, the rotations about the two-sided principal axis yield (p + 1) classes: 
E; C3p41, Copii (for k = 1,2,...,p). We have a total of pti2= 
(n + 3)/2 classes. If n is even (n = 2p), the reflections form two classes 
with p elements in each. The rotations give the class 10, the class Co, and 
(p — 1) classes C3, Cz; for k = 1, 2,..., (Ὁ — 1). We have a total of 
p+3 = (n+ 6)/2 classes. 


Case 8. Finally, adjoining the inversion J to C,, we obtain only one new 
group, namely from Ὁ}. This is the group ©; (or 82) having two elements 
E and 1. | 


Summary: Adjunctions to €, yield the groups 
$4,56; Ci; Cs; Con, C3n, Can, Con; Cov, Cary Car, Cov. 


The pole figures are shown in Figs. 2-38 to 2-49. An example of | would 
be the trans-CIBrH C—CHBrCl shown in Fig. 2-50. Any planar nonlinear 
molecule, all of whose atoms are different (for example, NOCI) has the 
symmetry group Co,. Figure 2-51 shows the plane molecule trans- 
C2He2Clz which has the symmetry group Θομ. Examples of the symmetry 
group Co, are the molecules H20, SOe, H2S, as shown in Fig. 2-52; ex- 
amples of C3, are NH3, CH3Cl, PCls, as shown in Fig. 2-53. 


Problem. What group is obtained if we adjoin I to C3? 
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2-7 Adjunction of reflections to the groups D,,. We proceed similarly 
with the groups D,. Consider the adjunction of a reflection plane. If we 
adjoin o;, the product of a, with the rotation around any 2-fold axis gives 
the reflection in the vertical plane through the axis. Thus the adding of 
a horizontal plane of symmetry gives-n vertical reflection planes with n 
corresponding operations o,. The new group D,, contains 4n elements: 
2n pure rotations from D,, n reflections σὺ in the n vertical planes, and n 
rotation reflections Cia,. Note that σμ commutes with all the elements of 
the group. We may therefore (see Section 1-7) write Dy; as the direct 
product of D, and @,g, 

Dope DD Ce. 


(If m is even, n = 2p, the group contains the inversion, and we can also 
write Dap, = Dep X C;.) The number of classes in Dz, is just twice 
the number in D,. First we have all the classes of D,, and then the classes 
obtained by multiplying each element by o;. We find, just as in our dis- 
cussion of D,, that if n is odd, all the reflections are in the same class, while 
they form two classes if n is even. The rotation reflections Céo, and 
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C;,“o,, fall into classes in pairs. The new groups are Don, 123, Dan, Den. 
The pole figures are shown in Figs. 2-54 through 2-57. 

The planar molecule N2O,4 shown in Fig. 2-58 has the symmetry group 
Don; the “eclipsed” form of C2H¢ shown in Fig. 2-59 belongs to 24}; 
the benzene molecule CgH, has the symmetry of Dg,, and is shown in 
Fig. 2-60. 

A plane of reflection can be adjoined to the groups D,, in still another 
way: We can add a vertical reflection plane which bisects the angle between 
two neighboring 2-fold axes. As soon as we add one vertical plane, the 
2-fold rotations generate a total of n vertical reflection planes. The group 
obtained in this way is Dng (ἃ for diagonal), and contains 4n elements. 
Of these 4n elements, 2n are the pure rotations of D,. In addition, we have 
n mirror reflections, σὰ, in the n vertical planes. The remaining n elements 


are rotation reflections around the principal axis, of the form δῦ τ’, where 
k = 0,1,2,...,(m — 1). The simplest way of showing this is by looking 


at the pole figures (see Figs. 2-61 and 2-62). Thus the principal axis is 
not just an n-fold rotation axis, but is rather a 2n-fold rotation-reflection 
axis. As a result, we can only form these groups for n = 2 or 3. (For 
n > 3, the order of the rotation-reflection axis would be greater than 6, 
and this was ruled out earlier.) The two new groups obtained are Dog 
and Dga. (See Figs. 2-61 and 2-62.) 


Problem. By taking products of oa and rotations show that the principal 
axis of Dig is a 2n-fold rotation-reflection axis. 


The 2-fold axes are all equivalent since each axis can be made to coincide 
with its neighbor by reflecting in the plane midway between them. Simi- 
larly, all the reflection planes are equivalent. (Apply 2-fold rotations.) 
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Finally, S37! and S5,7*t) are conjugates, since 
Qk+1_—1 __ Qh+1 Q2k+1_ —(2k+41) —(2k+1 
δ δ ΕἸ. = ogo,C03t 04 = onoaC3n 0a = O1Cmn tT? = Sar”. 


Thus, in general, for even n = 2p, Depa hasn+ ὃ = 2p 7 ὃ classes: 
E; rotation ΟΣ, = (5 around the principal axis; (p — 1) classes of pairs 


ἜΝ Cs, fork Τ 2) νου, p= 1; the class of 2p 2-fold rotations 
around horizontal axes; the class of 2p reflections σὰ; and p classes of pairs 
of rotation reflections S3*t1, ας, ΡΤ) for k = 0, 1, 2,...,p — 1. For 


odd n, n = 2p + 1, Dna contains the inversion J, and we can therefore 
write it as the direct product δ ρει, = Dep+1 X C;. Thus it has (2p + 4) 
classes, just double the number in Dop;+1. The new classes in Dop+1,4 
are obtained from those of Dop+1 by multiplying with J. 

The “staggered” form of Ο2Ης shown in Fig. 2-63 has the symmetry 
group Dea. 

We could now try to adjoin the inversion or a rotation reflection to Dn. 
If we adjoin J, we obtain the direct product D, X Ci, which we have 
shown to be Dy, if n is even, and Dng if n is odd. Similarly, the adjunction 
of a rotation reflection gives no new groups. 


2-8 The complete symmetry groups of the regular polyhedra. The 
last step in the enumeration is to add rotation reflections to the groups 
T, O, Y. 

Suppose we wish to adjoin a plane of reflection to 7᾽. Since reflections in 
this plane must not produce any new rotation axes, the plane must either 
pass through two opposite edges of the cube in Fig. 2-34 or be parallel to 
two faces and midway between them. 

The first alternative gives the group Τὰ with the typical axes and planes 
of symmetry shown in Figs. 2-64 and 2-65. The group 7 exhibits all the 
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symmetries of a tetrahedron. The reason for the designation Τα is that the 
plane which we have added bisects the angle between the two horizontal 
2-fold axes. Just as in the case of the group Deg, this means that the 
2-fold rotation axes become 4-fold rotation-reflection axes, as indicated in 
the figures. The symmetry planes pass through the 3-fold axes, so that 
these axes are two-sided. All reflection planes are equivalent, and all S,- 
axes are equivalent. Therefore, the 24 elements of Τὰ are distributed in 
5 classes: 


Ta: ΕἾ Cs,C3(8); Sa, Si(6); Si = Co(3); σα(θ). 


The second alternative gives the group Τὰ with typical axes as shown in 
Fig. 2-66. The subscript ἢ means that the plane is horizontal relative to 
2-fold axes, but the planes bisect the angles between the 3-fold axes, and 
thus convert them to 6-fold rotation-reflection axes. Since the group con- 
tains Sg, it contains J, and hence we may write ΤᾺ = T X @,. The group 
Τ᾽, therefore has 24 elements in 8 classes which are obtainable from the 
classes of 7. The other possible adjunctions are already included in ΤΆ 
and T' a. 

In the case of the group O, the position of an added reflection plane is 
restricted in the same way as for 7. But now the addition of one type of 
plane immediately generates the other. Just as in the case of Τ᾽, the 
C’3-axes become S¢-axes, and the group contains the inversion J. Thus 
the group Ομ can be expressed as Ομ = O X @;, and O, is the group of 
all symmetry transformations of a cube (see Fig. 2-67). It contains 48 ele- 
ments distributed in 10 classes (twice the number of classes in ΟἹ: 


On: Ε; C2(6); Cs, ΞΘ); Cs, C36); 636); 
I; συ(θ); Se, Sé(8); Caen, C2on(6);  o2(3). 
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Finally, we can adjoin the inversion to the group Y to yield Y; = YX 
@,. This is the complete symmetry group of the icosahedron. Since it has 
no physical interest, we shall not discuss it further. 

Because the group Τὰ has the complete symmetry of the tetrahedron, 
all tetrahedral molecules like CH, and CCl, belong to this group; the 
methane molecule is shown in Fig. 2-68. Uranium hexafluoride, UF 6,. 
has the symmetry group Ομ and is shown in Fig. 2-69. 


2-9 Summary of point groups. Other systems of notation. We have 
now found all possible point groups. Of these there are only 32 which are 
consistent with the law of rational indices. We tabulate them under differ- 
ent systems, stating in each case the number of elements in the group. 


I. Triclinic system. 
1. @,(1); 2. 6,(2). 
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II. Monoclinic system. 
3. Cor(4); 4. Co(2); 5. 6,(2). 


III. Rhombic system. 


IV. Trigonal system. 
9. Dgi(12); 10. D3(6); 11. C3.(6); 12. 86(6); 13. ©3(3). 


V. Tetragonal system. 
14. Dan(16); 15. D4(8); 16. C4,(8); 17. Can(8); 18. 64(4). 


VI. Hexagonal system. 


23. Θᾳ(6). 


VII. Regular system. 
24. On(48); 25. O(24); 26. Ta(24); 27. Τ᾽, (24); 28. 7(12). 


Of the remaining groups, 29 [€3,,(6)] and 30 [Dgq(12)] are usually in- 
cluded in VI, while 31 [84(4)] and 32 [Dog(8)] are included in V. 

Note that, in each system, the group listed first has the highest sym- 
metry. In systems IV, V, VI, and VII, the symmetry of the first group 
in the system is said to be “holohedric” (having its full quota of crystal 
faces). This group is followed by three groups which have half the number 
of elements (hemihedry), while the fifth group in the set has only one- 
quarter the number of elements of the first group (tetartohedry). 

The notation which we have used for the point groups is that of Schoen- 
flies. There have been many different notations, all with some advantages 
and some disadvantages. 

A second system of notation is one which we shall designate as the 
Shubnikov system. In this notation, the presence of an n-fold rotation 
axis 1s indicated by the symbol n. Thus the group @, is denoted by 1 
C2 by 2, etc. Rotation-reflection axes are indicated by placing a bar oe 
the corresponding symbol, so that C; = 85 is now 2, 84 is 4, etc. The 
presence of a plane of symmetry is indicated by the letter m, so that the 
group Ὁ, = Θ1 15 denoted by m, since its only symmetry element is the 
reflection. 

When the point group contains more than one symmetry element, this 
is indicated by giving the symbols for the individual symmetries, together 
with an indication of relative orientation. A single dot is used to indicate 
that two symmetry elements are parallel (e.g., a rotation axis and a sym- 
metry plane passing through the axis). In this notation, the group Co, 
would be 2-m. 
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A double dot or colon is used to indicate that two symmetry elements 
are perpendicular. For example, 3:2 means that the group contains a 
3-fold axis and a 2-fold axis which are at right angles. This is precisely 
the group D3 in the Schoenflies notation. - Similarly the symbol 3:m indi- 
cates that there is a plane of symmetry perpendicular to the 3-fold axis, 
so that this is the group which we called Θ 5}. 

A diagonal line is used to indicate that the group contains two axes which 
are not at right angles to one another. Thus 3/2 denotes the group which 
has a 3-fold axis and a 2-fold axis at some angle other than 90°. From 
Fig. 2-34 and our discussion we see that this is the group 7. 

The system of notation in most common use by crystallographers is the 
international system. Here the bar over a symbol means that one takes 
the product of the operation with the space inversion. Thus 1 is the group 
€;. The symbol m is used to denote a symmetry plane, so @, is m in this 
notation. Note that 2 would be the same as m. In this notation, the 
group ὃς is 3, while @z, is 6. 

A diagonal line between the symbols indicates that the group contains 
a plane of symmetry perpendicular to a rotation axis. Thus @o, is 2/m, 
C418 4/m. Symmetry planes which are not perpendicular to the rotation 
axis are recorded without any additional marking. The group @3, is 3m, 
but C4, and Cg, are 4mm and 6mm, because the vertical reflections are all 
in one class in the first group, while they are in two classes in the other 
groups. 

The groups D4, and Dg, are 4/mmm and 6/mmm, because they have one 
symmetry plane perpendicular to the rotation axis; the other reflections 
are in two classes. 

The group 225 = V is denoted by 222 since it contains a (principal) 
2-fold axis and two 180° rotations which are not in the same class. Simi- 
larly, Dg and Dg are 422 and 622. On the other hand, D3 is 32, since all 
180° rotations are in the same class. 

For reference we present the notation for the 32 point groups according 
to the three systems in Table 2-1. 


Problem. Explain the significance of the symbol m:6:m. Why is this the group 
which we called Dex? Explain the significance of the symbols 3, 23, m3m in the 
international system. 


2-10 Magnetic symmetry groups (color groups). We have considered 
the point-symmetry groups mainly as describing the external symmetry 
of crystals. Tor a microscopic description, we should examine the sym- 
metry of the distribution of atoms (or ions) in the crystal. When we do 
this, the symmetry we are describing is that of the time-averaged distribu- 
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tion of the matter in the crystal. We may regard the point groups as 
describing the possible point symmetry of the time-averaged charge 
density p in the equilibrium state of the crystal. In this equilibrium state 
there may also be present a time-averaged distribution of current density 
j. Since there must be no sources or sinks of charge in the equilibrium 
state, j must satisfy divj = 0. For most substances, j = 0, but in 
ferromagnets or antiferromagnets we must have j ~ 0. 

If we reverse j at every point, the equilibrium state remains an equl- 
librium state. We now consider a new symmetry operation & which re- 
verses the sign of j at each point in space, but does not act on the space 
coordinates. (R is the “time-reversal” operator.) The element FR has 
order 2 (R? = E), and commutes with all space rotations and reflections. 

We can now consider the possible point symmetry groups of crystals 
in which j # 0. Such groups can contain the ordinary rotation and rota- 
tion-reflection operations A, but, in addition, they may contain elements of 
the form RA, i.e., a combination of the geometric transformation A and 
the reversal R of the current j. The 32 point groups which we found 
previously are all admissible symmetry groups when j ~ 0. We now 
wish to find further symmetry groups containing at least one element of 
the form RA. We see at once that such groups are not to be obtained by 
simply adjoining F to one of the ordinary point groups. In fact, if the group 
contains the element R, this means that j = —j, so that 1 = Ο every- 
where. Thus our new groups should contain one or more elements RA, 
but they must not contain ἔς. 

Before proceeding to determine all these new groups, we consider other 
interpretations of them. Suppose that the faces of a crystal can be colored 
white (W) or black (B), and that FR is the operation which changes the 
color (from W to B or from B to W). In addition to the geometric sym- 
metry operations A, which shift the crystal faces but do not change their 
color, we now consider elements R.A. For example, if A is a rotation which 
takes face F into face F’, then RA will take F into F’ and color F’ opposite 
to F. We also require that no face receive both colors, so the element & 
itself must not appear in the group. We call these groups “color groups.” 

We note first that if the group @ contains an element M = RA, A 
must not be of odd order, since G will contain all powers of M, among 
which is R itself. Hence, elements like RC3 or RS3 cannot occur. 

Both A and M = RA cannot be in G since G would then contain 
MAW! = R. In accordance with this result, we label the group elements 
as A, (k = 1,2,...,m),M; = RAG = mt 1,m-+ 2,...,n), where 
all the geometric operations A are different. It is clear that if we replaced 
R by the identity, the n elements A; (k = 1,..-, m) and A; (4 = m-+ 
1,...,m) would form one of the 32 point groups. Also the elements 
A; form a subgroup 3¢ in G, which is one of the 32 point groups. 
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We could now proceed as follows: Take any one of the point groups G. 
Find a subgroup 3 with elements 45}. Multiply all elements A; in the 
set G — & (.e., all elements of G which are not in the subgroup 50) by . 
R, obtaining M; = RA,. If the elements Μη and A; form a group, it is 
one of the type we are seeking. This method would be quite tedious. But 
the whole problem resolves itself since we now prove the following: 

A necessary and sufficient condition for the elements M; and A, to 
form a group is that 3¢ have index 2 in G. 

If σὺ has index 2 in G, then 


G= *-+ A,X, - 
where A, is one of the elements of G — 3. Our new set G’ is 
G’ = ὅ  - RAR. 


Since KH-H= RK, RAM: KR = RAK, RAKR-RAK = RK, G’ is a 
group. 

Conversely, if the elements A; and M; = RA; form a group G’, then 
multiplying the m elements in 3 by any one of the elements MM; yields m 
different elements of the type M,; if we multiply the M;,’s by any one of 
their number, we obtain n different elements of the type Az. Thus 3 has 
index 2 in G’ and, consequently, also has index 2 in G. 

Our procedure for finding the new groups 15 as follows: Select a point 
group G. Choose any subgroup 3 of index 2 1ὴ G. Multiply the elements 
of G— 2 by R. Then G’ = xX - R(G — 50) is the new group. 

For each of the 32 point groups G, all possible subgroups 3¢ of index 2 
are listed in Table 2-2. Each of these gives rise to a new group (magnetic 
class) G’. We use the international notation which is particularly useful 
for the magnetic classes. The bar below a symbol means that one should 
take the product of the corresponding element with the time-reversal 
operator RF. 

We have found 58 new groups which, together with the 32 point groups, 
give us a total of 90 “magnetic symmetry groups.” Our discussion was 
based on the distribution of current density j, but we could equally well 
have considered the distribution of magnetization uw. (The only precaution 
necessary is to remember that μ is an axial vector, whereas j is a polar 
vector.) The magnetic symmetry groups (and the space groups based on 
them) have been applied to the analysis of antiferromagnetic structures. 

Generalizations of these groups can be made in several ways. For 
example, we may assign n different independent two-valued attributes, 
and introduce n operators R; such that R; changes the value of the zth 
attribute, and all R; commute with one another and with all geometric 
operations; or we can consider an n-valued attribute (multi-color groups) 
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by introducing an operator R such that R” = E (R commutes with all 
geometric operations) and requiring that no elements of the form Rk” 
shall appear. Extensive work in this field has been done by the Russian 
school. 


Problems. (1) Derive all possible point symmetry groups in two dimensions. 
(2) Derive all possible two-color point groups in two dimensions. 


CHAPTER 3 
GROUP REPRESENTATIONS 


In the introduction, we described briefly how the symmetry of the 
Hamiltonian of a physical system leads to a classification of the eigenfunc- 
tions (eigenvectors) of the system. In this chapter, we take up this problem 
once again, and develop the mathematical apparatus for its complete 
solution. 


3-1 Linear vector spaces. Our intuitive notion of a vector space is 
based on a picture of directed lines in a plane or in three-dimensional 
space. The vectors in such a space are described by their magnitude and 
direction. The vectors can be multiplied by any real number. We intro- 
duce coordinate axes in the space by drawing any two noncollinear vectors 
in the plane (or any three noncoplanar vectors in three-space). The vectors 
can then be described in terms of coordinates relative to the particular axes. 

For applications to physics we must generalize from this intuitive pic- 
ture. We consider a set of objects x, y, ...1n which the elements can be 
“multiplied” by a complex number ἃ or “added” to one another to give 
members of the same set. Such a set is called a linear vector space L: 

If x and y are in L, then 


ax and x+y=yt+x (3-1) 


are also in L. The “multiplication” and “addition” must satisfy the con- 
ditions: 


(a + B)x = ax + 6x, (3-2) 
(a8)x = a(6x), (3-2a) 

Ix = x, (3-2b) 

a(x + y) = ax + ay. (3-2c) 


The space L will contain a zero vector (null vector), 0, such that 
x+0O=x forall x. (3-2d) 


Thus the linear vector space L forms an abelian group under the “addi- 

tion” operation, and its elements can be multiplied by complex numbers. 

If we restrict ourselves to real multipliers, we obtain a real space. 

Examples of such spaces are the plane and the three-space described above. 
68 
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In the complex plane, we may speak in an intuitive way about vectors 
starting from the origin. Multiplication of the vector x by a complex 
number α multiplies the magnitude of x by the factor [αἱ and turns the 
vector x through an angle equal to the argument of a. 

The set of all n-by-n matrices forms a linear vector space. The sum of 
two vectors x and y (with matrix elements z,;, and Yix) 18 the matrix 
x + y (with matrix elements xj + Yi), and the matrix ax has matrix 
elements αὔτ. All elements of the null matrix are equal to zero. 

The infinite sequences 


X = (21, 15, - - .) = (σὴ), a amar an co (3-3) 
form a linear vector space with 
xty=(ai+y), ox = (az). 
The set of all polynomials in the “variable” ¢ of the form 
X= χορ + 22, (3-4) 
where xo, x; are complex numbers, is a linear vector space in which 


ax = arp + arf, 
x+y = (to + yo) + (αι + ψι) ζ. 


An immediate extension of the last example is the vector space of all 
polynomials of degree n in the variable ¢: 


n 


x= 0 + αιζ t+ rot? +--+ + ange = D> arg". (3-5) 


r==0 
In particular, we can allow n to go to infinity, thus yielding the vector 
space of polynomials of the form 


x= > Le ae (3-6) 
r=0 


We can also consider spaces in which the vectors are functions of a real 
(or complex) variable z. For example, we may have a space of all functions 
of the form 

Χ = 71 + re", (3-7) 


or the space of all functions of the form 


X = x, cosz+ Ζ2 810 7, (3-8) 


or the space 


x = 2f1(2) + 29 2(2), (3-9) 
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where f; and fs are given functions of z. As the general case, we can con- 
sider the function space 


x= Σὺ χη[,(), (3-10) 
r=1 
where fi, fo, ..-, fn(Z) are given functions of z. Again, we can allow n to 


go to infinity in Eq. (3-10). 

We can generalize still further and consider the space of all functions 
f(z) of the real (or complex) variable z, defined in some range of values of 
the variable z, and subject to some conditions of continuity, integrability, 
etc. For example, we may have a space of all continuous functions of 
the real variable z in the interval 0 to 1; or the space of all square- 
integrable functions, i.e., functions f(z) for which 


[= Wer a 


converges. 


Problem. Show that the square-integrable functions form a linear vector space. 


3-2 Linear dependence; dimensionality. A linear combination of 


vectors ΧΙ, Xo,..., Χρ is a vector x of the form 
where a 1, ..., @ are complex numbers. 

The vectors x1, Χο, ..., Xn are said to be linearly dependent if we can 
construct the null vector as a linear combination of x,, ..., Xn (excluding 


the trivial possibility of setting ay = ag = """ = an = 0), 

4X1 + AgX9 ose + AanXyn = 0. (3-12) 
If Eq. (8-12) has no nontrivial solution, we say that the vectors X1, X2,..., 
x, are linearly independent. 


We now wish to build up sets of linearly independent vectors in our 
vector space. We first try this with a single vector x. If 


ax = 0, a ~ 0, 


for all the vectors in the space, then x = 0, and we have the null space 
consisting solely of the null vector. If the space contains a vector x; = 0, 
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we try to find a second vector x2 such that 
1X1 + aoXg = 0 only if ΑἹ ΞΞ αὐ = 0. 


Continuing this procedure, we arrive at our definition of the dimensionality 
of the space Ly. In an n-dimensional vector space L, we can find n vectors 
Uj, Ue, ..., Un which are linearly independent, while n - 1 vectors in the 
space are always linearly dependent. 

In the plane, two collinear vectors are linearly dependent. If the two 
vectors are not collinear, they are linearly independent; but any three 
vectors in the plane are linearly dependent, so the plane is a two-dimen- 
sional vector space. 

The space of all n-by-n matrices has dimension πη“. To show this we 
consider a matrix e“” which has all its elements equal to zero except for 
the (jk)-element, which we set equal to any nonzero value a? Letting 
7 and Καὶ run from 1 to n, we obtain a set of n? matrices which are linearly 
independent, whereas any larger number of matrices will be linearly 
dependent. 

The space of the polynomials in Eq. (3-4) is two-dimensional; e.g., 
the polynomials 1, ¢ are linearly independent, while any three polynomials 
are linearly dependent. (We can always find a nontrivial solution of the 
equation ax + By + vz = 0 since this expression yields two equations, 


aty + BYo + Y2o = 9, 
ar, + By, + Yz; = 0, 


in the three unknowns a, 8, Y.) Similarly the space defined by Eq. (3-5) 
is (n + 1)-dimensional. 

The vector space defined by Eq. (3-6) is injinite-dimensional since the 
infinite set of polynomials 1, ¢, ζ΄, .. . is linearly independent. 


Problems. (1) What is the dimensionality of the vector spaces given by 
Eqs. (3-7), (8-8), (3-9), and (3-10)? 
(2) Discuss the dimensionality of the space of square-integrable functions. 


3-3 Basis vectors (coordinate axes); coordinates. In an n-dimensional 
space L,, any n linearly independent vectors Wj, ..., U, are said to form 
a set of basis vectors, or to provide a basis (coordinate system) in Ln. 

If the vectors uy, ..., Un form a basis in μι, we can prove that any 
vector x in L,, is expressible as a linear combination of the vectors ἃ;. 
The equation 

Bx + aU, + aqle + +++ + αμὔρ = Ὁ 
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must have a nontrivial solution (n + 1 vectors in an n-dimensional space!), 
and in this solution, β ¥ 0, for if @ = 0, we would obtain a nontrivial 
solution, 

ayy - τ: + ant, = 0, 


in contradiction to our assumption that the vectors u; form a basis. Since 
β ~ 0, we can solve for x: 


Χ ΞΞ- --- 5 (outs + +++ + ἀμ) = TU, - τ -- anu, = σὰ. (3-13) 


Thus the arbitrary vector x is expressed as a linear combination of the 
basis vectors u;. The coefficients x; in the linear combination (3-13) are 
called the coordinates of the vector x in the basis (or coordinate system) 
Uy, ..., Uy. 

In the space of n-by-n matrices, the matrices e%” described above 
form a basis. The matrix vector x (matrix elements 27.) is expressible in 
terms of these basis vectors as 

x= 3 man ei) 


2 


so that the coordinates of x are the numbers 2;,/a”” in this basis. 


The polynomials 1 and ¢ are a set of basis vectors for the two-dimensional 
space of Eq. (3-4). The vector x of Eq. (8-4) has the coordinates xo, x; in 
this basis. 

The coordinates of the polynomial x in Eq. (3-6) are the infinite sequence 
(Xo, X1,...) In the basis provided by the linearly independent poly- 
nomials 1, ¢, ¢%,... | 


Problem. Find a set of basis vectors for the spaces described by Eqs. (3-7), 
(3-8), (3-9), and (3-10), and give the coordinates of a general vector relative 
to this basis. 


It should be clear that the basis vectors are not uniquely given and in 
fact can be selected in infinitely many ways. In the plane, any two non- 
collinear vectors provide a basis. In the space of polynomials of the form 
Xo + 21, we can choose, in addition to the basis (1, ζ), a basis (1 + ¢, 
1 — ὥ or (1 + ag, 1 — at) with a ¥ 0 or, in general, (a + Bf, Y + 6f£) 
so long as u; = a+ BF and ug = Y+ δὲ are linearly independent 
(ad — BY # 0). 

A given vector x will have different coordinates with respect to different 
systems of basis vectors. The vector x itself has an intrinsic significance, 
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whereas its description in terms of coordinates changes with the coordinate 
axes. For example, the polynomial 


fete pata MA Gy pee Gop 
- Fo FAT (a + 88) + EE Or + a 


has the coordinates 


Gaus (Ξ: + 2,/a to -- asin), & — 217 ta — Lob 
aes 2 2 ad — BY ad — BY 


with respect to these three coordinate systems. 

Once we have found a basis uj, ..., Un, we can easily determine ail 
possible systems of basis vectors. Every vector is expressible as a linear 
combination of uy, ..., Ὁ, as in Eq. (38-13). The n vectors uf, ..., w, 
can be written as 


= » αι); = αι} ( ΞΞ ρῶς δ) (3-14) 
j=1 : 


where, in the last step, we have introduced the convention of summing 
over repeated indices. The vectors u/ will be a basis if they are linearly 
independent, which will be the case if and only if the determinant of the 
coefficients αὐ is not zero. The coefficients form a matrix a. The new vec- 
tors u/ in Eq. (3-14) will form a basis if the matrix a is nonsingular (de- 
terminant ~ 0). All possible bases in L, are obtained from any one basis 
by allowing the matrix a to run through the full set of nonsingular matrices 
of degree n. 

When we change basis from the vectors u; to the vectors uj, the fized 
vector x changes its coordinates from zx; to x: 


X= χὰ; = vu. (3-15) 


Using Eq. (8-14), we have 
TU; = Lia, jVj, 


and, since the vectors u; are linearly independent, 
2) = σίας; = ἅγωξ, (3-16) 
where 8 is the transpose of the matrix a, that is, 
jg = δὴ (3-17) 


If we regard the vectors u,;(u/) and the coordinate sets 2;(2/) as matrices 
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with n rows and a single column, Eqs. (3-14) and (3-16) can be written in 
matrix form: 
| ι΄ = au, (3-14a) 


x -- ἄχ΄. (3—16a) 


The transpose of a product of matrices is given by 
ab = ba, (3-18) 


i.e., it is equal to the product of the transposed matrices in reverse order. 
The transpose of the column matrix x is a matrix ¥ having one row and n 


columns: 
. X = (11, ee ey Bes (3-19) 


With this notation, Eq. (8-15) can be written as 

x = fu = ζ΄. (3-15a) 
From Eq. (3-16a) we obtain 
x. (3-16b) 


x’ =a 


We can easily verify the correctness of Eq. (3-15): 


/ 


g— fa 7 uw’ = au, 
so that 
χα — Fa ‘au = Xu 
Problems. (1) Prove that the polynomials 
, = d” |.2n f 
fn =e age ὁ 6), n= 0, 1,255.6 (3-19) 


form a basis in the vector space of all polynomials [Eq. (8-6)]. Find the expan- 
sion coefficients of the f, in terms of the basis functions f, = ζῆ. 
(2) Do the same for the polynomials 


y 4 


iG =a): (3-20) 


3-4 Mappings; linear operators; matrix representatives; equivalence. 
As in Chapter 1, we can define a mapping of the vector space L onto itself. 
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The mapping 7' associates with each vector x a new vector y in L, 
y= Tx. (38-21) 


If the mapping Τ' is one-to-one there exists an inverse mapping T~* such 
that 
χ --- JT 'y. (3-22) 


The mapping Τ' may be regarded as an operator which acts on vectors x 
in L to produce vectors y in L. If the mapping is one-to-one, the inverse 
operator 7’! exists. For every vector x in L, 


Ps TOS αὶ 
that is, 
fo =] TT ΞΞῚ, (3-23) 


where the operator 1 is the identity operator, which leaves all vectors 
unchanged. 
The operator T is said to be a linear operator if 


T(x - 2) = Tx+ 77, (3-24) 

T(ax) = aT x. (3-242) 

We should emphasize that no coordinate system is specified in the 
definition of operators, so that operators have an intrinsic significance. 

If we choose a particular basis u; in the space L, we can describe the 


action of the operator 7’ in Eq. (38-21) by saying that the coordinates y; of 
the image are certain functions of the coordinates τι: 


Ue Τ χει ee Pees 8 (3-25) 


If the mapping is one-to-one, these equations are. solvable for the 2x; in 
terms of ψι; 


ti = Tr'(y1,---5 Yn); Doe oho 5M (3-25a) 


The necessary and sufficient condition for the mapping to be one-to-one 


is that the Jacobian 
pz (1) (3-26) 


Ox; 


be different from zero. The functions 7; and ΤΊ relate the coordinates 
zx; and y; in a given basis u,;. If we change to a new basis, uj, the new co- 
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ordinates αἱ, y; can be related by using Eqs. (8-16a) and (3-16b): 


hos ed. 2 wl. 
Yi = Gig YG = Aj LAG ςΣ » ty) 


w—] ~ ~ 6 
Ξε ag Τηαχρδι oo Cake): (3-27) 


In the case of a nonsingular linear operator 7’, the coordinates x;, y; are 
related more simply. Applying the linear operator T to Eq. (8~-13), we 
obtain 

y= ib a T (2x;U;) = x,;Tu,. (3-28) 


Equation (3-28) states that the coordinates of y with respect to the basis 
vectors v; = Tu; are the same as the coordinates of x with respect to the 
basis vectors u;. The vectors v; are linear combinations of the u,, that is, 


vi = Τα; = αὐ 77 (3-29) 


where the Τ᾽; are complex numbers forming a matrix T. Substituting in 
(38-28), we find that in the fized basis u,, 


yay = Ὁ αι, * (3-30) 
and, since the u; are linearly independent, 


9) = Τηγάᾶυ (3-31) 
or, in matrix notation, 
y= ix, (3-32) 


In Eq. (3-32), T is the matrix representative of the linear operator 7’ in 
the basis u,;. If we change to the new basis uj given by Eq. (3-14a), we 
find by means of (8-16a) and (8-16b) that 


γ' -- ay = ἃ Tx = ἃ 'ἕΤᾶχ΄. (3-33) 


Thus the matrix representative of the linear operator T in the new basis 
uw’ is 
τ' -- ἃ 'Τᾶ. (3-34) 


The transform of a matrix A by a (nonsingular) matrix 5 is defined to 


be the matrix 
A’ = SAS“. (38-35) 


Thus Eq. (3-34) states that T’ is the transform of T by the matrix ἃ". 
The matrix representatives (in different bases) of the fixed linear oper- 
ator T are thus transforms of one another. Matrices which bear this rela- 
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tion to one another are said to be equivalent. Thus the matrix representa- 
tives of the linear operator T in different bases are equivalent matrices. 

We can also consider one-to-one mappings of one space L on another 
space L’. (Clearly, if the mapping is one-to-one, the two spaces have the 
same dimensionality.) In such a mapping the operator S acts on vectors x 
in L to give vectors x’ in L’: 


χ' --Ἠ fs χ -- δ᾽ 'χ΄. 


If a linear operator Τ' is defined in the space L, the mapping S induces a 
linear operator 7" in L’: 
STS (3-36) 


The operator Τ' is well defined: S~! takes vectors x’ in L’ into vectors x 
in L, T transforms vectors x in L into vectors y in Z, and finally S takes 
vectors y in L into vectors y’ in L’. The net result is that 7’ takes vectors 
x’ in L’ into vectors y’ in L’. The operator 7” is the transform of T by the 
operator S. 


Problems. (1) Show that d/d¢ is a linear operator in the polynomial space of 
Eq. (3-5). Choose a basis and give the matrix representative of the operator in 
this basis. Does the matrix have an inverse? 

(2) Discuss the corresponding problem for the operator d/df in the space 
of Eq. (3-6). 

(3) The Fourier transform of the function f(z) is 


+00 +20 
g(k) = (Qn) "fe faye de; 70) = Ὡπ). Ὁ | g(k)e""* dk. (3-87) 


πο 


Show that the operator (1/7)(0/dxz) in the space of functions f(x) induces the 
operator of multiplication by k in the space of functions g(k). 


3-5 Group representations. A set of operators A, B,... in a vector 
space L forms a group if the operators satisfy the postulates given in 
Chapter 1. Here the product of the operators A and B means the single 
operator C’ such that 


Cx = A(Bx) for all xin L. (3-38) 


The identity of the group is the unit operator which leaves all vectors in 
L unchanged. All operators of the group possess inverses. 

If we map the space LZ on another space L’, using an operator S, we 
get an isomorphic group of operators in the space L’ which are the trans- 
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forms of A, B, ... by the operator S: 
A’ = SAS“, B’ = SBS,.... (3-39) 


If we map an arbitrary group G homomorphically on a group of opera- 
tors D(G) in the vector space L, we say that the operator group D(G) isa 
representation of the group G in the representation space L. If the dimen- 
sionality of L is n, we say that the representation has degree n (or is an 
n-dimensional representation). The operator corresponding to the element 
R of G will be denoted by D(R). If R and S are elements of the group G, 
then 


D(RS8) = D(R)D(S), (3-40) 
(ΒΤ ἢ = [D(R)T, (3-40a) 

and 
D(E) = 1. (3-40b) 


A linear representation is a representation in terms of linear operators. 
We shall restrict ourselves almost entirely to such linear representations. 
(All representations which appear should be assumed to be linear unless 
a specific statement is made to the contrary.) 

If we choose a basis in the n-dimensional space L, the linear operators 
of the representation can be described by their matrix representatives. 
We then obtain a homomorphic mapping of the group G on a group of 
n-by-n matrices D(G), 1.e., a matrix representation of the group G. From 
Eqs. (3-40), (3-40a), and (3-40b) we see that the matrices are nonsingular, 
and that 

D3;(E) = 6; = [ ee 2 i ~ C9S bene C4) 
Dij(RS) = >>) Dix(R)Dej(S) = Diz( R)Dex(S). (3-41a) 
k 


If we deal with several different representations, we distinguish among 
them by using superscripts: D{(R). Another notation is [#”]. The di- 
mension of the pth representation will be denoted by n, or [y]. 

If the homomorphic mapping of G on D(G) reduces to an isomorphism, 
then the representation is said to be “faithful”; in this case the order of 
the group of matrices D(G) is equal to the order g of the group G. In 
general, there will be several elements in G which are mapped on the 
unit matrix D(F) = 1. As we saw in Chapter 1, the set of elements ὅσ 
of G which are mapped on 1 form an invariant subgroup of G, and the 
group of matrices D(R) is a faithful representation of the factor group 
G/K. From this it follows that if we have found a representation for the 
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factor group relative to an invariant subgroup, we automatically have a 
representation for the whole group G. In this representation, all elements 
in a coset of 50 in G are mapped into the same matrix. 


3-6 Equivalent representations; characters. If we change the basis 
in the n-dimensional space L, the matrices D(R) will be replaced by their 
transforms by some matrix C [cf. Eq. (8-34)]. The matrices 


D'(R) = CD(R)C (3-42) 


also provide a representation of the group G, which is equivalent to the 
representation D(R). From our previous discussion it 1s clear that equiva- 
lent representations have the same structure, even though the matrices 
look different. 

What we wish to find are quantities which are intrinsic properties of 
D(R), i.e., are invariant under a change of coordinate axes. One such 
invariant is easily found, for if we take the sum of the diagonal elements 
of the matrix, we obtain 


> (CD(R)C") ss = se ΟΡ RCT 


tkl 
= a dx1.Dx1( R) = > Dy R). (3-43) 
kl k 


Thus the sum of the diagonal elements, or trace, of a matrix D() is 
invariant under a transformation of the coordinate axes. When we deal 
with group representations, the trace >>; D;;(#) is called the character 
of R in the representation D and is denoted by 


x(R) = Σὺ Dii(R). (3-44) 


We see that equivalent representations have the same set of characters. 
_ To indicate the representation, we shall use a superscript. Thus x‘’(R) 
(or [u; R]) means the character of FR in the p-representation. 

If we consider two conjugate elements S and R of Gsothat S = URU“, 
then D(S) = D(U)D(R)[D(U)]|~*. Since D(U) is a possible axis trans- 
formation in our space, we see that >>; Dii(S) = DX: Diu(R), or X(S) = 
x(R). In other words, conjugate elements in G always have the same 
character. Hence, when we describe a group by listing the characters of 
its elements in a given representation, the same number (character) is 
assigned to all the elements in a given class. Labeling the classes of G by 
Κι, Ko,..., etc., the representation will be described by the set of char- 
acters X1,..., X», where ν is the number of classes in G. Again, if we have 
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several different representations, the characters for the various repre- 
sentations will be distinguished by a superscript, e.g., Xj 1s the character 
of the class K, in the p-representation. Thus each representation gives 
us a set of ν numbers which we can consider as a vector in a y-dimensional 
space, namely the vector x* with components X{, . . . , ΧΡ. 


3-7 Construction of representations. Addition of representations. 
Before proceeding any further with this formal development of the theory, 
let us look at the problem from a slightly different point of view. The theory 
as presented above is necessary if we start from an abstract group. In 
physical problems we start not from an abstract group, but from a group 
of transformations of the configuration space of a physical system. For 
example, our symmetry groups in the previous chapter were groups of 
transformations in three-dimensional space. The group elements them- 
selves give a representation of the group in three dimensions. For example, 
the operation C'(@) was the transformation 


x) = σι 6050 — x2 Sin 8; 
ch = x, 516 6+ x2 cos 6; (3-45) 
ΔΆ = 23, 
and the operation J was the transformation 


a, = —%1, 24 = —2e, 23 = —23. (3-46) 


One of our problems is to determine how to go about constructing repre- 
sentations of a group. Another is to see what connection representations 
have with physics. Suppose that we are given a group G of transformations 
like the symmetry groups of the previous chapter, or a representation 
like the ones discussed earlier in this chapter. If we have a transformation 
T belonging to the group of transformations G [or to the group of trans- 
formations associated with the matrix representation D(G)], we can con- 
struct new representations as follows: The transformation T takes x into 
xz’: x! = Tx. We now associate with 7 ἃ linear operator O7 which acts 
on functions ¥(x): Given any function ¥(x), the effect of the operator Or 
on Ψ is to change it to the function Ory = y’ such that 


V(x’) = Ory(2’) = (a) 1: ΤΊ; (38-47) 
In other words, the transformed function ¥’ = Ory takes the same value 


at the image point x’ that the original function y¥ had at the object point z. 
Or we may say that the point P (with coordinates x) moves to its image 
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point P’ (with. coordinates x’) under the transformation Τ', carrying with 
it the numerical value of ψ at P. For example, if T is x’ = x-+ a (one 
dimension!), then Ψ' (5) is obtained from y(z) by sliding the graph of ¥(z) 
a units to the right; so y’/(z) = ¥(a — a). We can rewrite (3-47) as 


Ory(Tx) = (a) (3-48) 
or 
Ord(xz) = ¥(T~'2). (3-48a) 


If we follow the transformation T by a transformation S such that 
zg! = Sx’ 


then the associated operator Og is defined as in (3-48); acting on any 
function ¢, this operator yields a new function Og¢ such that 


Oso(Sz’) = o(2’). 
If ¢ is the function y¥ defined by (3-47), then 
Οεψ' (8) = ¥(2’), 
OsOry(Sz’) = (x), (3-49) 


OsOry(STx) = ψ(). 
On the other hand, 
ἀ = Se = STZ, 


and we can therefore define an operator Ogr such that 
Osr¥(x") = (x). (3-50) 
Comparing with (3-49), we see that 
Osr = OgOr, (3-51) 


so the operators satisfy the same relations as the group elements. To each 
element S there corresponds an operator Og acting on functions y, and to 
the element S~! there corresponds the operator 


Os = (Og). > (3-51a) 


If we can find a representation for the operators, we automatically obta‘n 
a representation of G. 

To see how this method works in a simple case, we consider the symmetry 
group ©; with two elements H and J; EF is the identity transformation 
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x’ = Ex = x, I isthe inversion x’ = Ix = —z (all in three dimensions)). 
We choose a function (x). From (38-48), 


v(x) = Οεψ( αι) = Ox¥(2), 


(3-52) 
¥(—2z) = On)(—Ex) = Οεψί--«); 
that is, Og is the identity operator. Similarly, 
v(x) = Οψ( 1.) = OW(—2), (3-53) 
or 
On(z) = ¥(—2); (3-53a) 


so the operator J changes the sign of x in y. Equations (3-52), (3-53), 
and (3-53a) state that Ozy(+2), Or/(+2) are expressible as linear 
combinations of ¥(x) and ¥(—2): 


πω ἃ = ψα) + 0-¥(—2), 
Ony(—xz) = 0-¥(x) + ¥(—2); 


(8-54) 
Sot ὦ = 0-¥(x) + ¥(—2), 
On(—2) = (x) + 0-¥(—2). 
If we let v(x) = fi, ¥(—2) = fe, Eqs. (3-54) state that 
Orfi = fi + O° fa, Orff; = 0. ἢ + fe, - 
Vi =0-fi tha, low a es ἄπ 


The operators transform the functions ἢ; among themselves; we may write 
2 
Orfi= DS FiDiAR), t= 1,2, (3-55) 
j=1 
where, comparing with (8-54a), we see that 
1 Oj. 10 1 . 
pe -- ἰδ 5]; κῷ - δ | (3-56) 


It is easily verified that the matrices (3-56) give a two-dimensional repre- 
sentation of the group: 


P=E, and [DD = i allt A Ξ ᾿ | — D(E). 


Suppose that we had chosen ¥(x) to be an even function, ¥(x) = ¥(—2). 
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Then we would obtain only the two relations 
On=y, OW=y, 


that is, the even function Ψ is transformed into a multiple of itself by all 
the operators; we have a single basis function f = y, and our representation 
is one-dimensional: | 


D?(E) = (1), DD) = (0), (3-57) 


where (1) isa 1 X 1 matrix whose single element is equal to unity. 
If we had chosen y to be an odd function, ¥(x) = —y¥(—2), we would 
also obtain only two relations: 


Ory τ΄ Ψ, Ow = —y. 


Again y is transformed into a multiple of itself by all the operators; we 
have a single basis function f = y, and our representation is one-dimen- 
sional : 


D(E) = (1), =D? (1)  ς- ὃ. (3-58) 


Suppose that we now start with two functions, an even function f; and 
an odd function fz. Then 


Orfi = fi, Oxfe = fa, 

3-59 
Onfi = fi, Orfe = —fa. aay 
We may adopt the apparently perverse viewpoint that the functions f, 
and f, are transformed into linear combinations of f; and fe, and say that 
we have obtained a two-dimensional representation: 


D®(E) ἘΞ, Ε : D (I) = Ε mt (3-60) 


Comparing with the previous two cases, we see that, in fact, f,; and foe 
separately went into multiples of f; and fe, respectively, and all we did 
was to consider together two functions, f; and fz, each of which trans- 
formed into a multiple of itself. The matrices D™ can be written as 


(1) TD) 
D® (EB) ae " Ne ΤΙ D® (I) a iy πὰ secs) - (3-61) 


To go to extremes, suppose we had chosen three even functions Ψι, fo, v3 
which are linearly independent (for example, x”, y”, z*). Then we would 
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have obtained a three-dimensional representation D such that 


100 DY? oO 0 
D(A) =|0 1 OJ = DD=} 0 DY 0: — (8-62) 


00 1 0 0 "Ὁ 


Similarly, if we had chosen w2 as an even function and 1, ¥3 as odd func- 
tions, we would have obtained the representation 


100 D(E) 0 0 
D(E) =}0 1 O}= 0 D(E) 0 |, 


00 1 0 0 D® (BE) 
(3-63) 
—-1 0 O D® (I) 0 0 
DH=|) 01 =O= 0 D (I) 0 1: 
00 - 0 0 D® (1) 


As a last example we return to Eq. (3-56). If we had starte’” with two 
linearly independent functions y and ¢ (neither of which is purely odd or 
even), we could have found a set of four functions: 


fi = ¥(2), fo τ- ¥(—2), 73 de p(x), ta = o(—2), 


and thus obtained the four-dimensional representation 1)": 


10-0 0 01-0 0 
01-0 0 1 0-0 0 
D'(E) = [errr eres DDT) = |-eee ee ees (3-64) 
0 0-1 0 00-0 1 
00:0 1 0 0:1 0 


The process we have used in these three examples is called addition of 
representations. In each case the matrices consist of submatrices along the 
main diagonal bordered by zeros, the subdivision being the same for all 


matrices. In general, if we have a set of functions f;,..., f, such that 
Orfi= D FDR); t= 1,...,0, (3-65) 
j=1 
giving a representation D“(G), and a second set of functions, fr41,..-, 


fn+m, linearly independent of fi, ..., fn such that 


n+m 
Ornfi= > ΠΡΌ, t=n+1,...,n+m, (3-65a) 


j=n+l1 
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then we may look upon Eqs. (3-65) and (3-65a) as linear transformations 
among the composite set of (7 - m) functions. Written in this form, 
Eq. (8-65) for 7 = 1 would read 


Orfi = ΡΟ. + DY(R)fe + -- Do? (R)fn + 0+ fn4i + 
iM 0 *In+m:- 


Using the composite set as a basis, we would obtain a representation 
D(R) of degree (n - m) such that 


D™(R): 0 [}n 
D(R) = eoeeerve ᾿ .:οοοφο TOWS 
0 - D(R)|}m 
———+, —" ἢ »..-.,...--- 
[ ἢν 


columns 


whence 
D= 74" ΞΕ 7.9. 


According to this terminology, (3-61) means 
D® = DY ae D 
while (3-62) states that 
D= D™® ἘΞ 74. ἘΠ DY = 38D, 
and (3-63) that 
D= DD + 0." ate D = DD” a 9D”. 


The rearrangement of terms in the sum of representations is clearly 
permissible; it amounts to a relabeling of the basis functions in a different 
order. 

The general procedure for constructing representations should now be 
clear. We start from any set of linearly independent functions, and apply 
to each of the functions all the operators Or corresponding to elements R 
of the transformation group G. We then get a set of functions which, though 
they may not be linearly independent, can all be expressed linearly in 
terms of n of them, ¥1, Yo, ...,%n. If we now apply to these functions any 
operator Op, the resulting function can be expressed as a linear combina- 
tion of these same n functions: 


Orbs = DvD w(R), v= l,...,n. (3-66) 


pox 
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The correspondent of the element F& in the representation is then the 
matrix D(R). We must show that we get a proper homomorphism of G 


on D(G). From (8-51) and (8-66) we have 


Osrby = OsOr = Os >) Wu Dw(R) 


= 
= Dy veDox(S) Doo B (3-67) 
2 ap DoS)DuR) 

But 7 " 
Osnty = δ) veDolSR), 

50 ~ 

Dov(SR) = δὴ Des(S)Dw(R); 
or 


D(SR) = D(S)D(R). 


3-8 Invariance of functions and operators. Classification of eigen- 
functions. Now we examine further the operators Or which we intro- 
duced earlier. The operator Og applied to the function (x) changed it to 
a function which we called Ory such that 


Orv(2’) = v(x) le = Be, (3-47) 
that is, 
Ornv(Rx) = V(x) for all z, 
or 
Orv(x) = ¥(R7'2) for all z. (3-68) 


This last form is most useful: Or operating on y replaces x by R~*ax. It 
may happen that Ory is identical with y, 1.e., 


Orv(x) = ¥(), (3-69) 

so that | | 
v(x) Ξε ψι 3) οὐ (Re) = ¥(2), (3-69a) 
and the function y takes on the same value at the image point Az as at 


the point x. In this case we say that the function y is invariant under the 
operator Og or, more briefly, under the transformation A. For example, 
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the function ¥(x) = «τῇ + y? is invariant under inversion; the function 
y = x” + y’ is invariant under rotations. To test for invariance of a func- 
tion we replace the arguments x by their images Rx and see whether we 
get the same expression again. 

We have already noted that the operators Op are linear: 


Orly(x) + o(2)] = Orv(z) + Ομφί(α). (3-70) 
From (3-68) it is clear that 
Orl¥(x) - o(z)] = Orp(z) - Ομφία). (3-71) 


If we have an operator H(z) which acts on the function ¥(z), giving the 
function ¢(7) = Π(ε)ψ(α), then 


OrlH (2)¥(z)] = Ord(x) = $(R~'x) = H(R~'x) ψ(Ε 1), (3-72) 
OrH()OR'OrV(x) = H(R~*2)ORV(x) = H'(2)ORv(a), 


where H’(x) = Η(Κ 11) = OrH(x)OR', or H’(Rx) = H(x). The trans- 
formed operator H’ at the point Rz is the same as the operator H at the 
point x. The operators H and H’ are in general not the same at a given 
point x. If H’(x) = H(z), so that H(Rx) = A(x) and 


OrH(x)OR’ = H(z), (3-73) 


the operator H(z) is said to be znvariant under the transformation R [H (x) 
commutes with the operator Op]. 


Problems. (1) Show that the operator 823,8. + 92/023 is invariant under the 
transformations of Eqs. (8-45) and (3-46). 
(2) The Fourier transform operator F is defined by 
Ae 
Fy(x) = Wy) = (20) / de *Y(x). 


Show that F is a linear operator. Show that the operator H(x) = V*-+ x? 
commutes with F. 


We are now in a position to see the connection of our work with physics. 
Let us look at the eigenfunctions of a problem of the form 


Ay, = en, (3-74) 


and consider the n linearly independent eigenfunctions ψν belonging to a 
given eigenvalue e. If the Hamiltonian H is invariant under a symmetry 
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transformation R, then applying Or to (3-74) yields 
Op{Hy,] = OrHOR' Ory = ΗΟ εψν] = Ory, (3-75) 


and Opry, is an eigenfunction belonging to the same eigenvalue ε. Thus 
Orv, can be expressed as a linear combination, 


Ory = Σ᾽ ψμθιν(Ε). (3-76) 
μΜ-:Ξ1 


Carrying out this procedure for all operators in the symmetry group of the 
Hamiltonian, we obtain a representation D,,(#) in n dimensions. If S is 
another transformation of the symmetry group, then 


Osby = Σ) vDw(S), 
w=] 


and 


Os(OrW) = Os >, ψμθιν(Ε) = Σὺ rxDu(S8) Dw) 


(3-77) 
= > WD(S)D(R)hy = Σ᾿) vrDu (SR); 


so to the symmetry transformation SR there corresponds the matrix 
D(SR) = D(S)D(R#). 

The eigenfunctions of each degenerate level provide the basis for a 
representation of the symmetry group. If we can find some way of char- 
acterizing the possible representations of the symmetry group, we shall be 
able to classify the eigenfunctions. 


3-9 Unitary spaces; scalar product; unitary matrices; Hermitian 
matrices. In quantum theories, we associate numerical values with pairs 
of vectors (“state vectors”). In order to bring the theory of representa- 
tions into closer contact with physics, we define a metric in the n-dimen- 
sional space L. For this purpose we associate with each pair of vectors x, 
y in La complex number (x, y). The complex number (x, y) is called the 
scalar product of x and y and is required to satisfy the conditions: 


(χ, Υ) = 1y, x)"; where * denotes the complex conjugate, (3-78) 


(x, ay) ΝΣ a(X, y), (3-784) 
(Xy = Xo, y) anc (X1, y) + (Xo, y), (3-78b) 
(x, x) 2 0, (3-78c) 


and (x, X) = 0 only if x = 0. [Setting y = x in (3-78) shows that (x, x) 
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is real, so that (3-78c) is meaningful.] The quantity (x, x) is the square of 
the length of the vector x. A space L in which a scalar product is defined is 
called a unitary space. 

The scalar product (x, y) is a function which is defined for any pair of 
vectors x, y in L, and whose values are complex numbers. In defining the 
scalar product, we make no mention of a basis in L, so the scalar product 
(x, y) 15 an intrinsic property of x, y, independent of basis. 


Problems. (1) Prove the Schwartz inequality 


I(x, y)|? < (x, x)(y,y), (3-79) 


where the equality sign applies only if x and y are linearly dependent. What 
does Eq. (3-79) mean for the case of ordinary geometrical vectors in three-space? 

(2) In the space of square-integrable functions, we define the scalar product of 
functions f, g to be 


(f,9) = [ def*(2)g(2). (3-80) 


Show that (3-80) is finite for all f and g in the space. 


Any function satisfying conditions (3-78) through (3-78c) can be used 
to define a scalar product in the space L. Different definitions of the 
scalar product in the same space L yield different unitary spaces. 

_ The vectors in a unitary space can be normalized (adjusted to have 
length equal to unity) by multiplying them by a complex number; for 
any Xx, if 

1 


Vv (X, X) 


One way of assigning the scalar product (x, y) is to write it as a function 
of the coordinates αὶ, y; in a particular basis. If the basis vectors are τ;, 
the scalar product is determined by assigning the numbers 


> ΞΞ x, then (χ΄ x) ΞΕ; (3-81) 


Miz = (Uj, U;). (3-82) 
From Eq. (3-78) we see that 
Mig = M5. (3-83) 


The numbers m,; defined by Eq. (8-82) form a matrix m, the metric 
matrix. According to Eq. (3-83), 


πὶ -- m!, (3-83a) 
(m!');; = πιΐ; (3-84) 
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m! is the adjoint (or “Hermitian conjugate,” or “conjugate transposed ”) 
of the matrix m. We see from (3-84) that 


(AB)' = ΒΊΑΙ. (3-85) 


A matrix A which is identical with its adjoint is said to be self-adjoint or 
Hermitian. According to Eq. (3-83a) the metric matrix m must be 
Hermitian. 

We expand the vectors x, y in the basis ας by means of Eq. (3-13), and 
use Eqs. (3-78) through (3-78b) and (3-82): 


(x,y) = (wan, yu) = xtyjmij = x'my, (3-86) 
where x and y are one-column matrices and x! is the adjoint of x. The 


quantity x'my, with m Hermitian, is called a Hermitian form. Equation 
(3-78c) requires that (for y = X) 


x'mx > 0. (3-87) 
A form satisfying such a condition is said to be postive definite. Thus the 
scalar product must be a positive definite Hermitian form in the coordi- 
nates x;, y;. The matrix.m of such a form is also said to be a positive 


definite Hermitian matrix. 
Two vectors x, y in a unitary space are orthogonal (or perpendicular) if 


(x,y) = 0. (3-88) 


If we have a basis v; in the unitary space L, we can always (by taking 
linear combinations of the v,) construct a new set of basis vectors u,, all 
of which have length unity and are mutually perpendicular, 1.e., 


(u;, Uj) = ayy. (3-89) 


The basis vectors ἂς; constitute an orthonormal basis. 


Problem. In the two-dimensional space of the basis vectors v1, v2, construct 
linear combinations w1, ug which form an orthonormal basis. 


In an orthonormal basis, the metric matrix (3-82) reduces to the unit 
matrix, and the scalar product (x, y) in (3-86) assumes the simple form 


(x,y) = Di αν: = x'y, (3-90) 
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while (xx). a (3-91) 
i 


If we shift from the orthonormal basis u; to another basis αἱ, using Eq. 
(3-14), the new basis αὐ will also be orthonormal if 


δι᾽) ΞΞ (, υ) ΞΞΞ (ατκκ; αγια) 


αἶκαγι(αι, U1) = αἴκα;ι Ont = αἴκαχε; (3-92) 


that is, 
ααἷ -- 1 -- ἃ a, al -- α΄, (3-93) 


since the transformation a has an inverse a~?. 


A matrix A is said to be unitary if 
A’ — a-, (3-94) 


Thus the transformation from one orthonormal basis to another is accom- 
plished by a unitary matrix. 


Problems. Prove that the rows (columns) of a unitary matrix are orthonormal. 


3-10 Operators: adjoint, self-adjoint, unitary. The adjoint Τὶ of a 
linear operator T is defined by 


(Tx, y) = (x, T'y) forall x, y. (3-95) 
In an orthonormal basis we find, using (8-31) and (3-90), 
(Tx, y) = Τῆμαἶνι = GT jus, 
(x, Ty) = a3 Thus, 
and since z;, y; are arbitrary, it follows from (3-95) that 
| T),—=% oo THT: (3-96) 


1e., ἢ an orthonormal basis the matrix representative of the adjoint 
operator 7" is the conjugate transpose of the matrix representing T. 


Problem. In a basis with metric matrix m, prove that the matrix representation 
of the adjoint operator ΤΊ is m—!Tm. 
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An operator is self-adjoint or Hermitian if it is identical with its adjoint: 
(Tx,y) = (x, Ty)  forallx,y, or τὶ — τ᾽ (3-97) 


In an orthonormal coordinate system a Hermitian operator is represented 
by a Hermitian matrix. 
The operator U is called a unztary operator if 


(Ux, Uy) = (%, y) for all x, y, (3-98) 


i.e., if the scalar product of the image vectors x’ = Ux, y’ = Uy is the 
same as the scalar product of x, y for all vectors x, y. In an orthonormal 
system the matrix representative of U is a unitary matrix: 


u'u = uu! = 1. (3-99) 


3-11 Unitary representations. If the operators of a representation of 
the group G are unitary operators (or if the matrices of the representation 
are unitary matrices), the representation is called a unitary representation. 

In Section 3-6 we saw that there are infinitely many representations of 
the group G equivalent to any given representation D(@). Because 
unitary matrices have especially useful properties (e.g., see the problem at 
the end of Section 3-9), it is important to determine whether a given 
representation D(G) is equivalent to a unitary representation. This is 
not true in general. For finite groups G we can prove that every representa- 
tion is equivalent to a unitary representation: 

For an arbitrary pair of vectors x, y we construct the expression 


fx, y} = : Σ᾽ (D(R)x, D(R)y). (3-100) 
RCG 


The sum in Eq. (3-100) is extended over all elements # of the group G. 
The quantity {x,y} defined by (3-100) satisfies all the requirements for a 
scalar product. Furthermore, for any element S of G, 


(ρ(ϑ)χ, D(S)y} = : δὴ (D(R)D(S)x, D(R)D(S)y) 
RCG 


= : ΣΣ (D(RS)x, D(RS)y). (3-101) 


RCG 


But for fixed S, as R runs through the elements of G, so does RS; hence 
the expressions on the right sides of (3-100) and (3-101) are identical, and 


{D(S)x, D(S)y} = ἰχ, y}. (3-102) 
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In other words, the operators of our representation are unitary with respect 
to the scalar product {x, y} [but not with respect to (x, y)]. 

Next we consider a set of vectors u; which are orthonormal with respect 
to the original scalar product, and a second set v; which are orthonormal 
with respect to the new scalar product: 


(u,;, uj) = δὴ; = ἰν V3}. (3-103) 
We define the operator T which takes the w’s into the v’s: 
v; = Tu,. (3-104) 
Since Tx = Tru; = 2;Tu; = αἰν;, 
{Tx, Ty} = xiyi = (x,y). (3-105) 
We now consider the equivalent representation defined by 
D’(8) = T—D(S)T, | (3-106) 
and find that 
(T—!D(S)Tx, T—!D(S)Ty) 


| 


{ D(S)Tx, D(S)Ty} 
[from (3-105)], 


= {Tx, Ty} [from (3-102)], (3-107) 
= (x,y) [again from (3-105)]. 


The last equation shows that the equivalent representation D’(G) defined 
by (8-106) is unitary. So for finite groups we can always choose our 
representation to be unitary. For infinite groups we shall have to investi- 
gate later the meaning to be assigned to the summation over group elements 
which occurs in Eq. (3-101). 


3-12 Hilbert space. We have defined unitary spaces in Section 3-9 
by introducing a scalar product in the linear vector space. We can then 
define the distance |x — y| between two vectors (points, functions) from 


Ix — yl? = («k—y,x— y). (3-108) 

A sequence of vectors x, (n = 1,..., 0) in L is said to converge to 
the vector x in L if | -" 
lim |x, — x| = 0, (3-109) 


l.e., if for any € > 0 there is an integer n(e) such that |x, — x| < ε for 
m > n(é). 
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The sequence of vectors Χμ is said to converge in itself or to be a funda- 
mental sequence if ~ 
lim [Xn — Xn| = 0. (38-110) 


M,N WH 


The space L is said to be complete if every fundamental sequence converges 
to a vector in L, i.e., if Eq. (3-110) implies the existence of a vector x in 
L for which (3-109) holds. 

A complete unitary space is called a Hilbert space. The unitary spaces of 
finite dimension are necessarily complete. 

When we consider infinite-dimensional representations, we shall restrict 
ourselves to representations by linear operators in a Hilbert space. Here we 
impose the requirement that the linear operators be continuous, 1.6., if 


Xn - x| — 0, 
then (3-111) 
|AX, — Ax| -- 0. 


3-13 Analysis of representations; reducibility ; irreducible representa- 
tions. In Section 3-7, we discussed the addition of representations. Now 
we wish to consider the reverse process. Given a representation D, 1s it 
possible to describe it in terms of “simpler” representations? A crude 
criterion of simplicity would be that our representations have as low a 
dimensionality as possible. For example, if all matrices of the three- 
dimensional representation D are of the form 


a; 0; - Cj 
oe (3-112) 
0 0 " θὲ 


the products will have the same form, that is, 


ατας + δια aybe + διά. α1θ2 + bife + e192 


δια, + dycg erba + dida- cree + difa + fi92 |, (3 1198) 


re ar ee a ee ee ee ee Pe eS 2 2 2 a a δὲ "5» 4 94 


We see that the matrices in the upper left corner provide us with a two- 
dimensional representation: 


ας b; 
pape! (3-112b) 


while the matrices in the lower right corner provide us with a one-dimen- 
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sional representation: 
[σι]. (3-1120) 


When this occurs, we say that the original representation is reducible. 
The matrices of the representation may not have the simple form 
(3-112), but if we can find a basis transformation which brings all matrices 
of the representation to the (equivalent) form (3-112), we say that the 
representation is reducible. In general, if we can find a basis in which ail 
matrices D(R) of an n-dimensional representation can be brought simul- 
taneously to the form 
D‘?(R) - A(R) 
D(R) =] - τον : Seas (3-113) 


where the D'(R) are m-by-m matrices, the DR) are (n — m)-by- 
(n — m), A(R) isa rectangular matrix with m rows and (n — m) columns, 
and 0 denotes a matrix with (n — m) rows and’m columns all of whose 
elements are 0, then we say that the representation D(R) is reducible. 
Clearly the matrix product 


δ. (R)D™ (8) : D(R)A(S) + A(R) D®(S) 
D(RS) = D(R) DS) a Ag: ance συ Lee, @ So ceo ΛΟΝ 
0 : ΠΣ ΧΩ 


has the same form as (3-113), and hence the matrices 
D”(RS) = D®(R)D(8) 

provide us with an m-dimensional representation, and the matrices 
Ρ (RS) = D®(R)D®(8) 


give an (n — m)-dimensional representation. 

We can now continue as follows: We transform the basis in the m- 
dimensional space of D‘ and try to bring all matrices D“(R) to a form 
like that in (3-113), i.e., 


ἜΝ δ᾿ - Α΄ (1) | 
DY BR) s ene wea : 


where [) 5) is p-dimensional and D™ is (m — p)-dimensional, and apply 
the same procedure to the matrices D‘®(R). This process clearly comes 
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to an end, and we then have all the matrices of the representation D 
expressed in the form 


D‘?(R) : A(R) 


oe ὁ ὁ ὃ. ὁ ὁ ἂν ὁ ὁ ὁ κ ὁ ὃ δ' 0? 6 ὁ δ' δ᾽ Φ' δ᾽. δ᾽ ὁ..΄. δ δ' ὁ ὁ δ' Φ'' Φ Φ Oe ee δι ee 8.88 


ἐδ δ δ δον δι ς ὁ δ᾽ ὁ ὁ ὁ δ᾽ «6. -ὃ᾽᾽ ore ὁ ὁ’ Oe A Be OO δ᾽ ὁ, Be ΦΦ 4. δ 


D(R) = — ον ΝΣ 


eoeetf ῦ ὃ ὃ ὃ 9 ὁ 5 @ © ὃ © # @ 


.» δϑο᾽ϑε"ο5»οφ Ὁ © @ @ © @ © 5 © ὁ ὁ er 


0 : D®(R) 
(38-114) 


where the k sets of matrices DR)... δ (Δ)... D™ (R) are irreducible 
representations of dimension m; (n = ΣΡ πὴ. 

We can give an intrinsic criterion of reducibility as follows: In the case 
of (3-112) we consider those vectors which are in the two-dimensional 
subspace of the first two components. The matrix (8-112) applied to vec- 
tors X with v3 = 0 gives 


a ὃ ej|x ax; + bre 
c ἃ f\\xe| = |cr + ἄχ], 
0 0 “10 0 
which is again in the subspace x3 = 0. In other words, the two-dimen- 


sional subspace is invariant under all transformations of the group. On 
the other hand, the vectors with 4; = %2 = 0 are transformed into 


a ὃ 4]10 613 
ο ἃ {|Π|]|0|Ξ5Ξ 7.53 ’ 
0 0 gjl%s 918 


so the (complementary) one-dimensional space of the third component is 
not invariant. 
In the case of (3-113), the subspace of the first m components is invariant: 


"" A(R) ΕΒ ae 
ee “ = nate 
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while the complementary (n — m)-dimensional subspace is not invariant: 


D™(R): A(R) ][ 0 A(R)x 


0 :pD(R)\L x D(R)x 


Similarly, in the case of (3-114), the m,-dimensional subspace of the 
first m; components is invariant. 

In general; if there exists some subspace of dimension m < n which is 
invariant under all transformations of the group, the representation is re- 
ducible. We can choose m new basis functions ¢1, . . . , ém in this subspace, 
and complete the set with (n — m) other basis functions $¢n41, ..-., dn to 
give n basis functions for the whole n-dimensional space. In this basis, 
the matrices of the representation will assume the reduced form (3-112). 

If there is no proper subspace which is invariant, the representation is 
arreducible. 

If it is possible to find a basis in which all the matrices of the repre- 
sentation assume the form (3-113), but with A(R) = 0, 1.6., 


(1) 


we say that the representation is fully reducible. Both the m-dimensional 
subspace of D™ and the (n — m)-dimensional subspace of D‘ are 
invariant in this case. In other words, the basis functions ¢1,...,m 
transform among themselves, and the basis functions ¢n41, - - -,) ¢n trans- 
form among themselves, so the transformations of the group do not couple 
the two sets of functions. The space L is decomposed into the direct sum 
of L‘? and L™, 


(3-115) 


L-= L@ at 1.5 


and the representation D is the sum of 43) and D™, 
D= DY + D®, (3-116) 


This is precisely the converse of the process of adding representations 
which we used in Section 3-7. Assuming for the moment that we are deal- 
ing with fully reducible representations, we can now examine the repre- 
sentations D' and D™ to see whether they in turn are reducible. Notice 
that we can treat D‘? and 1242. separately, since we can treat the sub- 
spaces independently of one another. Thus, a transformation of coordinates 
of the form 
(la 4% : τ 
O:1} n—m 
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transforms only the subspace of the representation D" and leaves the 
matrices of D’ unchanged. By continuing this procedure, we can finally 
exhibit D in the form 


Ρ (R) - ὃς caret cae 0 
0 D'(R) oe ereeceeee 0 
D(R) = ee τς πω 8.11} 
0 : 0 : 
ΝΕ ee 0 
0 0 0 . D™ (R) 


that is, D = D” + D® + ..-+ D™) where all the D™ are irreducible 
representations. We say then that D is fully reducible to the sum 


DY 41...4 D®, 


Now among the irreducible representations D™ there may be several 
which are equivalent to one another. (For this, they must, of course, 
have the same dimensions.) Equivalent irreducible representations are 
not counted as distinct, and we can use the same symbol for them. So the 
representation D may contain a particular irreducible representation D™ 
several times. We express this symbolically as 


ἢ = αὐ" +--+ +4,D = Σ) αν", (3-118) 
v 
where the a, are positive integers. 


For the most part we shall deal with fully reducible representations and 
will use the term reducible to mean decomposable. 

If the matrices of a representation are unitary (unitary representation), 
then reducibility implies full reducibility ; if the matrices D(R) in (8-113) 
are unitary, A(R) = 0. In Section 3-11, we showed that for finite groups 
the representations can always be chosen to be unitary; hence, for finite 
groups, reducible representations always decompose into a sum of repre- 
sentations. 


3-14 Schur’s lemmas. We now proceed to the general theorems. The 
purpose of these theorems is (1) to find some simpler criteria for irreduci- 
bility, and (2) to give some restrictions on the number of nonequivalent 
representations. We start by proving two fundamental lemmas (Schur’s 
lemmas). 
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Suppose that we have a set of n functions ψνίν = 1,...,n) which serve 
as a basis for a representation of the group G. Then 


Onby = >) ψμριν(Ε) (3-119) 


for all R in G. If the representation is reducible, then, by definition, we 
can find m functions φι, not identically zero (m < n), which are linear 
combinations of the yy, 


φὶ = >> ψραρι; (5-120) 


such that 
Ord = >> bx Dii(R) (3-121) 
k 


for all Rin G. Using (3-119) through (3-121), we obtain 


Οπφι = > Οεψραρι = >) VoDaop( BR) apr 
p σιρ 


= Σ᾽ beDi(R) = Σὺ VoGenDii(R). (3-122) 
k a,k 
So, 
> VoDop( R) api - Σ, VoAekDii( FR). (3-123) 
Co .p o,k 


Since the y, are linearly independent, 


! 


ΣΣ Doo B)der = Σ) acxDir(R) (3-124) 
p k 


or 
D(R)A = AD'(R) (3-125) 


for all Rin G. Thus if D is reducible, we can find a nonzero matrix A such 
that Eq. (8-125) is valid for all A in G. 
Conversely, if Eq. (3-125) is valid, i.e., if there exists a matrix A such 
that 
D(R)A = AD’ (R), (3-125) 


where the D’(R) are a set of matrices of degree m « n, then 


> Ρο,(Π)αρι = >, AoxDbi( R). (3-124) 
p k 
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Multiply by ψσ and sum: 
>> YeDoo( R)ap1 oS > O RW pMp1) = Σ VoAgkDyi( PR). (3-123) 
ρισ ρ σικ 


Thus the m functions 


$1 = δ ψραρι (3-120) 


form a basis for a representation D’, and Dis reducible. If D is assumed to 
be irreducible, then the only way to avoid a contradiction is for A = 0, 
i.e., all elements of A are zero. So we can state our result as follows: 


Lemma I. If Dand D’ are two irreducible representations of a group G, 
having different dimensions, then if the matrix A satisfies 


D(R)A = AD'(B) (8-125) 
for all R in G, it follows that A = 0. 


Next we consider the special case where n = m. If Eq. (3-125) holds, 
we repeat the same argument and arrive at 


YS Onder) = Σ᾽) Poder)Di(R); k=1,...,n. (8-123) 


a,k 


The n functions Σ᾿. Wpap; must be linearly independent; otherwise D would 
be reducible. But this means that the determinant of A is not zero, and 
A has an inverse, so that from (3-125), D(R) = AD’(R)A™, and the 
two representations are equivalent. If D and D’ are irreducible and not 
equivalent, the only way to avoid a contradiction is for A = 0. So we 
state this special case: 


Lemma Ia. If D and D’ are irreducible representations of the group G, 
having the same dimensions, and if the matrix A satisfies 


D(R)A = AD'(R) (3-125) 
for all R in G, then either D and D’ are equivalent or A = 0. 

Finally, we consider a single irreducible representation of the group G. 
Lemma II. If the matrices D(R) are an irreducible representation of 
a group G, and if | 
AD(R) = D(R)A (3-126) 


for all R in G, then A = constant - 1. 
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In other words, if a matrix commutes with all the matrices of an irre- 
ducible representation, the matrix must be a multiple of the unit matrix. 
Consider the equation 
Ax = Xx, (38-127) 
where x is some vector in the space. The solutions give the eigenvalues and 
eigenvectors of A. If x is an eigenvector belonging to \, then using (38-126), 
we find that D()x 1s also an eigenvector belonging to ». So the subspace 
of eigenvectors of A belonging to a given A is invariant under all trans- 
formations of the group G. But this would mean that D is reducible unless 
this subspace is the whole space or the zero vector. The first possibility 
implies that A has only one eigenvalue A, that 1s, A = ΧΑ. 1, the second 
that A = 0. 
This lemma is very useful as a test of irreducibility. Given a representa- 
tion D, we try to find A such that (3-126) will be satisfied. If we can 
show that A must be a multiple of the unit matrix, then D is irreducible. 


Problem. Apply Lemma II to prove that all irreducible representations of an 
abelian group are one-dimensional. 


3~15 The orthogonality relations. Now we use the lemmas to prove 
our general theorems. Suppose that in Lemma II we are given an irreduci- 
ble representation of degree n for the group G of order g. Construct the 
matrix 


A= >) D(S)XD(S~"), (3-128) 
5 


where X is an arbitrary matrix and the sum Σ᾽ runs through all the 
elements of the group G. We claim that A satisfies the conditions of 
Lemma II, since 


D(R)A = >) D(R)D(S)XD(S“) 
S 
= >> D(R)D(S)XD(S~')D(R™") - D(R) 
5 
3 Σ D(RS)XD({RS}~)| D(R). (3-129) 
S 


Now we note that for fixed R, as S runs through the elements of the group, 
so does RS (remember the group table), and therefore, | 


>> D(RS)XD({RS}~") = >) δΡὥ ΧΡ ἢ (3-130) 
S S 
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and D(R)A = ADR). (38-131) 


But then, according to the lemma, A = - 1. The value of the constant A 
will depend on our choice of the arbitrary matrix X. We choose X to have 
all its elements zero, except Xim = 1, and let the constant A be Ay~. Then 
from (3-128), 
>> DiS) Dinj(S~") = Arm δι, (3-132) 
Ss 
or, if D is unitary, 


> Dii(S)D¥n(S) = Nm δι). (3-133) 
S 


To evaluate Aim, we set 1 = 7, and sum over 1: 


> dS DilS)Dni(S) = 2m = Σ) Dmi(SS) 
S ὁ S 


Ι! 


| 


a Dmi(E) = a bml = g Oml- (3-134) 
5 S 


So, 
him = 2 81m (3-135) 
and 
2, Dit(8)Dn(S) = Bim δι, (3-136) 
or, if D is unitary, 
Σ Ῥι(8) Ὀ᾽ι(8) = Κ΄ 51m δὲ, (3-137) 


Now we construct in similar fashion a matrix A satisfying the conditions 
of Lemma I. Given any two nonequivalent irreducible representations of 
G,D and D™ (of dimensions n; and ng), let 


A= }) D®(S)XD™(S~"), (3-138) 
S 


where X is an arbitrary matrix. Then 


D®(R)A = > D®(R)D™(S)XD (84) 
S 
= Sp D?(R)D (8) XD (S“)D(R-) - DR) 
S 


= >) D™(RS)XD™ ({RS}~") - D(R) = AD™(R). 
S 
(3-139) 
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Thus, according to Lemma I, A = 0. Choosing X as before, we find 


>) DYP(S)De}(S™") = 0, ἴον all ὁ, J, 1, m; (3-140) 
S 


or, if D™ and D™ are unitary, 


Dd, DP (8) Din*(S) = 0. (3-141) 
5 
Together, Eqs. (8-136) and (8-140) [or (8-137) and (3-141)] state the 
following: If we consider all nonequivalent irreducible representations of 
a group G, then the quantities D{ (R), for fixed μ, 7, 7, form a vector in a 
g-dimensional space, such that 


ΣΣ DP(R)DLYR™) = © by δὴ Bim (3-142) 
R μ 
or, if the representation is unitary, 
Dd) DP (R) Dyn" (R) = Ξ. bpp δὲς im. (3-143) 
R μ 


Thus each irreducible representation D“ provides us with τ vectors 
DY (R) (i,j = 1,..., ,) which are orthogonal to one another and to the 
vectors Df(R) formed for all nonequivalent representations. Since the 
number of orthogonal vectors in a g-dimensional space cannot exceed g, 
we have the result 


Σ πὸ SY, (3-144) 
7 


or, the number of nonequivalent irreducible representations of a finite group 
is finite. So far we have no guarantee that. the orthogonal vectors thus 
obtained will fill out the entire g-dimensional space, but we shall later prove 
that they do, i.e., that the equality sign holds in Eq. (8-144). 

Starting from Eq. (3-142) or (8-143), we can derive similar orthogo- 
nality relations for the characters. If we βού ἡ = land 7 = m in (8-142), 
we obtain 


DY DY(R)DP(R) = 2 by δὲ; = 2,5; (8-145) 
ἘΞ Ny Ny 
Now sum over all 7 and 7: 
(#) (Vv) —ly, _ ἊΣ 
Dy XO (RXR) =  διν, (3-146) 
R 
or 
Σ, XP (R)XO*(R) = ὁ δὼ (3-147) 


R 
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if the representations are unitary. We restrict ourselves to unitary repre- 
sentations from now on. 

Here we must be careful. Remember that all the elements in a given 
class in G have the same character. Let K,,..., Kz be the k classes of 
G, and let the number of elements in K; be g;. Then for all the elements of 
K;, the character in the p-representation is the same: x“(R) = xi. 
Thus Eq. (8-147) becomes 


a XPKXY* 6g, = Gg Buy. (38-148) 


ὺ 


For given μ, the numbers x!”g}’” form a vector in a k-dimensional space 
(where k is the number of classes in 6). The vectors thus obtained from 
nonequivalent irreducible representations are orthogonal (and none of the 
vectors are zero). Therefore the number of nonequivalent irreducible 
representations of a group must be less than or equal to the number of classes 
in the group. Again, we shall prove later that the equality holds. 


Problem. Show that the reciprocals of all the elements in class K; form a class 
Κι΄. For general irreducible representations derive the equation 


Σ GX XY = g bpp. (3-148a) 


3-16 Criteria for irreducibility. Analysis of representations. The 
characters of irreducible representations are usually called primitive 
characters or simple characters. We now consider an arbitrary representa- 
tion D. According to Eq. (3-118), D can be expressed in terms of irre- 
ducible representations as 


D(R) = >> a,D™(R), (3-118) 


where the a, are integers > 0. Now take the trace of this equation for an 
element Ff in the class K; of the group G: 


Ne GX? (3-149) 


The character x; of a reducible representation D is called a compound 
character. From (3-149), we see that a compound character is a linear 
combination of simple characters with positive integral coefficients. Mul- 
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tiply (3-149) by x”*g; and sum over 7: 
> xPY*x σι ᾿Ξ > αν » giXPFXY 
ὶ v t 


= > Ay Ouy = Gay, 
Vv 
or 


a, = : >: g ix$*X;. (3-150) 


Thus, to find the number of times a given irreducible representation is 
contained in D, we use Eq. (3-150). Notice that if two representations 
have the same set of characters, they are equivalent since, according to 
(3-150), the coefficients a, are the same for both. 

If we multiply (8-149) by g; times the complex conjugate equation and 
sum over 7, we obtain 


(») (4) * ᾿ 
> χιχἕρι — δ Apap > σιχς 1" ΞΞ-Ξ > ApnayJ δμν; 
v B,D μων» 


7 
Σ᾽) χιχΐσι = 9 DS αἱ. (3-151) 
t μ 


In particular, if the representation is irreducible, all the a, are zero except 
for one which is unity; so if the original representation is irreducible, its 
characters must satisfy 


5 σι χι = Ὁ. (3-152) 


This gives us a very simple criterion for irreducibility. 

Equation (3-151) and its special case, (3-152), are extremely useful 
tools. If by some means we find a representation of the group G,, we cal- 
culate the compound character X; and evaluate 


Σ gi[xi|° = 0 aj. 


If this quantity is unity, then the representation was irreducible. Suppose 
>. a = 2; since the a, must be integers, the only possibility is ap = 
as = 1 for two different irreducible representations D® and D™. Simi- 
larly, if ©, a; -- 3, the representation D is a sum of three different irre- 
ducible representations, each occurring once. In the terminology of char- 
acters, we would say that the compound character xX; is the sum of three 
different simple characters: 


Xe xP x? χοῦ pwrto xr, (8-153) 
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with all coefficients equal to unity. If 5, a2 = 4, then either 


X=HEXP AXP AAP + XY, pxoxtr xy, (3-154) 
or 
X= 2x’. | (3-154a) 


The following extension of these results is also very useful. If we are 
given two representations D and A of the group G, with the compound 
characters X; and φ;, respectively, we can first use Eq. (3-151) on each 
character separately to try to deduce how many different simple char- 
acters each contains. We would then like to find out whether x; and ¢; 
have any simple characters in common. We start from equations like 


(8-149): 
Sex: eS Ue. 
vp 


B 


where the a», b, are positive integers. We multiply x; by φέσι θ᾽ and sum 


over 2: 
gi G Xie = x αὖ, Σ By θὲ XP Wr 


= > ανῦμ δμν ΞΞ- » Ayby, (3-155) 
μι.» » 


4 


where we have used Eq. (3-148). If Σ ανὸν is zero, then the two repre- 
sentations have no irreducible constituents in common. If Σ 'ανὸν = 1, 
they have precisely one irreducible constituent in common, and each con- 
tains that constituent just once. For Σ ανὸν > 1, the possibilities increase 
rapidly, but one may still be able to derive useful information. 


Problem. For the case of general representations derive the equations: 


=) Ὁ σὰ; x”, (3-150a) 
> giX iXi" 
pa Ξε: χιφ, = > ανῦν. (3-155a) 


Vv 


9 >) αὦ, (3-151a) 
μ 


3-17 The general theorems; group algebra. We may now return to 
complete the proofs of our general theorems. First we show that the 
equality sign holds in Eq. (8-144). To do this, we consider a special 
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representation of the group G, the regular representation, which we used 
in Chapter 1 in discussing Cayley’s theorem. If we label the elements of 
the group as S,, ..., Sy, then multiplying from the left by any element 
S, permutes the S;, ..., S, among themselves. Considering S,,..., Sg 
as coordinates in a g-dimensional space, we can represent the element ὃν 
by a permutation of the g coordinates. Thus if S,S; = S;.@ = 1,...,9), 
then D;(S,) = δι;. In this representation, the regular representation, 
the diagonal elements of all matrices are zero except for the element ὅν, 
such that S,S; = S;, that is, for the unit element EH. So in the regular 
representation, 


0 for R# Ε, 


i ᾿ for R= E. e136) 


Expressing the regular representation in terms of nonequivalent irreducible 
representations, we have 


Xs = ἀν. (3-149) 
v 


Consider the class of the identity. For this class, X; = xX; = g, while in 
the vth irreducible representation, xi” - ny. Thus 


g --- > AyNy. (3-157) 


The ay are given by Eq. (3-150), where in the sum only the term i = 1 
gives a contribution: 


ἂν = p> (Kx = 5° Oy = ty = xf”. (3-158) 


Kquation (38-158) states that the number of times each irreducible repre- 
sentation 1s contained in the regular representation is equal to the degree of 
the representation. Substituting in (38-157), we obtain 


5 =- > Ns, (3-159) 


which proves our theorem. Substituting (8-158) in (8-149), we also have 


CS) ke Sa χ (3-160) 
» 


Vv 


If ὁ = 1 (the class of 1), then X; = g, while for all other classes x; = 0; 
hence 


x ke SS ᾿ τὴν Τ᾽ : (3-161) 
y g tort? = 1. 
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We note that our procedure here is the complement of what we did earlier 
in the orthogonality theorem of Eq. (3-148). There, for fixed v, the 
gi’°x}” formed a vector in the k-dimensional space (k equine the number 
of classes). For different v, (v = 1, ,. 7) the vectors were orthogonal, 
so that r < k. Now Eq. (3-161) peer that for fixed 7 we can form 
vectors XM j in the r-dimensional space (i.e., for a given class, we write the 
characters in the r different irreducible representations and form a vector). 
Equation (3-161) states the orthogonality of these vectors only for the 
case where one of the classes is the identity. If we could extend Eq. (3-161) 
to any pair of classes, we could conclude that k < r, and this conclusion, 
combined with our previous result that r < k, would prove that r = k; 
1.e., the number of nonequivalent irreducible representations is equal to 
the number of classes in the group. We now describe the proof. 

Starting from a group G, we can construct a system which is called an 
algebra. The quantities in the algebra are 


>> akR, (3-162) 
FR 


where the coefficients ar are any complex numbers. By the sum of two 
quantities we understand 


Dl oRR + dD) beR = Σ) (ar + be)R, (3-163) 
R R R 
and the product implies 


> ark ‘ >» bsS = δ arbses = DS (Σ ansbs-') R. (38-164) 
R S RS R S 


For example, in the group @; with elements HL, J, we set up an 
algebra of quantities 


α1 Ἔ Aol. 
Thus 
ΩΕ -ἰ 41) + (Ε — ἢ = GE — 20), 
ΩΕ + 41)(E — 61) = 285 — 12EI + 418 — 241: 
= 2H — 12] + 4] — 24k 
= —22E — 81]. 
Let the elements in the class K; of G be Af”, ..., a . We construct 
the algebraic quantity Ἢ 


Kea >A (3-165) 


ἰ---Ἰ 
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If we multiply the quantities K; for two classes, 


KK; = Σ Σ ΓΝ (3-166) 


=1m=1 


the sum on the right again consists of complete classes, for if we transform 
K,K; by any element of the group, we merely permute the terms. Thus 


KiKi = Σ᾽ cinKr, (3-167) 
L 


where the c,;;; are positive integers. Consider any irreducible representa- 
tion of G. If we add all the matrices corresponding to elements of the 7th 
class, we obtain a matrix which we denote by D;. This matrix commutes 
with all matrices of the representation since 


Di:= >> D(R), (3-168) 


RCK; 


and transforming D; merely permutes the terms in the sum. But this means 
that D; commutes with all the matrices of the representation and, accord- 
ing to Lemma II, D; = »;:1. Taking the characters in this equation, 
we have 

giX; = AN = XX, (3-169) 


where vn is the degree of the irreducible representation. So 


ce (3-170) 
X41 


Now go over to the matrices in Eq. (3-167): 
D;D; = Σ, ¢3;1D1, (3-171) 
l 


or 
λιλ; = Do eazy, (3-172) 
Ι 


and using (3-170), we obtain 


JiXi 9) _ > Pape a 
Xi ΧΙ ae. 


or 
JiQjXiXj = X1 ἊΣ C719 1X1. (3-173) 
ὶ 


All the characters refer to a given irreducible representation, while the 
g's and c;;, are properties of the group and are independent of the repre- 
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sentation. Equation (3-173) is useful in checking computations of char- 
acters. 

If two elements of the group G are conjugate to each other, then their 
inverses are also conjugate to each other. Thus, given a class K;, there 
exists another class K,, consisting of the inverses of the elements in K;. 
Note that K; and K, have the same number of elements, σὲ = σι’. If we 
take the product of these two classes K; and Καὶ, (K; being made up of 
the inverses of elements in K;), we obtain the identity EF precisely g; times. 
For 7 ~ 7’, the product K;K; does not contain the identity, that 1s, 


bes " forj # τ᾽, (3-174) 


σὲ ἴογ 7 = 1. 


Now rewrite (3-173) and include a superscript to indicate a particular 
representation: 


9:giXPXS? = Σὺ este GiXPXD?. 
l 
Sum this expression over all v from 1 tor: 
= r 
9.9] es xp? = > οι Gl > x xy 
ven U v=l1 
= > ci gg δι [using Eq. (3-161)], (8-175) 
l 


= Cij1gig = Cij1g- 
Then from (3-174), 
Wi ἦν 0 forj #7, 
9:9; > XP XP = : (3-176) 


y= gi for 7 rz re, 
or 


Dy χὥχῳ = J dye. (3-177) 
yv=1 93 

For a unitary representation, X;, = X;, so (8-177) can be written as 
> xPx* = ὁ δ (3-178) 
v=1 91 


Equation (3-178) shows that the Κα r-dimensional nonzero vectors x” are 
mutually orthogonal, so k < r, and we have completed the proof of our 
theorem: 


The number of nonequivalent irreducible representations of a group 18 equal 
to the number of classes in the group. 
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We summarize our results as follows. Set up a table of characters like 
Table 3-1. Then Eqs. (8-148) and (3-178) (for unitary representations) 
state that the scalar product (with weight factors g;) of any two rows or 
any two columns is zero. In addition, Eq. (8-173) states that the product 
of two numbers in the same row is expressible as a linear combination of 
the terms in the same row, with coefficients which are independent of the 
row. 


TABLE 3-1 
Κὶ Ke: ee oR. wee. HKG 


DY |x χρὴ... XD vee χῷ 
2 
D® x?) 


DW |} Xi) wee cee XM ..ὕ. xi") 


D® xe xe? oo Χο oe x) 


3-18 Expansion of functions in basis functions of irreducible repre- 
sentations. As pointed out earlier in this chapter, starting with any 
function y, we can obtain a representation of the group G by applying to 
y all the transformations of the group G. Then y itself will be one of the 
base functions, or it will be expressible linearly in terms of the base func- 
tions. This statement remains true if we now split, the representation into 
its irreducible constituents. So we conclude that any function y is expres- 
sible as a sum of functions which can act as base functions in the various 
irreducible representations: 


y= » > Wi. (3-179) 
vp t==1 


(We note that the most general function y will be a function for which the 
derived functions Ory are linearly independent. In this case we obtain 
the regular representation which we discussed earlier.) 

We recall the definition of Y in Eq. (3-66). The base functions for the 
vth irreducible (unitary) representation satisfy the equations 


On? = Σὺ vi? ΡΟ) (R). (3-66) 
j 


The function y{” is said to belong to the ith row of the vth irreducible 
representation. We now try to find the condition that a given function 
must satisfy in order that it may belong to the 7th row of a given represen- 
tation. In other words, given a function y{”, we wish to associate with it 


112 GROUP REPRESENTATIONS [cHAP. 3 


(ny — 1) other functions such that the set satisfies (3-66). We take 
(3-66), multiply by Dj#)*(R), and sum over the group: 


Σ. Din™(R)ORW? = DIV? D7 Din*(R) DF? (RB) 
R 7 R 


= £ > ys? δι) Ong up - τι: vy? bmi δμν. (3-180) 
as Ny 
In particular, for m = 1, uw = », 


>, DIP*( ROR? = fy 81i, (3-181) 
R v 
and setting ἰ = 7 yields 
>) DP*(ROW? = Ly”. (3-182) 
R iy 


Equation (3-182) is a necessary condition on y\”. We now show that it is 
a sufficient condition, i.e., if a function y satisfies 


Dy DEE(R)ORV? = TW (3-183) 


then we can find (ην — 1) “partners” so that the set satisfies (3-66). We 
use Eq. (3-180) with μι = ν, m = k = 7 to define a set of functions: 


wy = ΠΣ >. DY*(R)O Ry”. (3-184) 


In particular for 1 = k, we get back Eq. (8-183). Thus Eq. (3-184) is a 
satisfactory definition of ny functions y{” in terms of y\”, provided that 
y satisfies Eq. (3-183). We now show that the y;” defined according to 
Eq. (3-184) satisfy (38-66), 1.6., they form a basis for the vth irreducible 
representation. To prove this, we substitute Eq. (8-184) in the right- 
hand side of (3-66): 


>) v3 DH? (8) 
7 


ΤΠ ΣΙ dey DH? (8) "(0 nv t” 
R j 


= F(X ders Ds (9) One? 


=: Os > DY2*(S—!R)O 50 py 


(3-185) 


| 


a Os 2, DY*(R)Orve? = Osy??. 
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We now return to Eq. (3-179) and ask how to find the y{” if we are given 
the function ψ. In other words, how do we resolve the given function into 
a sum of functions, each of which belongs to a particular row of some 
irreducible representation? In Eq. (3-180), for m = I, 


Dd DY (ROW? = LW 81; by. (3-186) 
R Me 


Thus the operator 
PY = EY) DE(R)On (3-187) 
Rk. 


is a projection operator; 1.e., 
ΡΨ = WP buy Biz. (3-188) 
So, if we apply the operator P™ to Eq. (3-179), we obtain the result 
UP = 2) DY*(R)Ond. (3-189) 
R 


In analogy to the above, we say that a function “belongs to the vth 
irreducible representation” if it is a sum of functions belonging to the 
various rows of that representation, 1.e., 


ny 


yr = Dy? (3-190) 


ἐξ} 


If we sum over / in Eq. (3-186), we obtain 


> x*(R)OwW? = Ly a, (3-191) 
R Mn 
and summing over 7 from 1 to n, [using (3-190)] yields 
> x*(R)O py™ a g 5. (3-192) 
R Mn 
We see that 
p® — 7 > x*(R)OR (3-193) 
R 
1s a projection operator; i.e., 
Ῥω ψ Sa buy: (3-194) 
From (3-179) and (3-190), 
Vi ae ue (3-195) 
v 


where 
aay cea (3-196) 
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3-19 Representations of direct products. In Section 1-7 we intro- 
duced the concept of the direct product: The group G is said to be the direct 
product of two of its subgroups G; and Ο (G = ΟἹ X Ge) if all elements 
of G, commute with all elements of G2, αι and G2 have only the identity 
in common, and every element of G is expressible as the product of an ele- 
ment of G, and an element of G2. Some examples of direct products were 
given in Chapter 2. If a group @ can be expressed as the direct product 
of two groups G, and G2, the characters of the irreducible representations 


of G are easily determined from those of G and 64: Let ψί (¢=1,...,m) 
and φί" (j = 1,..., 7») be sets of functions which form bases for irre- 


ducible representations of G, and Ge, respectively. Then the nny func- 
tions y”¢\” form the basis for an irreducible representation of G. We 
distinguish the elements and representations of G and G2 by subscripts 1 
and 2. Then 


Orv? = Σ ΨΚ), (3-197) 

k 
Oro) = >) φ δ) (Ε 9), (5-198) 

l 

On RV o) = Orv? OR.93° 
= eee? Die Ri) Doi;( Re); (3-199) 
kl 
Di? (RiR2) = DYei(R1)D32;( Re) (3-200) 
or, symbolically, 

D”*” (Ry Re) = DY?(Ri) X D2? (Re). (3-200a) 


To find the character of R,R2, we must sum the diagonal elements in 
Eq. (8-200): 
x@*) (RyRy) = x{?(Ri)x9?(Ro). (3-201) 


Thus to find the characters of the irreducible representations of the direct 
product of G, and Go, we take the products of the characters for G; and @2. 


CHAPTER 4 


IRREDUCIBLE REPRESENTATIONS OF THE 
POINT-SYMMETRY GROUPS 


We shall now apply the theorems of Chapter 3 to the point-symmetry 
groups derived in Chapter 2. We shall discuss various methods for finding 
the irreducible representations of these groups. One of our aims is to 
become familiar with the practical application of the various theorems 
on representations. 


4-1 Abelian groups. The problem of finding the irreducible representa- 
tions is simple for abelian groups. Since the number of classes in an 
abelian group is equal to the order of the group, we see that all irreducible 
representations must be one-dimensional. For this case, then, matrix 
and character coincide, and we deal with simple multiplication of numbers. 
Furthermore, since the order of any element is finite, the characters of all 
elements of the group are roots of unity. Thus if the order of the element 
A is 2, that is, A? = E, then D(A) = x(A) = +1. If A? = ΕΚ, then 
D(A) = x(A) = 2518 ( = 1, 2,3). In general, if the order of A is ἢ, 
A* = Εἰ, then 


D(A) = x(A) = ο΄ ..-- 1,...,hA). (4-1) 
If the group is cyclic, some element A generates the group, A? = E, so 
X(A) = εἶσ ᾳ-ι1,...,9), (4-2) 


and the characters of all the elements are determined by taking powers 
of x(A). For example, x(A™) = e279, 

First we consider cyclic groups: 

€,: This is a trivial group consisting only of the identity EF (i.e., the 
system has no symmetry). There is one irreducible representation: 


D(E) = Χ(ΕῚ = 1. 
ΘΩ: The group is generated from the element C2;C3 = FE. Then 
D(C2) = xX(C2) πο ᾿Ξ 1:9} 


The characters of the two irreducible representations are given in Table 

4-1. 

In this case (one-dimensional representation), the characters coincide with 
115 
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TABLE 4-1 
Co: E Ce 
A;z2 if 1 


B;x,y|1 —1 


the matrices. We have introduced the following notation for the repre- 
sentations: One-dimensional representations are denoted by the symbols 
A or B, depending on whether the basis function is symmetric or anti- 
symmetric with respect to rotation about the principal axis. We choose 
the principal axis along the z-direction. The basis functions for any of the 
groups C, can be taken as 


y = el? (= 1,...,n). (4-3) 


Each of these y’s gives a one-dimensional representation, since rotation 
about the z-axis merely multiplies the function by a factor. For example, 
possible basis functions for the representation A of Cz are 1, z, f(z), 
f(x?, y?), etc. For B, we can take y = εἶθ. We apply the operators Or 
to the basis functions y. (Throughout this chapter we shall often write 
the group element R itself to denote the operator.) Then Cze** = 
e'o—") — —¢% Or we can take any odd power of z or of y. In the char- 
acter table (Table 4-1), we have indicated the representation to which 
the coordinates z, y, z belong; thus z belongs to the symmetric representa- 
tion A, while x and y belong to the antisymmetric representation B. 
This information will be useful later when we consider selection rules. 
The representations to which z, y, z belong will determine the selection 
rules for electric dipole transitions. For other multipoles, we shall see how 
to derive the selection rules from the information in the character table. 

We know two other groups which are isomorphic to C2, namely, Cs and 
e;. All these groups must have the same irreducible representations. To 
present information on isomorphic groups in compact form, we combine 
their character tables as shown in Table 4-2. In groups containing the 
inversion, 2 one-dimensional representation which is symmetric (or anti- 
symmetric) with respect to inversion has a subscript g (gerade) or u 
(ungerade) attached to the symbol A or B. Similarly, in a group contain- 


TABLE 4-2 
ΟΝ E I 
Ca: E Ce 
Cas ΕΗ On 
Ας Azz <A’sz,y | 1 1 
Aujt,y,2 B;2,y <A”;2 1 —1 
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ing O,, symmetry or antisymmetry under reflection is indicated by one 
or two primes, respectively. In the group @,, x and y are symmetric under 
reflection (in the XY-plane) and therefore belong to A’, while z is anti- 
symmetric under reflection and belongs to A’’. In the group @,, x, y, and 
z are all antisymmetric under inversion and belong to Ay. 

We note that the orthogonality theorems, Eqs. (3-147) and (3-178), 
are satisfied. | 

The theorems of the last chapter concerning the expansion of an arbi- 
trary function in terms of functions belonging to different irreducible 
representations are of interest. For example, according to Eq. (3-192), a 
function f(x, y, 2) will belong to the representation A, of the group 6; if 


2 
Oxf + Of = Ff = Thi 


f(z, Y; 2) ΞΕ f(-2, —Y; 5552) a 2f(z, υ; 2); 
f(x, Y, 2) aa 1.533; —Y; =2); (4-4) 
while σία, y, z) belongs to A, if 


Ozg — O19 = 29; 
g(x, ὕ, 2) = —9(—2, —Yy; 2-2). (4-5) 


So for the group C; the expansion theorem states that an arbitrary function 
can be expressed as a sum of functions which are even or odd under 
Inversion. 

Similar statements apply to the groups ὃς and Gy». For Cz we may also 
state our result as follows: The azimuth ¢ runs from 0 to 27. Any func- 
tion f(@) can be continued periodically outside this range. In the Fourier 
expansion 


f() = > ane”, (4-6) 


--ὦ 


we can split the sum into terms with even and odd n, respectively, that is, 
f(¢) — pe iad ἘΞ Σ ἀρ ς (4-7) 


The first term in (4-7) is even under the operation C2, while the second is 
odd. 

Next we consider the group @3. There are three one-dimensional 
representations, with basis functions εἶθ (1 = 1, 2, 3), respectively, or i, 
e* e—** Then 

Ο.οἷφ = ρἰ(φ-- 2:13). g—2ri/3 gig. 
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TABLE 4-3 
C3: E Cs οξ 
A;z 1 1 1 


1 ε 
E;x +1 
" ᾿ €2 


ε 


The character table is shown in Table 4-3. The orthogonality relations all 
reduce to 1 + € + εξ = 0, a special case of the theorem that the sum of 
the nth roots of unity is zero. 

We shall use the symbol Καὶ throughout to denote two-dimensional repre- 
sentations. The brace in front of the last two lines of the table and our 
treatment of these entries, as if they were a two-dimensional representa- 
tion, require an explanation. These two one-dimensional representations 
are complex conjugate. Now in quantum mechanics (in the absence of 
magnetic fields) the Hamiltonian is invariant under time reversal, and 
the complex conjugate of an eigenfunction is an eigenfunction for the 
same energy. Thus, even though the group @3 has only one-dimensional 
representations, symmetry under time reversal means that we have an 
additional operator which leaves the Hamiltonian invariant. This oper- 
ator interchanges the base functions of the two representations, so that 
the two complex-conjugate representations correspond physically to a 
doubly degenerate level. 

The cyclic groups C4, 84, Cg, and ὃς can be treated in arena fashion. 

Next we consider the abelian group @o,. It contains 4 elements and has 
therefore 4 irreducible representations. The square of any element is 
the identity E, so all the characters are +1. The product of any two non- 
identity elements yields the third, and hence either all characters are +1, 
or two are 1 and two —1. Table 4—4 is the character table. The isomor- 
phic groups Cy, and D, = V have the same character table. 


TABLE 4-4 


A, : T a a 
Aujz ἢ: 1 ~1 —1 
B, a ee ce 
Byiz,y|1 —-1 1 —-1 


Problems. (1) Give examples of functions which belong to the representations 
A, and B, of the group @2n. Classify the spherical harmonics Py’ (Oe? ac- 
cording to the representations of C2,. 


4-2) NONABELIAN GROUPS 119 


(2) For the groups @3 and 84, find the irreducible representations to which 
quadratic expressions in x, y, z belong. 

(3) Classify the components of an axial vector according to the representa- 
tions of Caz. 


4-2 Nonabelian groups. We now go on to the nonabelian groups. 
First we consider @3, (and the isomorphic group D3). The group @3, 
contains 6 elements in 3 classes. There are 3 irreducible representations 
of dimensions 71, %2, 23, and 


2 2 2 
ni + ne + nz = 6. 


The only solution is ny = ng = 1, ng = 2. So we have two one-dimen- 
sional representations, and one two-dimensional representation. The 
simplest procedure for finding the representations is to start from those 
previously determined for @3, which is a subgroup of @3,. The eigenvalues 
of a, are +1, since σὲ = E. Hence, taking the basis function y of the 
representation A of C3, we can have either σὺν = -+y. Thus we get the 
two one-dimensional representations of @3, whose characters are given 
in Table 4-5. 
Equation (3-148) 15 satisfied: 
Σ σχ = 1- (1) + 2(1)? + 3(41)? = 6 = g, 

ΣΧ ΧΙ = 11-1) + 2(1- 1) + 8()(—D) = 0. ἜΣ 


The characters of the two-dimensional representation can now be found 
by using Eq. (38-178); x(#) = 2 for a two-dimensional representation. 
Applying Eq. (8-178) to the first two classes gives 


(1)(1) + Αγ)(1) + 2x(C3) = 0; -xX(C'3) = --Ἱ, (4-9) 
and similarly for the first and third classes, 

(1)(1) + ()(-1) + 2x(,) = 0; x) = 0. (10) 
Equation (3-178) with ὁ = 7 15 also satisfied: 


αὐ + οὐ τῶ =6= aa AD gee a tO Ob eae ἐξ 


δ 


w [Ὁ 


(4-11) 
(1)? + (-1)? +O? =2= 4. 
98 
Thus Table 4-ὃ represents the complete character table for the group C3». 
The numbers in parentheses in the top row give the quantities g;, the 
number of elements in class K;. 
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TaBLE 4-5 
C3,: EK C3,.C3 (2) συ (3) 


A132 1 1 1 
Ag 1 1 —1 
E;2z,y | 2 —1 0 


An alternative procedure, which also gives the matrices of the E- 
representation, starts from the base functions e=** of the complex conju- 
gate representations of C3. Choose the ZX-plane as reflection plane for 
one of the a,’s (¢ is measured from the z-axis). Then oyet? = et te 
while C3 and Ο are diagonal matrices. The matrices for the other reflec- 
tions can be obtained from the products συ( 5 and o C3. Hence the matrices 
of the £-representation are 


fi 01. a.fe 07. pe. fe? 6]. 
E: [3 cs: | ae | Af 


We can verify Eq. (3-143) for the matrices of the three representations. 


Take the representation A, and the 7zj-element of the representation EF. 
We find 


>> DPR) DE*(R) = D> δ) =1+e+e*=0 forall 4,3. 
R Ἢ 
” (4-12) 
When we take A» and EL, we get the same result. Taking the #-representa- 
tion and setting 7 = 7 = 1 andl = m = 2, we have 
>> Dii(R) 32(R) = Τὰ 7 ese + εἷ. εἴ = 1- ε- εξ -- 0. 
R 


(4-13) 
To find functions which belong to the A -representation, we can use the 
following method, which is long-winded but might be instructive. If we 


expand f(¢) in Fourier series, the symmetry under C3 and C$ requires that 
only those harmonics which are multiples of 3 appear, 1.e., 


f(¢) = Ag + ἄς + αεο Ἔ -..: 


ἘΠ τς Hg ye 8 anaes (4-14) 


The antisymmetry under σὺ now requires αρ = 0, a3 = --α etc. Hence 
functions like sin 3¢ [Σ᾿ αη. sin (3n@) in general] belong to Ao. 
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The reader will recall that we pointed out in Chapter 2 that σ᾽ reverses 
the sense of rotation about the z-axis. So the z-component of an azial 
vector will belong to the representation 4.2. In terms of the coordinates 
of two points z, y, z and 2’, y’, 2’, a typical function would be zy’ — yz’ 
or sin (¢ — ¢’). Note that a function which depends on the difference 
of two azimuths is invariant under rotations about the z-axis. 

The method we have used for @3, can also be applied to C4, and Cg». 


Problem. Find the matrices of the irreducible representations of @3,. Find 
functions belonging to each of the representations. 


There is an alternative procedure which can be used to find the char- 
acters, which we shall work out in detail for C3,. We first determine as 
we did above that the three irreducible representations have ny = no = 1, 
n3 = 2. Then we use Eq. (3-173) to find relations between the char- 
acters for a given representation. The coefficients c;;; in (3-173) are 
determined from Eq. (3-171). We label the classes of @3, as Κι: E; Ko: 
C3, C3; K3:0,(3). Apply Eq. (3-171) to K3: 

Ke = C3 + C3; Kz = (C3 + C3)? = 28 + C3 4+ C32 = 2%) + Ko, 
(4-15) 

whence C201 = 2, Co22 = 1. Similarly, 
K3 = (συ + Ov + συ") = 88 + 3(C3 + C3) = 3K, + 3Ke, (4-16) 
SO C331 = 3, C339 = 3. Finally, 
K2Kz = K3Ke = (C3 + C3)(Or + oy + oy) 

= 2(συ + Oy + συ") = 2K3, (4-17) 
SO C233 = C323 = 2. 

All other c,;;; are zero. Now we use these coefficients in (3-173): 
2 ΞΕ 9 ἘΞ 2: 

92X3 -- χ᾽ Σ, C2219 1X1, 
l 


4x2 — n(2n + 2X2); Xg =n or Xg=— (4-18) 


Ω͂ 
2 


93X3 = χι ie C331giX1,  gX3 = n(3n + 6X2). (4-19) 
Ι 
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a= 2,2 = ὃ: 
g2gaXox3 = X1 o> C2319 1X1, 
1 


6XoX3 = 6NX3; X3 = 0 or Χο -Ξ- ἢ. (4-20) 


For a one-dimensional representation, the characters cannot be zero 
(the matrices must be nonsingular). So for n = 1, 


Xe = 1, X3 as (3) (1 + 2) = 1, X3 = +1, 


and we obtain the two solutions A; and A». For n = 2, if we take the 
solution Xz = 2, we find X3 = 2. But for an irreducible representation, 
> |x(R)|? = g = 6; this solution would give 2°|x(R)|* = 24. The other 
solution isX3 = 0, Χο = —n/2 = —1, which yields 


> |x(R)|? = 1(2)? + 2(—1)? + 300)? = 6 = g. 


This is a rather laborious method for finding characters. It was used 
extensively by Bethe (Ann. Physik, 1929). 

The tetrahedral group 7 contains 12 elements in 4 classes, so there 
are 4 irreducible representations, with 


nit+n3+n3+ni = 12. 


The only solution is nj = no = nz = 1, n4 = 3; Le., three representa- 
tions are one-dimensional and one is three-dimensional. (We shall use the 
symbol F for three-dimensional representations. The symbol T is also 
sometimes used for this purpose.) Remember that the group T is ob- 
tained from the group V = Dz by adjoining 3-fold rotations about the 
space diagonals (see Fig. 2-34), and we can therefore obtain the repre- 
sentations of 7 by starting from those of V. When operated upon by a 
rotation about a 3-fold axis, the totally symmetric function a is the 
basis of the A ,-representation of V can be multiplied by 1, ε, or εὐ. (Re- 
member we wish to obtain one-dimensional representations, so ‘hie basis 
function must be an eigenfunction of C3.) Thus we get three different 
one-dimensional representations, as shown in Table 4-6. On the other 
hand, if we look at the basis functions which we found for the other 
three representations of V, namely z, y, and 2, we see that they are trans- 
formed into one another by rotations about the space diagonals. Thus 
these three one-dimensional representations of V are coalesced into a 
three-dimensional representation of 7. The characters of F can be found 
from the orthogonality relations. Since x(Z) = 3, the orthogonality of 
the column vectors in the table requires X(C2) = —1, X(C'3) = 0 = x(C3). 
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TABLE 4-6 
T: E (C2(8) C3(4) C3(4) 
A 1 1 1 1 


7 1 1 € ε2 
] 1 ε: ε 
F3x,y,2|3 -- 0 


The matrices of the F-representation are based on Ζ, y, 2, and are merely 
the usual three-dimensional matrices for the various rotations. 


Problems. (1) Construct the matrices for the F-representation of 7. 
(2) Find functions which belong to the E-representation of Τ'. 


Finally we consider the group Τὰ (and the isomorphic group O). The 
group contains 24 elements in 5 classes, so there are 5 irreducible repre- 
sentations, and 


The only solution is ny = no = 1, ἢ = 2, ng = ἢ = 3. The group 
Tq is obtained from T by adjoining reflections in planes through opposite 
edges of the cube, as shown in Fig. 2-64. Each of these planes contains 
two of the 3-fold axes. The base function of the representation A of 7 
can be either symmetric or antisymmetric with respect to og, and we 
therefore obtain two one-dimensional representations A,, Az for Τα. 
The pair of complex-conjugate representations E of 7 have basis func- 
tions which go into one another upon reflection in a plane passing through 
the 3-fold axis, and hence we get a two-dimensional representation EH 
of Tg. Finally consider the three-dimensional representation F of Τ', 
If we take the basis functions z, y, z and apply a reflection in the plane 
x = y, then Oo(z) = z, Oc(x) = y, Oc(y) = 2, giving for the matrix of σ 


01 0 
10 Ol, 
001 


whence Χ(σ) = 1. [All the reflections are in the same class, so X(og) = 1 
for all σᾳ.] If instead we take the components of an axial vector as basis 
functions for the representation F of 7, then, under the pure rotations of 
the group 7’, they serve as well as a polar vector (for pure rotations their 
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TABLE 4-7 
Ta: E C3(8) Ce2(8) oa(6) Sa4(6) 
Aj 1 1 1 1 1 
Ag 1 1 1 —l —1 
E 2 —] 2 0 0 
Fo;%,y,2| 3 0 --Ἰ 1 —1 
Fy 3 0 —1 —J] 1 


transformation properties are the same). But now reflection in the plane 
xz = y changes the sign of the z-component of the axial vector, while the 
other two components are transformed into one another, so Χίσα) = —1. 
Thus we obtain two different three-dimensional representations 11 and 
F. of the group Tz. The characters of the elements S4 can be determined 
from the orthogonality of the row vectors in.the character table (Table 4-7). 


Problems. (1) Construct the matrices for the representations Κ᾽, F1, and F2 
of the group Tq. 

(2) Find the characters of representations of T by using Eqs. (3-154) and 
(3-156). 


We have now essentially obtained the primitive characters for all 
crystal point groups. Tables 4-9 through 4-19 assemble all these data 
in compact form for reference. 

Groups (such as @5, and $g) which sometimes occur in molecular prob- 
lems, but are not included in the crystal groups, can be treated easily 
by our methods. | 

We have not included tables for those crystal groups which are ex- 
pressible as direct products, i.e., for the groups 


C3n = C3 X Cy, Cun = C4 X Ci, Coen = Co X Ci, 


Doan, = Dez X Ci, Dan = Dg X Ci, Sg = C3 X Ci, 
Dsa = D3 X Ci, Den = Deo X Ci, T, = TX @i, 
O, = OX δὲ 


The reason for this omission is that, as pointed out in the previous chapter, 
the characters of the irreducible representations of these direct products 
can be obtained from the representations of the factors. Thus all groups 
which are obtained by taking a direct product with the group Θὲ have 
double the number of classes. Each of the representations of the original 
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TABLE 4-8 
C3,: | EF C3 {: σι o1C3 σιοξ 
A’ 1 1 1 1 1 1 
AMC AA ἡ 1 —1l -1 —1 
, lé« é 1 ε ε2 
Ε 
1 ε ε 1 ε2 € 
, 1 ε εὖ -.- ese - ε 
Ε 
1 ε ε --Ἰ --ε —e 


group gives rise to two representations of the direct product, one which 
is symmetric and one which is antisymmetric with respect to the inver- 
sion J. The same remarks apply to a direct product with @,. As an ex- 
ample we give the character table for the group C3, (Table 4-8). 


Problem. Construct the character table for Sg. 


4-3 Character tables for the crystal point groups. 


TABLE 4-10 

Cs Ε I 

TABLE 4-9 Co: E Cp 
Ci: | £# C,: E σ 
All Ag Ase Aloo ὼ 1.1 1 
Au3t,y,2 Byx,y A”;2 | 1 —1 

TABLE 4-11 
Con Ce Th 1 


Ε 
E 
Ξε [Ι΄ CG, GCG, Ὁ, 
1 
1 
1 
1 


Bu3x,y Bi;x Bay 
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TABLE 4—12 
C4: E C4 C3 Ci 
S4 E 8, Si δὲ 
A;z A 1 1 1 1 
B B;z 1 —l 1 —1 
E.  E: : 1 4 --1 -- 
Σ + ἐσ + ly fe oy ; 
TABLE 4-13 TABLE 4-14 
Cs: E C3 C3 Cay: E (C3(2) σ,(8) 
Asz 11 1 D3: | E C3(2) C,(8) 
2 . 
Bint iv = : Αι; Ai 1 1 1 
1 εἰ ε Ag Ag;z} 1 1 —1 
e = 6. 2τῶδ E;xz,y E;2,y|2 -- 0 
TABLE 4-15 
Ce EC, -@ C € κ᾿ 
A;2 1 1 1 1 1 1 
Β 1 -ἹὉὋἍ 1 —1 1 —1 
E 1 w2 —w 1 ω —w . 
: 1 —w a? 1 —w ω 
; 1 ω ω —1 —w --ω 
ἔν τῈ ᾧ 1 --ωῷ - —l ωϑ ω 
a = ο2τι6 
TABLE 4-16 
C4y: E ΟΣ Ομ o,(2) συ (2) 
Da: E Cy Ca4(2) C2(2) C2(2) 
Dea: | E Ce Sa(2) Ca(2) σαί) 
A132 Αι Aj 1 1 1 1 1 
Ag A232 Ag 1 1 1 —1 ---Ἰ 
By, By, By 1 1 —1l 1 -Ἰ 
Bo Bo Bo3;z 1 1 - --Ἰ 1 
ΕἾ αν E;2,y E;2,y 1712 —2 0 0 
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TABLE 4-17 
De: E Cé Οὐ) Ce(2) Ce(3) Ο..(3) 
Cov: E Οὗ C&2) C6(2) σι(8) συ (8) 
Dsn: 1Ε on δέ) 6) Ce(3) σ»υ(β) 
Αι A132 Ay’ 1 1 1 1 1 1 
49; 4. Ad’ 1 1 1 1 —1 —1 
Βι Bo ΑΨ 1 —1 1 -] 1 --} 
Be Βι Aysz | 1 —1 a) ἈΦ 1 
Ee Ei E’;x,y | 2 2 —1 —1 0 
Ei;2,y Eo;2z,y gE" 2-2 —1 1 0 0 
TABLE 4-18 
T: E C2(3) C3(4) C3(4) 
A 1 1 1 1 
Ε 1 1 € €? 
1 1 €? € 
F;z,y,2|3 —1 0 0 
TABLE 4-19 
O: E (3(8) C3(3) Coe(6) C'4(6) 
Τα: Ε C3(8) δέ(8) σα(6) 84(6) 
Aj Aj 1 1 1 1 1 
Ag Ag 1 1 1 —] —] 
E E 2 --] 2 0 
Fo Fo;2,y,2 {| 3 0 -- ] 1 —1 
F152, y,2 Fy 3 Ὁ. gel ..1.- 1 


CHAPTER 5 


MISCELLANEOUS OPERATIONS WITH 
GROUP REPRESENTATIONS 


5-1 Product representations (Kronecker products). In Chapter 3 
we discussed the addition of representations of a group G to form new 
representations. Another method of deriving new representations, which 
is of basic importance in physical applications, is the construction of the 
product representation (Kronecker product). ‘This procedure is similar to 
the one used in Section 3-19 to obtain the irreducible representations of 
the direct product of two groups. 

Suppose that we have found all irreducible representations of the 
group G. Let D™ be an irreducible representation in the n-dimensional 


space of vectors x (having components 71, ...,%n, I 8 particular basis), 
and let D™” be another irreducible representation in the n,-dimensional 
space of vectors y (components ψ1; - - - » Yny): 
Se | 
w= δ) δύ (ΠΕ); = = 1,.. . , Ma) (5-1) 
j=l 
ny ᾿ 
te= Σ᾽ DE (R)yy (ἀ = 1,.--, m). (5—1a) 
l=1 | 


Multiplying the two equations, we obtain 
ΓΙ xe A ) (ΕΒ D” (R)x; a= 1,...,% ᾿ τι 
xy = >> >) ΡΒ) Ῥεῖ (R)xiyi | i (5-2) 
ie ees 


We can regard the quantities x;y; as the components of a vector in the 
(n, " ny)-dimensional product space. Equation (5-2) associates a trans- 
formation in this space with each of the elements #& of the group G: 


v Lid, ΞΞΞΞ 1, eee MN 
CY = Σ; Diet (γι & ΓΞ oe ὦ ᾿ (5-3) 


where 
DY%?(R) = (D™(R) X D™ (R))ik,5t = DS?(R)- Dy?(R). (5-4) 


128 
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The matrices D{#*”)(R) form a representation of the group G: 
Dis? (RS) = Di? ( RS) De? (RS) 


= Σ DLR) DES) YDB RDS) 


= )/ [Die (R) Dis (R)](DS3 (8) Dp? (8}} 
α,β 


= Σὺ Dives (R) DS? (8), (5-5) 
αβ 
that is, 
D“*”(RS) = D“*”(R) - D&*”(S). (5-6) 


The representation (5-4) is called the Kronecker product of the representa- 
tions D™ and D”. 

Equation (5-6) also gives us the general rule for multiplication of 
Kronecker products of matrices. If A,, Ag,... are matrices of degree n, 
and B,, Bz,...are matrices of degree m, the Kronecker products 
(A; X By), (Ae X Bo), ... will be matrices of degree nm, in which 


(Ay X By) ik,j1 = (Av) iz(Bv) ει- | (54a) 
As in Eq. (5-6), 
(A, X By)- (Ag X Bg) = (4.49) X (BiB) (5-6a) 
or, in general, 


(Ai X Bi): (Ag X Bg) +++ (As X Bs) = (4.42--- As) X (Bi Bo--- Bs). 
(5-6b) 


The above definition is given in terms of abstract vector spaces. We 
come closer to the physical problem if we restate our definition in terms of 
wave functions of a physical system. In Section 3-7 we associated an 
operator Or with each transformation PR, where Op is a transformation 
of the arguments of the wave function: 


Or¥(z) = ¥(R~2). (3-68) 


The set of transformations R which leave the Hamiltonian H invariant 
form a group G such that 


OpHOx = H (3-73) 


130 OPERATIONS WITH GROUP REPRESENTATIONS [cuap. 5 


for all elements R in G. If y is an eigenfunction of H belonging to a given 
eigenvalue ἃ, then Ory is also an eigenfunction with eigenvalue A. In 
the absence of “accidental” degeneracy, the set of , eigenfunctions 
wy (4 = 1,...,n,) belonging to a given eigenvalue i, will provide the 
basis for an irreducible representation of the symmetry group G of the 
Hamiltonian: 


On}? = Do VPDP(R). (5-7) 


t 


Similarly the set of ἣν degenerate eigenfunctions ¢” belonging to the 
eigenvalue ἂν form the basis of the irreducible representation sD ae 


Oro? = > eo” DY? (R). (5-7a) 


From Eas. (5-7) and (5--78), 


Oro”) ae Ds po” DY(R) DY? (R) 


ik 
— sae VP oR DEF? (R) (5-8) 
? 
so the products (H) 4”) form the basis for the product representation 
DY 4 Dp”. 
The notation with double subscripts is quite complicated. To gain 


some familiarity with it, we give the explicit results for the simple case 
where n, = ny = 2. Then 


On® = ψΟΡ (ΒΕ) + vy DY (R), 
On? = oP (ΠΕ) + ¥2°D22(R), 
Ord? = #1 DUR) + 63° D2 (R), 
Ord? = 6 DUAR) + $8” DH3(R). (5-9) 
From (5-9) we have 
On Po?) = WEDACR) + YP DARLEY DR) + $3”D57(R)] 
oe = wPe?’D DY) (ΒΡ) (ἃ) ate py o3” DY}(R)D§}(R) 


ΕΞ VoD DY) (R)DY}(R) =e ve 63 (») D$}(R) D3} (R). 
(5-10) 
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In the expansion of Op(y\”¢”), the coefficient of py” 6S” is Dj (R) DS? (RB), 
50 


(D® x D™(R))12,11 = DYi(R)D3i(R), 


and 
(D® x D™ (R))o2,11 = D¥}(R) DY} (R). 


Similarly, we find 
Ori $2”) = YP oY? DYI(R)DY2(R) + ψ oo? DTI (R)DS2(R) 
+ vP or DH (R)DY3(R) + w2? o2” D3} (R)D33(R); 
(5-11) 
Ono?) = Wo? DBR) DPR) + yo? D2(R)DB2(R) 


+ We or D22(R)Dii(R) + $2962" D22(R) Doi(R); 
(5-12) 


On(¥2"d2”) = WP eY DY2(R)DY3(R) + VP of DY2(R)DS3(R) 
+ W3' er D33(R) DYa(R) + v3 o2” D$3(R) D93(R). 
(5-13) 
From (5-10) through (5-13), the matrix of RF in the product representation 
is 
Dp” 4 D”(R) ἘΞ 
DYi(R) DIR) DYi(R) DY2(R) Di2(R) DLR) DY2(R) Ρ (ὦ) 
DYi(R) DER) DER) DER) DY3(R) DCR) DYB(R) DER) | 
DS{(R) DER) DSR) DPZ(R) DR) DR) DS3(R) D&B) 
DSQ(R) D3}(R) D$}(R) D§3(R) D§3(R) DS?(R) DY3(R) D§3(R) 
(5-14) 


where the rows and columns are numbered in dictionary order: 11, 12, 
21, 22. We have been assuming that all the product functions are linearly 
independent, for otherwise we should have combined the terms and 
would obtain a representation of lower degree. So we are assuming that 
the μ- and v-representations have different degree or, if uw = v, that 
the y’s and @¢’s are not related to one another. 

We denote the characters of the product representation by 


χίμ) x ΧΟ ΠῚ oe ΧΟ 
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As we see from the special case (5-14) or the general equation (5-4), 


X*O CR) = D1 ΘΟ (ΒΡ. (ΒΕ) = XR) xR). (5-15) 


Thus the character of an element in the product representation is the 
product of its characters in the “factor” representations. 


Problem. Show that the Kronecker product of unitary representations is a 
unitary representation. 


5-2 Symmetrized and antisymmetrized products. In the previous 
section it was assumed that » + v. Let us now assume that μ = ν and 
that the y” and ¢°” are independent sets of functions. Again, for sim- 
plicity, we first treat the case where n, = ἣν = 2. We rewrite Eqs. (5-10) 
through (5-13), omitting the superscripts uw = ν: 


Or(Widr) = ¥1¢1[Di1(R)]? + ¥162D11(F) Dai (RF) 
+ Yo¢1Do1(R)Dii(R) + ψωφ:41(1)}"; 


5-16 

OrWide) = ¥161D11(R)Di2(B) + ¥1b2D11( 2) Do2(#) 
+ W2¢1De1(R)Di2(F) 

+ beb2Do1(R)D22(k); (5-17) 
Oro.) = ¥1¢1D12(R)Dii(R) + ¥id2D12(R) Dai (RB) 
+ W2¢1D22(Rh)Dii(R) 

+ Poo2De0(R)Doi(K); (5-18) 


Or(Wo¢2) = ¥1¢1[D12(R)]? + ¥1¢2D12(R) Doo(R) 


+ Wob1D22(R)D12(R) + 2¢2[D22(R)]?. 
(5-19) 


If we take the sum and difference of (5-17) and (5-18), we can rewrite 
the four equations as 


Ομίψιφι) = ¥1¢11D11(R)]? + Wide + ¥2¢1)D1i(R) Dai (RP) 
+ Pobe[Do1(R)]; (5-20) 
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Ομίψιφε + ψοφι) = 2¥1¢1D11( 2) Di 2(R) 
+ (Wide + ¥ob1)[D11(2)Doo(R) + Dyo(R)Do1(R)] 


+ 2bob2Do1(R)Do2(F); (5-21) 
Or(vid2 — ψεφι) = (Wide — W2¢1)[D11(2) Deo(R) — Dy2(R)Dei(R)]; 
(5-22) 

Or(bod2) = ¥1¢1[Di2(R)]? + (Wide + v2¢1)D12(R)Do2(R) 
+ Weoe[Do2(R)]?. (5-23) 


Note that (5-22) contains only the antisymmetric combination ~1¢. — 
Yo¢1, while (5-20), (5-21), and (5-23) couple the three symmetric com- 
binations ¥1¢1, Yid2 + ¥2¢1, and Yo¢e. We conclude that the product 
of a representation (of degree > 1) with itself is always reducible into 
the sum of a symmetric and an antisymmetric product representation. 
We show this now for the general case. In Eq. (5-8) take μ = pv: 


Or (yore) = a vy ot” D® (R) D\?(R). (5-24) 


ik 
Interchange 7 and I: 
OnWis3) = DvP oP Ρ ? (BR) Di; (R). (5-25) 


Taking the sum and difference of (5-24) and (5-25) yields 


Oro? ae vo) ΞΘ 2 vy of? [DY (R) Di? (R) a DS? (R) Dx? (R)] 


tk 


= 32 ps (Wr pK” + WE oY ΠΡΌ (ΚΕ) De? (R) + DYP(R)DiP(R)I; 


(5-26) 
Ono” — WPS?) = DWE LDP(R)Der(R) — DE (R)Di}(R)| 
tk 
= ἐδ WP ee? — PoP Δ DER) — DP(R)DY(R)]. 
" (5-27) 


The product 99 x D™ of the representation D™ with itself is always 
(aside from the trivial case of n, = 1) reducible into the sum of the 
symmetric product representation [D“ x D™] of Eq. (5-26) and the 
antisymmetric product representation {D™” Χ 2299} of Eq. (5-27): 


D™” x Dp” = [D™ SK DD“) zt {0.9 x D™}, (5-28) 
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These representations may in turn be reducible. The matrices of the 
symmetric and antisymmetric product representations are 


[D® xX D™ (R)leiiz = 31D Dis (RB) Di;(R) + D¥?(R)DY}(R)], (5-29) 
{D® xX ΡΟ ΚΒ) κι, = DE (R)DY(R) — Di2(R)De;(B)). (5-30) 


The dimensions of these two representations are $n,(n, + 1) and 
4n,(n, — 1), respectively. The characters of the symmetric and anti- 
symmetric product representations are denoted by IX «x x(R)] and 
{x x x™(R)}, respectively. For our special case, we have from 
Eqs. (5-20) through (5-23): 


x x X(R)] = [Dii(R)]? + Di1(R)Doo(R) + Di2(R)Do1(R) + [Doo(R)/? 
4[D1i1(R) 


+ Do2(R)}? + Σ[Π011(1}}5 + Die(R)Dai(R) 

+ Doi(R)Dy2(R) + [D22(R)]"] 

= 8Dii(R) + Doo(R)]? + 3[Di1(R?) + Doo(R”)] 

4[(x(R))? + x(R”)] (5-31) 


and 
{x x x(R)} = 4[(x(R))? — x(R?)]. (5-31a) 


Similarly, in the general case, from Eqs. (5-26) and (5-27): 


[x x x(R)] = $7) (Di R)Dj(R) + Di R)DjA RB) 


| 
bo|= 


2 Dj R)Dj;(R) + De a 


= [((}}} + x(R*)] (5-32) 
and 
{x x x(R)} = $[(x(R))? — x(R?)]. (5-33) 


Finally, we note that if μ = v and y = ¢™, the antisymmetric 
products (5-27) are identically zero, and we obtain only the symmetric 
representation (5-29). 
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5-3 The adjoint representation. The complex conjugate representa- 
tion. In this section we consider some other methods for deriving new 
representations. Suppose that D(#) is an irreducible representation of 
the group G. If we take the inverse transpose of each of the matrices, we 
again obtain a representation since 


D~(RS) = [D(RS)|“! = [D(8) DR)? = D-(R)D-(8). (6-34) 
This representation is called the adjoint representation D: 
D(R) = D71(R). (5-35) 


If we take the complex conjugate of the representation D(R) [1.e., the 
set of matrices whose elements are the complex conjugates of the elements 
of D(R)], we get the complex conjugate representation D*(R): 


D*(RS) = D*(R)D*(S). (5-36) 
Problem. Prove that D, D, and D* are either all reducible or all irreducible. 


The characters of the adjoint representation are 


x(R) = x(R7") (5-37) 
or 
Xe SS Xe; (5-38) 


where K;- is the class of the elements inverse to those in class K,;. The 
characters of the complex conjugate representation D* are the complex 
conjugates of the characters of D. In terms of the adjoint representation, 
the orthogonality theorems for characters (3-146) and (3-148a) become 


DX (RRR) πρῶ; (5-39) 
R 


SOX X29 be; (5-40) 


t 


the completeness relation (3-177) is 
Σ WT) _. 9 ee | 5-41 
Xj Xx; — σι us ( ) 


and Eqs. (38-150a), (8-15la), and (8-155a), which are used to analyze a 
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representation into its irreducible components, become 


ay = () De 9 αι, ; (5-42) 


DX = 9 Da, (5-43) 
a μ 


Σ, (6) Xidi = Σ᾽ αμθ,. | (5-44) 


t 


5-4 Conditions for existence of invariants. If the irreducible represen- 
tation D(R) is unitary, the scalar product of vectors in the Hilbert space 
of the representation is invariant since 


(Dy, Dx) = (y, D'Dx) = (y,x). (5~45) 


Moreover, in this case the scalar product provides us with a Hermitian 
invariant. For finite groups [or for any group in which (3-101) holds], 
we can always make the representations unitary. 

If the adjoint representation D and the complex conjugate representa- 
tion D* are equivalent, that is, 


D-1(R) ~ D*(R) (5-46) 
or 


D(R) = D'-1(R), (5-46a) 
there exists a matrix F such that 


D*(R) = F-'D-(R)F 
or 


D'(R) = FD~(R)F—!, (5-47) 
D'(R)FD(R) = F. (5-48) 

Then 
(y, Fx) (5-49) 


is invariant under all transformations of the group G: 
(Dy, FDx) = (y, D'FDx) = (y, Fx). (5-50) 
Taking the adjoint of Eq. (5-48), we get 


D'(R)F'D(R) = F', (5-48a) 
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so that 
(y, F'x) (5-49a) 


is also an invariant. Combining (5-49) and (5~-49a), we find two Hermi- 


tian invariants: 
F+F F — εἶ 
(y, aes x) | (ν “τ x) : (5-51) 


These invariants are not both identically zero, since this would imply 
that F = 0. 

Conversely, if there exists a nonsingular matrix {7 such that (y, Fx) 
is invariant, 


(y, Fx) = (Dy, FDx) = (y, D'FDx), 


then eae 
D'IFD=F, D* =F™D-'F. 


and the adjoint representation D and the complex conjugate representa- 
tion D* are equivalent. Thus, the necessary and sufficient condition for 
the existence of a Hermitian invariant is the equivalence of D and D*. 

For an irreducible representation, there can be no more than one in- 
variant of the form (5—49). If in addition to (5-49), (y, Hx) is invariant, 
then 


DHD=H, DH pi! = AA7} 
FH = (D'FD)(D—'H7-'D!-) 
= D'irH—'p!-1 
(FH) pD' = D'(FH-). (5-52) 


The matrix FH~! commutes with all the matrices of the irreducible 
representation Di, and hence it follows from Schur’s lemma that F is a 
multiple of ἢ. 

For an irreducible representation, the two invariants in (5-51) cannot 
be independent, and (except for a constant factor) the matrix F must 
be Hermitian. 

We have shown that if D and D* are not equivalent (1.6., D ~ D'~}), 
we cannot construct a Hermitian invariant. However, we shall show 
that this can be done by taking the direct sum of D and D'-!. Let the 
irreducible representation D act in the space x and the irreducible repre- 
sentation D'—! act in the space y. (Both spaces clearly have the same 
dimension n.) Then, 


a’ = Dz, y= p'-y, (5-53) 
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and the quantity yla is invariant under all the transformations of the 
group: 
y! x" ΞΞΞ (D'-1y)'(Dz) = y'D—'Da = ya. (5-54) 


Similarly aly is invariant, and hence we have found two Hermitian in- 
variants: 


A = 4ylz + aly), 
(5-55) 


1 
B= 5, (y's — aly). 
t 


We take the direct sum of the two spaces and form vectors 


y= (Ω (5-56) 


having 2n components. Under a transformation of the group G, Ψ goes 
over into 


v= (pty). (6-57) 


The two Hermitian matrices 


in which £ is the n-by-n unit matrix, provide us with two Hermitian 
invariants: 


sf = (φ, fv) and φΐζωψ. (5-59) 


This result does not contradict our earlier theorem since the representa- 
tion space (5-56) is reducible. 


Problem. Show that for the representation found in (5-57) the adjoint and 
complex conjugate representations are equivalent. Show that either fi or fe 
in Eq. (5-58) accomplishes the transformation. 


5-5 Real representations. In this section, we wish to investigate the 
conditions under which the irreducible representations of a group G can 
be brought to real form, so that 


Dij(R) = ἢ (ΠΕ). (5-60) 
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We shall assume that all representations are unitary (as is certainly 
the case for finite groups), so that 
D'(R)D(R) = 1 (5-61) 
or 


D~'(R) = D(R) = D*(R), (5-61a) 


i.e., the adjoint and complex conjugate representations coincide. 
If the representation D is real, D(R) = D*(R), and X(R) is real. 
Conversely, if x(R) is real, then, since 


tr [D*(R)] = [tr D(R)]* = [x(R)]*, (5-62) 


the characters of D* are identical with those of D, and the representation 
D is equivalent to its complex conjugate D*. If ΧΑ) is complex, D 
and D* are not equivalent, and this is the only case in which non- 
equivalence occurs. 
The irreducible representations of the group G can therefore be divided 
into three types: 
(1) D is real (i.e., D can be brought to real form). 
(2) D is equivalent to D*, but cannot be brought to real form. 
(3) D is not equivalent to D*. 
If x(R) is real, so that we are dealing with cases 1 and 2, D is equivalent 
to D*, and consequently, we have from (5-61a) 


D(R) ~ D7"(R). (5-63) 


Taking traces, we find 
X(R) = ΧΙ ἢ. (5-64) 


Moreover, Eq. (5-63) implies the existence of a nonsingular matrix S 
such that 


SD(R)S~! = D-'(R) = D*(R), (5-65) 
D(R)SD(R) = S. (5-66) 


Since the representation was assumed to be unitary, the matrix S is also 
unitary. Thus there exists a bilinear form 


ESY (5-67) 
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which is invariant under all the transformations 


x’ = D(R)z, (5-68) 
since 


΄-ς.. “-Φ 
δα) (μὴν = ED(R)SD(R)y = Ty. 


Conversely, if such a bilinear form exists, then 
SD(R) = D-(R)S 


for all R. Since the representation D is irreducible and S is not identically 
zero, it follows from Schur’s lemma that S is nonsingular, so that 
Eq. (5-65) is satisfied and D is equivalent to D*. We conclude that in 
case 3, for which ΧΑ) is complex, there is no bilinear form which is in- 
variant under the transformations (5-68). 

In cases 1 and 2, we have Eq. (5-66). The transposed equation is 


D(R)SD(R) = 8, 
and the inverse is 
D7(R)SD-(R) = Sa. 
Multiplying, we find 
S'S = D7~\(R)S“'SD(R) 


or 
D(R)S7'8 = S~'SD(R). (5-69) 


Since D(R) is irreducible, S~1S must be a multiple of the unit matrix EF: 


SS = cE, (5-70) 
S = oS. (5-70a) 
The transpose of (5—70a) is 
S = oS, (5-70b) 
so that ᾿ 
S = cS = c(cS) = ς2 5, 
and 


c? = 1, c= +I. 


We conclude that if x(R) is real [cases (1) and (2)], there exists an in- 
variant bilinear form whose unitary matrix S is symmetric or skew-sym- 


metric: 
S=S8S or S = —NS. (5-71) 
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Since | 
detS = det 5, det (—S) = (—1)" det S, 


where n is the dimension of the representation, we see that the minus 
sign in Eq. (5-71) can occur only for representations of even dimension. 

If the plus sign in Eq. (5-71) holds, we are dealing with case 1: The 
matrix S is unitary and symmetric. Then there exists a unitary sym- 
metric matrix B such that 


B* = 8. (5-72) 
Since B'B = 1 and B = B, 
B= Bo, B= Re. (5-73) 
Substituting (5-72) in (5-65) and using (5-73), we obtain 
B?D(R)B-? = D*(R), 


BD(R)B— = B-!D*(R)B = B*D*(R)B*—! = [ΒΡ(Ε)Β 1". 
(5-74) 


The last equation shows that the representation D(f) is transformed to 
real form by the matrix B. Since B and D(F) were unitary, the matrices 
D'(R) = BD(R)B™ are also unitary. They form therefore a real, orthog- 
onal representation of the group G: 


D'(R)D'(R) = E. (5-75) 


We shall omit the more complicated treatment of case 2. Instead we 
proceed to find a simple criterion for the three types of representations. 
This criterion is expressed in terms of sums over characters, so we shall 
assume that such sums are meaningful. (This is certainly the case for 
finite groups.) 

The matrix 


S= >> D(R)XD(R), (5-76) 
G 


where X is an arbitrary matrix, satisfies Eq. (5-66) and provides us with 
an invariant bilinear form (5-67). In case 3, for which no invariant bi- 
linear form can exist, the matrix S must be the null matrix for any choice 
of X: 


>> Das(R)Dy(R) = 0 forall a, B, 7, 6. (5-77) 
G 
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Setting β = Y and summing over 8, we have 


0 = > 5 Dag(R)Dex(R) = du Das(R”), 


so that in case 8, 


>, D(R’) = 0. (5-78) 
G 


We can combine the results for all three cases in the single statement: 


ἜΙ forcase 1 
S = 6S, c=,-—1 forcase 2): (5-79) 
0 forcase 3 
From Eqs. (5—-76) and (5-79), 
ΣΟ Dy Dsa(R)XpyDys(R) = ¢ >) >) Dpa(R)XeD,3(R), 
G By G βγ . 
so that 
>> Dea(R)Dys(R) = ¢ >) Dya(R)Dgs(R). (5-80) 
G G 


In particular, we set a = Y, 8 = ὃ and sum over a and β: 
>> >> Dea( R)Dap(R) = ¢ > >) Daal R)Dep(R) (5-81) 
G α,β G α,β 


or 


Σ, XR Se XC) XR). (5-82) 
G G 


In cases 1 and 2, we have Eq. (5-64), x(R) = x(R~"), and the orthog- 
onality relation (38-146) gives 


>) X(R)x(R) = g, (5-83) 
G 


while in case 3, D is not equivalent to D, so that 


>, X(R)x(R) = 0. (5-83a) 
G 
Combining these results with Eq. (5-82) yields 


+1 forcase 1 
Ds x™(R*) = e-g, where οἰ = }—1 forcase 2: (5-84) 
G 0 forcase 8 
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Wigner calls the representations of type 1, which can be transformed 
to real form, integer representations. For such representations, c = 1, 
while c“’ — —1 for the half-integer representations of type 2, which can- 
not be transformed to real form but are equivalent to their complex 
conjugate. Finally, c“’ = 0 for the representations of type 3, which are 
not equivalent to their complex conjugate. 

Equation (5-84) provides us with a simple criterion for the three types 
of representations. In particular, a representation can be brought to 
real form only if the sum of the characters of the squares of the group 
elements is equal to +g. 

Let ¢(S) be the number of solutions of the equation 


Res. (5-85) 
Combining those terms in Eq. (5-84) for which R? = S, we have 


D, S(8)xP(S) = οἷ - g. (5-86) 
G 


Using the completeness relation (3-177) and noting that ¢(S~') = ¢(S), 
we solve (5-86) to give 


ζ(5) = Σὺ cx (8). (5-87) 


Equation (5-87) states a remarkable theorem: 


THEOREM. The number of solutions R of the equation R? = S (ie., 
the number of square roots of the elements S) is given by (5-87) in 
which c” = 0 if χ (8) is complex. If χ (9) is real, ce” = +1 or 
—1, depending on whether the representation D™ is or is not equivalent 
to a real representation. 


In particular, setting S equal to the identity H, we find that the number 
of solutions of the equation R? = E is 


{(8) = Dp ny; (5-88) 


i.e., the number of solutions is obtained by taking the sum of the degrees 
of all irreducible representations of type 1 and subtracting the sum of 
the degrees of all those of type 2. 


The matrix 
>> D(R’) 
G 
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commutes with all the matrices of the irreducible representation D(R) 
since 


D~*(A) >) D(R®) D(A) = Σ) D7*(A)D(R*) D(A) 
G G 


= S~ [D71(A) D(R)D(A)[D71(A) D(R)D(A)] 
G 


| 


>, D(R)D(R) 
G 


> DR). (5-89) 
G . 


[As D(R) runs through G, so does D~'(A)D(R)D(A).] From Schur’s 
lemma, >, D(R?) must be a multiple of the unit matrix: 


>) D(R’) = dE. (5-90) 
G 


Taking traces and using (5-84), we obtain 
cg = Nu; 


where n, is the dimension of the representation, so that (5-90) becomes 
(#1) 

>. D”(R?) = —2E. (5-91) 
G 


We multiply Eq. (5-91) by D™ (A): 


(#4) 
>, D® (AR?) = —4 D(A), (5-92) 
G Mu 
and take the trace: 
(#) 
>. XM (AR?) = —2 x (A). (5-93) 
G Mn ᾿ 


Let A = S? and sum over 3: 
a > χ (5285) ee cg > mS 
R 8s te, τς 

Using Eq. (5-84) once again, we get 


>, eS? R*) = (δ 9)" (5-94) 
FR S 


Np 
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If (71) is the number of solutions of the equation 
SR? 7. (5-95) 
then 


2 
ΣΣ tDx(0) = co. (5-96) 
Again using the completeness relation, we solve to obtain 
(#) .\ 2 
p= >) car. en): (5-97) 
μ μ 


In particular, for T = E, 
η(Ε) = 9 Dole)’; (5-98) 
μ 


1.6., the number of solutions of the equation S?R? = FE (or 52 = 22) is 
equal to g times the number of irreducible representations with real 
characters. 

This process can be repeated. Multiplying equations of type (5-91) 
for the s elements R,, Ro,..., Rs, we find 


2 p2 2 cg : 
>) D®(RIRZ--- R3) = ae: (5-99) 
μ 
Taking the trace yields 


2p2 2 cg ᾿ 
>. x”(R2R3--- R2) = n,(—) . (5-100) 
Rivas Mn 


By the same procedure as before, we now find that the number of solutions 
of the equation 


RiR2---R?=E£ (5-101) 


is 


Problems. (1) Construct the character table for the quaternion group (see 
the problem on p. 28). Show that the two-dimensional representation is of 
type 2. Check the various theorems of this section for the quaternion group. 

(2) Assign the representations of the crystal point groups to types 1, 2, 3. 
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If we take the square of Eq. (5-87) for ¢(S) and ¢(S~") = ¢(S), and 
sum over S, we get 


» [¢(S)]? = Σ; εἰ") .) > x™(S)x(S—*) 
G BY G 


= eC GY Ony (5-102) 
BDV 


= 9 >, [c”] : 


which is the same result as in Eq. (5-98). Equation (5-102) states that 
the sum of the squares of the numbers of square roots of all elements of 
the group G is equal to g times the number of real primitive characters. 

This last result can be changed to a more useful form. We know that 
the inverses 9 3 of all the elements R in the class K; form a class K;’. 
The completeness relation (8-177) for 7 = 7 was 


GX X= συ δῆς (5-103) 
μ 


Summing over 7, we have 
>. (Σ ἐν. Ξε 9 Pz Sia". (5-104) 
μ a t 


According to Eqs. (5-83) and (5-83a), the quantity in parentheses on 
the left side is g if the character x™ is real, and zero if x” is complex; 
thus the left-hand side is equal to g times the number of real characters. 
The sum on the right is the number of classes 7 which coincide with 7’. 
Such classes are called ambivalent classes. Thus Eq. (5-104) states that 
the number of real characters is equal to the number of ambivalent classes. 
Combining this with Eq. (5-102), we obtain the following theorem: 


TuroreM. The sum of the squares of the numbers of square roots of 
all elements of a group is equal to the order of the group multiplied by 
the number of ambivalent classes. 


We also note that if all the classes of the group G are ambivalent, all 
the characters must be real. This is the case for the symmetric group Sn, 
since a permutation and its inverse have the same cycle structure. Thus 
all the characters of the symmetric group are real. 


Problem. Find the number of ambivalent classes in each of the crystal point 
groups, and check this against the number of real characters in the character 
table. Enumerate those point groups for which all classes are ambivalent. 
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5-6 The reduction of Kronecker products. The Clebsch-Gordan 
series. In Section 5-1 we defined the Kronecker product of two repre- 
sentations. These products play a fundamental role in the theory of 
coupled systems and in the derivation of selection rules. In this section, 
we obtain the mathematical basis for such applications. 

The product of two irreducible representations of the group G will, in 
general, be reducible. To analyze the product representation, we use 
Eq. (5-15), 


x HX” PR) = x (R) . x" (8), (5-15) 
and Eq. (5-42), 
ἂν = τ Σ᾽ x°* (RY (R), (5-42) 
G 


which gives the number of times, ag, that the irreducible representation 
D® is contained in the representation D“*”. Combining these two 
equations, we find 


ἀν = Dy X(R)X (RIX (R. (5-105) 
G 


This equation can be put into various useful special forms. 

First we take the Kronecker product of D™ and D™ and ask for the 
number of times the identity representation is contained in D™ x D™. 
Since the characters of the identity representation D‘” are all equal 
to unity, this number is 


αι =) xP(R)EOR) = bn (5-106) 
G 


where the last equality follows from the orthogonality theorem. Thus 
the product of D™ and D™ contains the identity representation (once) 
if and only if μ = v. This result can be restated in terms of basis func- 
tions. The (single) basis function of the identity representation is in- 
variant under all transformations of the group G. Equation (5-106) 
states that we can construct an invariant linear combination of product 
wave functions if and only if the representations D™ and D” are adjoint 
(u = v). If the representations are unitary, D = D*. In this case we 
can say that the product contains the identity if and only if the factor 
representations are complex conjugates. 
Again, if we replace D™ by D™ in Eq. (5-105), we obtain 
az = τ x (R)X(R)X (R), (5-107) 


G 


which gives the number of times that D® is contained in D™ x D™. 
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The numbers az in Eq. (5-105) are the coefficients in the expansion 
of D” x D™ in irreducible representations: 


D” x D” see DS α΄. “5... (5-108) 
σ 


The expansion (5-108) is called the Clebsch-Gordan series. 
If the representations are unitary, X = X*, and Eq. (5-105) becomes 


ie ἊΣ x (R)x™ (R)x* (RB). (5-105a) 
G 


A more suggestive notation than that in Eq. (5-105) or (5-108) is 
D® x D® = D> (uve) D™; (5-108a) 
σ 


1.6., (uve) is the number of times that D® occurs in the Kronecker 


product of D™ and D”. Clearly, (uvo) = (vo). 


Problems. (1) Prove that the numbers of times that 


D®™ is contained in D Χ D™, 
D™ is contained in D™ X D®, 


D™ 15 contained in D Χ D™ 


are all equal. Show that if all the characters of the group G are real, the symbol 

(uvo) in (5-108a) is completely symmetric. 

_ (2) Find the conditions under which the Kronecker product D™ X D™ is 
irreducible. 

(3) Prove that the Kronecker product of two irreducible representations of 
dimension 71, n2(n1 > neg) cannot contain representations of dimension less 
than n1/n2. 

(4) Find the coefficients in the Clebsch-Gordan series for the product of the 
two-dimensional representation of the quaternion group with itself. 

(5) If the characters of D™ and D® are real and the character of D® is 
complex, show that D X D™ must contain D©™ and D* the same number 
of times. | 


5-7 Clebsch-Gordan coefficients. In the preceding section we discussed 
the problem of finding those irreducible representations which are con- 
tained in the Kronecker product of two irreducible representations. In 
the next chapter we shall show how the Clebsch-Gordan series enables 
us to determine selection rules. 
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Of even more importance for physical applications is the problem of 
finding the basis functions for the representations which are contained 
in the Kronecker product. We are given n, basis functions yi" ) 


(j = 1,...,m,) for the irreducible representation D“(G), and ny basis 
functions ¢}” (ἰ = 1,..., ny) for the irreducible representation D® (GQ). 
We want to find m functions v™ (s = 1,...,%m,) which are linear 


combinations of products y{”’¢;”, and which form the basis for the repre- 


sentation D®(G). The functions ¥% are a set of partners belonging to 
D™(G). From the last section we know that such a set exists only if D™ 
is contained in D” x D”, that is, only if (uvA) σέ 0. On the other hand, 
if (uv) > 1, we can form several independent sets of partners ΨΕΝ; 
there will in fact be (uvA) “correct linear combinations” of product func- 
tions. To distinguish these different sets of partners, we use the notation 
WP™ > s=1,...,m, Τὰ = 1,..., (ur). The functions ¥°™ will be 
linear combinations of products vy of”: 


UPD = yo! (uy, v|ATr8). (5-109) 


(We shall use the convention of summing over repeated Latin letters; 
sums over Greek letters will always be shown explicitly.) The coefficients 
(uj, vi|AT,s8) in Eq. (5-109) are called Clebsch-Gordan coefficients. (Other 
names are Wigner coefficients or vector-addition coefficients. Since these 
names are used for particular types of groups, we prefer the generic name.) 

The total number of functions ¥°7” must equal the total number of 
product functions y$¢{”: 


D, (νλληλ = πμῆν, (5-110) 
λ 


so the CG-coefficients (uj, vl/A7T,s) form a matrix of degree n,ny. Equation 
(5-109) is merely a description of the relation between the two different 
bases ¥°™ and yg)” for the representation space of the Kronecker 
product. Another description of this relation would be to express the 
products Vo! ”) as linear combinations of the YOM: 


pray? = DwmOnrslad, oD, 1 ἢ (6-109) 

which is the inverse of Eq. (5-109), so that 
(λ΄ τλ.81μ7, VI) (wy, VI|AT»S) = Syn" Oryrhr Oss’; (5-111) 
Ὁ (uj’, vl’ [λτχ8) (AT S| μ}, VI) = 853" Si. (5-111la) 


ATX 
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Problem. Using Eqs. (5-109), (5-109a), and the linear independence of the 
basis functions, derive Eqs. (5-111) and (5-111a). 


To simplify our problem we shall assume that we deal throughout 
with unitary representations. In this case, Eq. (5-109) is the shift from 
one orthonormal system yo)” to another, YO | by means of the 


unitary matrix (μ2, vl|AT,s), so that 


(AT) S|HJ, vl) = (μ7, pl|d7y8)", (5-112) 
(uj, νι [λ΄ τα 58.) (uj, vI|ATAS) = δχλ' δτχτλ' Oss", (5-111b) 
Σ; (μ7', ν᾿} λτλ8)(μ1, VI|ATAS)* = 453° διι". (5-111c) 


AT) 


We now act on Eq. (5-109) with the operator Or corresponding to the 
element Ff of the group G: 


AT) (AT)) F ATY) ( 
ORS Me Ws! Date” (1), 


where the matrices D®™(R) are to be selected according to some fixed 
scheme; in particular, we can (and will) choose them to be the same 
matrices for all 7), so that D987 (R) = D(R). We now use Eqs. (5-7) 
and (5-7a): 


OpbO™ = YOMDI™( R) = wo (ut, vk|Ar,8’)DE™(R); (5-113) 


ORvo™ = Orly φίλ, vllArrs) 
= OnvOro? (uj, vl|ATIS) 
= Woe DY (R)Dir(R)(uj, vildr8). (ὅ-1186) 


Since the y¢ are a set of linearly independent functions, 
DY (R) Dx? (R) (uj, vl| Tas) = (μὲ, vk| drys’) DEY (R). (5-114) 


Equation (5-114) can be rewritten in a variety of useful forms. The 

CG-coefficients can be moved to the left side by applying Eq. (5-111), 

giving 

(τιμὴ, vie) ΟΦ (ΕΣ) DEP (ΕΚ (uj, vl|tas) = ΤΩ Ὁ) dav’ δτχτὰν Sts" 
(5-115) 

Equation (5-115) states that the matrices D”(R) X ἢ (μὴ) of the 
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Kronecker product are brought to reduced form by transforming with 
the matrix (uj, vl|AT,s) of the CG-coefficients. The first factor on the left 
can also be written as (μὲ, vk|d’r},t)*. We can also shift the CG-coefficients 
to the right side of Eq. (5-114) by using Eq. (5-111a) to give 


DY? (RB) De (R) = >> (ui, vk|Ary8") DYY(R)(Aras|uj, vl), (5-116) 


AT) 


which shows the inverse transformation from the reduced form to the 
Kronecker product. 

We could also shift the matrix representative from the right side of 
(5-114) to the left by multiplying by D*°™(R). Similarly, in (5-116) 
we could use the orthogonality relations to move all matrices to one 
side of the equation. However, we see that this yields equations which 
are not symmetric in μ, », Δ. 


5-8 Simply reducible groups. We can obtain addition coefficients 
which have a higher degree of symmetry if we choose particular types of 
groups. We shall assume first that the characters of all the irreducible 
representations of the group G are real. This implies that each representa- 
tion is equivalent to its complex conjugate, and no representations of 
type 3 (cf. Section 5-5) occur. All irreducible representations of G are 
integral or half-integral. A very large class of groups satisfies this condi- 
tion: the rotation group, the quaternion group, most of the crystal point 
groups, and all the symmetric groups S,. In fact, we shall see later that 
all irreducible representations of the symmetric group S, can be chosen ἡ 
to be real, so that we obtain only integer representations. 

A second difficulty in the general case arises because (μνλ) can be 
greater than unity. This fact makes the definition of the CG-coefficients 
ambiguous, since we can take arbitrary linear combinations: 


>) exe (5-117) 
ΤᾺ 


and still keep the representation in reduced form. If each representation 
D™ appeared at most once in the Kronecker product, there would be less 
ambiguity in the CG-coefficients. From Eq. (5-117), we see that in this 
case we could replace only ¥ by ΑΨ. Since we are dealing with 
unitary representations, this would mean that [q| = 1; thus the only 
arbitrariness in the CG-coefficients would be a phase factor which is the 
same for all coefficients with the same μ, ν, X. 

When we discuss the symmetric group, we shall show that one can 
proceed despite this second difficulty. In this chapter we shall make both 
of the restrictions discussed above. 
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We say that a group is simply reducible (SR group) if 

(a) Every element of G is equivalent to its reciprocal; 

(b) the Kronecker product of two irreducible representations of G 
contains each irreducible representation no more than once. 


Condition (a) means that all classes of G are ambivalent, that all 
characters are real, that all irreducible representations of G are integral 
or half-integral (c = +1 or —1). 

The symmetric groups S3 and S4, the quaternion group, the two- 
dimensional unimodular unitary group, and the three-dimensional rotation 
group are SR groups. 

Condition (b) is important for physical applications. It implies that 
the “correct linear combinations” of products of basis functions are de- 
termined to within a phase factor, and that the solution of the physical 
problem is uniquely determined from symmetry arguments. 

We first prove the following lemma: , 


Lemma. The Kronecker product of two integer or of two half-integer 
representations of an SR group contains only integer representations; 
the Kronecker product of an integer and a half-integer representation 
contains only half-integer representations. 


The unitary matrix S,, which transforms D™ to its complex conjugate, 


SDs, = pr. (5-65) 

satisfies the equation 
S, = eS,, (5-79) 
where c = -+1 if D™ is integral, and ec” -- —1 if D™ is half-integral 


[condition (a)]. Similarly, 


F pel 


SDS =D. Sys eS): 
Combining these equations and using Eq. (5-6b), we have 


(S, x S,)(D™ x D”)(S, Sx Ss) ἜΣ (0 τ᾿ 4 D*”) ae (Ὁ x Ds: 
(5-118) 
χ.΄σ-.  ἧ- 
(S, Χ Sy) = ec (8, Χ Sy). (5-119) 
Thus the unitary matrix S = S, X S, which transforms the Kronecker 


product AJ = D™” x D™ to its complex conjugate is symmetric if D” 
and D™ are both integral or both half-integral, and is antisymmetric 
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if one of the representations is integral and the other half-integral: 
SMS-!'=M*, S= 4S. (5-120) 

We denote the unitary matrix of the CG-coefficients by U. Then 
UMU-'=M,, U*M*U~'* = Μὲ, (5-121) 


where Μ, is the reduced form of the Kronecker product M. From condi- 
tion (b), M, has the form 


δι... 
Me = Pe — 7 . (5-122) 
een ΠΡ; 
where D,, Do,..., Ds are nonequivalent irreducible representations. 
From (5-121) we have 
M = U—'M,U, (5-123) 


and combining with Eq. (5-120), we obtain 
SU—'M,US~* = M*, 


U*SU—'M,US~'U~** = M* (5-124) 
or 
S,M,S;'= ΜῈ, 8,M, = M*S,, (5-125) 
where 
S, = σευ τ". (5-126) 


Using Eqs. (5-120), (5-126), and the unitarity of U yields 
S, = 0-'SU* = U*SU-! = +U*8SU—' = 4S,. (5-127) 


We divide the matrix S, in the same way as M, (Eq. 5-122) and denote 
the submatrices by S;; (7,7 = 1,..., 8). Equation (5-127) states that 


Ss; = τε Κ᾿, (5-128) 
and Eq. (5-125) gives 
Si;D; = DiSij. (5-129) 


For7z # 1, Df and D; are not equivalent, so from Eq. (5-129) and Schur’s 
lemmas S;; = 0 for ὁ ¥ 7. Thus the matrix S, has the same step form 
(5-122) as M,. From Eq. (5-129) for 7 = 7, 


SDS = Di, (5-130) 
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and from (5-128), 
Sip = +84. (5-131) 


Thus each of the submatrices D; of M, is transformed into its complex 
conjugate by a matrix S;; which is symmetric if the representations are 
both integral or both half-integral, and which is antisymmetric if one 
representation is integral and the other half-integral. 

The coefficients (μνλ) in the Clebsch-Gordan series are necessarily >0. 
For any group, the numbers ce are +1 or 0. Thus, 


(ur)? > eee (ur). (5~132) 
The equality sign can hold in (5-132) only if (uwvA) = 0, or (μνὰλ) = 1 
and ccc = 1. Summing over all irreducible representations, we 
obtain 
>> (urn)? > Di Mec (wn), (5-133) 
pyr μνὰλ 


where the equality sign holds if, for all μ,ν,λ, either (μνὰλ) = 0, or 
(uvr) = land ccc” = 1. But from our lemma, this is precisely the 
case for SR groups. So the equality sign in Eq. (5-133) 1s a necessary 
and sufficient condition for the group to be an SR group. 

For any group G, the right side of Eq. (5-133) can be rewritten by means 
of Eqs. (5-105a) and (5-87) as 


1 
ceo (ur) ates ες Mex) B)x(R)X*( RK) 
1 
= Σ. [ἐ{}}}". (5-134) 
R 


Again using Eq. (5-105a), we find that the left side of (5-133) becomes 


> (μνλ) ἢ = 1 De 3 xX (R)xX*(RY)X(R)XF? (RI XFO(R)XY (RB). 


— g2 
μνλ μνὰ RR’ 


The sums over p, ν, \ can be evaluated separately by means of the com- 
pleteness relation (5-41), to give 


1 Ἶ 1 
X wr? = Σ (8) ΟΣ σῦν’ (6185) 


μνᾺλ 


where gz is the number of elements in the class of R. Substituting (5-135) 


5-8] SIMPLY REDUCIBLE GROUPS 155 


and (5-134) in Eq. (5-133), we find 


2 
Yipee < (4) ; (5-136) 
GR 
R R 


thus we have shown the following: 


The inequality (5-136) holds for every finite group. The equality sign 
holds if and only if the group is simply reducible. 


According to our lemma, for SR groups the Kronecker product 
D” x D™ of a representation with ztself contains only integer representa- 
tions. This product can always be decomposed into a symmetrized and 
an antisymmetrized part: 


D™ x D” = [D™ x 99] Bid {D” x D®}, (5-28) 


If D™ is an integer representation, the irreducible representations con- 
tained in [D™ Χ [239] are called even representations, and the irreducible 
representations contained in {D™ x D™} are called odd representations. 
Conversely, if D™ is half-integral, the representations contained in the 
symmetrized square are odd, and those in the antisymmetrized square are 
even. We now prove the following theorem. 


THEOREM. No representation of an SR group can be both even and odd. 
To prove the theorem, we use Eqs. (5-32) and (5-33): 


x x x (R)] = 3[(x(R))? + x” (R?)], (5-32) 


{x x x (R)} = Sl (R))? — x ΟὟ. (5-33) 


The condition for two representations to have no irreducible parts in 
common requires that 


DRX” (y= 0, (5-44) 
R 


where, moreover, the sum can never be less than zero. Using Eqs. (5-32), 
(5-33), (5-44), and the definitions of even and odd representations, we 
find that our theorem 15 equivalent to the statement that 


TOR)? + xR CR)? — XR] = 0 (5-137) 
R 


for all μ, v, or 


Σ Σ (OK (R))? + ex (RNR)? — MX (R?)] = 0. 
δὰ (δ-1374) 
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We now use Eq. (5-87) with S = R? for the second terms in the factors 
in (5-137a), 


¢(R?) -Ξ: > rag aad © fc 
μ 
and apply the completeness relation (5-41) to the first terms, 


(μ) (μ) — 9 
Σὺ χ (Rx CR) = ae 


μ 


so that the left side οἱ (5-137a) becomes 


2, (# + s(n) (2. - s(n) = > (2) -- (ey? |. (5-138) 


R 


But from the definition of ¢(S) it follows that 


SHOP =  ΣΣ SoS) 
S S 
= Σ᾽ [((5)}} bs,n? = DO [((}. ὀ (6:89) 
S,R R 


Our previous theorem [Eq. (5-136) with the equality sign, since the group 
is SR] then shows that (5-138) vanishes, and proves the theorem. 

We should emphasize that the theorem does not state that every integer 
representation is either even or odd. It may happen that a particular 
integer representation is not contained in the square of any representation. 
Such a representation is neither even nor odd. 


Problem. Consider the group G consisting of the eight elements 1, —1, x, —z, 
ψ, —Y, 2, —z, with the multiplication table: 


2 = y% = 1, 27 = —l, ry = —yt = 2, 
12 = —2x = Y, zy = —yz = x. 
What is the relation between the group G and the quaternion group? Construct 


the character table of the group G. Show that the two-dimensional representa- 
tion is integral, but is not contained in the square of any representation. 


5-9 Three-j symbols. In this section we shall use the notation intro- 
duced by Wigner, which is based on that for the three-dimensional rotation 
group. The irreducible representations will be labeled by 71, jo, etc., 
and the rows and columns of matrices by Greek letters. The summation 
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convention will be used for all repeated Greek indices, while other sums 
will be indicated explicitly. The dimension of the representation D”” 
will be denoted by [7]. 

The analysis of the Kronecker product in Section 5-7 can be verformed 
just as well in terms of the complex conjugates of the irreducible representa- 
tions as in terms of the representations themselves. We define a unitary 
matrix U with matrix elements 


U γβκα,κικ3 = jal fee (5-140) 


KyjK9K3 


which reduces the Kronecker product of D°V and D% to a sum of 
representations D*%’, The quantity 
᾿ roid (5-141) 
K1K9K3 
is called a 3-7 symbol. 


All equations of Section 5-7 can be rewritten in this notation. In place 
of (5-111b) and (5-111c) we now have the unitary conditions: 


a iy κὦ WN κα 
ἢ (200) {{ 0} = Οὐλοῦ Biv δὼ (5-142) 
> jidoda\ ( jijads\" 

sl ( )( ) a Oxi dt Oxado- (5-142a) 
re Kyi K9K3 λιλοκᾷ 


Equations (5-115) and (5-116) are replaced by 


[79] Gt DEX, (R) DER (RB) Fen = 8)533DE89 (BR), (5-143) 


(71) (72) = - 7 ( J1J2)3 *(j3) { J1J273 = 
Dey x, (BR) Deke (2) = 2X [73] 1} Dxg3r3 (1 (5-144) 
and Eq. (5-114) by 
J1J 293 (73) (72) - η38(323) 71.228 Σ = 
Ceres) Dyyd,( 2) Digx,( 2) = Dregs’ (2) feed (5-145) 


Since the representations are unitary, we can shift the matrix representa- 
tive to the left side of (5-145) by multiplying by D?2.(R), and obtain 


K3A3 


(51) (Ja) (33) 712223λ ( Jidoda \- 7 
Dek, CR) Desk, RR) κι, (ΚΕ) feed = oe) (5 146) 
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We take the conjugate of (5-146), use the unitarity of the representations, 
and replace R~! by R to give 
a ae * * 8 8 * 
᾿ς 7γ(21) (72) (23) Jij2J3\ 4{(27ι1ι22323) 2 

Dye, RB) Dy oko (ΕΚ) Drgecg( 2) ee) ΕΣ ΠῚ (5 146a) 
The 3-7 symbol is set equal to zero if (717233) = 0, so we need not indicate 
limits on summations over 75. Setting 7’ = 7 = 73, κ' = K = Κα In 
(5-142), and summing over Κα, we have 


Jid2d3\ {7112155.'ὺ os se τὸ 
ue πο = (7125). (5-147) 
We adopt the notation appropriate to the three-dimensional rotation 
group and set (—1)?4 = 1 if 7 is an integer representation, (--- 1)27 = —1 
if j is half-integral. We can then write 
ΠῚ (1) 2s 2i0t2%9 is) (5-148) 
K1K2K3 K1K9K3 


since, according to the lemma of Section 5-8, the 3-7 symbol vanishes 
unless (—1)271+?2t+?33 — 1. One can also use the convention that 
(—1)’ = 1 if 7 is an even representation, and (—1)’ = —1 if j is an odd 
representation. If 7 is an integer representation which is neither even 
nor odd, one can arbitrarily set (—1)’ equal to 1. For half-integral J, 
we can arbitrarily set (—1)? equal to 7 or —7, but must keep its value 
fixed throughout. 

The reduced Kronecker product commutes with any diagonal matrix 
in which all the diagonal elements corresponding to a given irreducible 
representation are the same. We can therefore multiply the 3-7 symbol 
by a factor w(71, 72,73) depending on 7.1; ja, j3, but independent of Κι,ΚΩ,Κ8. 
If the representation is to be unitary, |w|” = 1. 

We use the orthogonality relations (3-137) to change Eq. (5-144) to 


λιλολβ 


R K1K2K3 


The replacement of the CG-coefficients by the 3-7 symbols with the factor 
[731}}2 enabled us to make this equation symmetric in the matrix repre- 
sentatives. Setting k; = A; in Eq. (5-149), we find that 


pies fale) als) 
ΚιΚοκ8 K9oK1K3 K3k Ko 
i.e., the absolute value of the 3-7 symbol is unaltered if we interchange 
columns. 


2 2 2 


etc., (5-150) 
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Next we prove that it is always possible to choose the phase factors 
w(J1j2J3) so that 


(74230) _ (= pyivtintis (Fair a) e 1)7::.72:75 Gas), (5-151) 


K1K92K3 KoKyK3 KiK3K9 


whence, using (5-148), we find 


(δὴ _ (isindt) _ (isisi), aes 
K1,K9kK3 KoK3ky K3K Koa 

In other words, the phase factors can be chosen so that the 3-7 symbols 
are unchanged by an even permutation of the columns, and are multiplied 
by (--1Ὲ7:.72:}75 (which is equal to +1) for an odd permutation. 

To obtain Eqs. (5-151) and (5-152), we choose some particular set 
K19, K20, K30 for which the 3-7 symbol Ge) does not vanish. From 
Eq. (5-150) we see that the 3-7 symbols with permuted columns also do 
not vanish for this triple of k’s. We now choose the phase factor w(j1J273) 
to make Gia se. real and positive. Next we choose the phase factor 
0(j2J1j3), 80 that the first part of Eq. (5-151) is valid. This is always 
possible if 7; Σέ jo, since in this case w(j2j1J3) is independent of w(j1jJ2J3). 
If 71 = 7.5, the first part of Eq. (5-151) merely states that 


bend - (—1)2/ tis roa 
K1K9K3 KoK1K3 
1.6.,.75 18 in the symmetric square of 7, if 75 + 27, is even, and in the anti- 
symmetric square of 7; if 73 + 271 is odd. Similarly, we can make the 
second part of (5-151) [and consequently, also, (5-152)] hold for kyo, 
Κορ, K39- But then, if we set x; in Kio in Eq. (5-149), we see from the 
symmetry of the left-hand side that Eqs. (5-151) and (5-152) hold for all 
λι, Ag, Ag. These equations will remain valid if we multiply all 3-7 symbols 
by phase factors w(71 7273) which are completely symmetric in 71, 7., j3. 
Next we consider Eq. (5-144) for the special case where 72 is the identity 
representation. We label this representation by 72 = 0 and denote its 
single row (and column) by the index kg = 0. The Kronecker product 
of D°V and D® contains only D%, so for this case Eq. (5-144) gives 


Dise.(R) = til (BOF) "pagocm (BO), 6-144) 


that is, the unitary matrix 


(1) = (0). (5:68) 
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which we shall call a 1-7 symbol, transforms Ὁ.“ into its complex conjugate: 


~\ ἈΚ ς 
(J) re *(J) J Ἔ 
ΓΝ.) = (1) Diy (ΚΕ) (2) (5-154) 
or, taking the complex conjugate of (5-154), we have 
: AT 
* (9) = ἐδ (3) 7ὴη.-. a: 
For this special case, the unitarity conditions (5-142) and (5-142a) re- 
duce to 
TN TD. Ns - 
a (3) = 6), (5-155) 
and 


IN (a= 
(1) τ ΞΕ ee (5-155a) 


Equation (5-151) reduces to 


j\ if{j 
(;,) -- (—1)” Ga) (5-156) 


which is a restatement of Eq. (5-79): the matrix which transforms the 
representation to its complex conjugate is symmetric or antisymmetric, 
depending on whether the representation is integral or half-integral. 

The actual evaluation of the 3-7 symbols (or the CG-coefficients) de- 
pends on the particular structure of the group and will be discussed when 
we treat the representations of individual types of groups. 


CHAPTER 6 
PHYSICAL APPLICATIONS 


6-1 Classification of spectral terms. On several occasions we have 
noted the relation between group representations and quantum-mechanical 
problems. If we are studying an atomic system, we must first find the 
symmetry group of the Hamiltonian, i.e., the set of transformations which 
leave the Hamiltonian invariant. The existence of a symmetry group 
for the system raises the possibility of degeneracy. If y is an eigenfunction 
belonging to the energy ε, then Ory is degenerate with y (Ὁ is any element 
of the symmetry group 6). Unless Ory = Cy for all R, the level is de- 
generate. The eigenfunctions belonging to a given energy € form the basis 
for a representation of the group G. In most cases this representation will 
be irreducible. Only in rare cases, for very special choices of parameters, 
will we have “accidental” degeneracy, so that sets of functions belonging 
to different irreducible representations coincide in energy. It is clear that 
the partners which form the basis for one of the irreducible representations 
of G must be degenerate, since they are transformed into one another by 
operations of the symmetry group. But two distinct sets of partners, 
vy and ”, even if they form bases for the same irreducible representation 
of G(u = v), transform only among themselves, and are not compelled 
by symmetry considerations to be degenerate with one another. 

So we may assume, in general, that the set of eigenfunctions belonging 
to a given energy € are a set of partners, and form the basis for one of the 
irreducible representations of the symmetry group. This already tells us 
a great deal about the degree of degeneracy to be expected. For example, 
if we consider a system having the symmetry group O, we can see from 
the character table (Table 4-19) that the energy levels of the system can 
only be single, or doubly or triply degenerate. The single levels will be of 
two types, depending on whether they belong to the representations A, 
or Ao. The eigenfunctions of these two types of simple levels differ in their 
behavior under the operations C'4 and C2. The doubly degenerate levels will 
all be of the same type, belonging to the two-dimensional representation 
E. Finally, there will be two different types of triply degenerate levels 
belonging to the representations F, and F2. If we disregard possible acci- 
dental degeneracy, these are the only possible level types. Though the 
labels which we use may appear strange, we are actually doing exactly 
what is done in standard quantum-mechanical treatments—we are assign- 
ing two quantum numbers, u and 7, to each eigenfunction y” to describe 
its behavior under the operations oi the point-symmetry group. In the 
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same way, as we shall later see, when the symmetry group is the full 
rotation group, we assign quantum numbers J and m to ¥) to characterize 
its behavior under rotation and inversion (by assigning it to the mth row 
of the [th irreducible representation). 

Thus the following level scheme might be typical for a system with 
symmetry O: 


: (£) (ΕἸ 
ΕΒ; ΦῚ ) φι . 


: (Fy) (Ὁ) yp CP) 
Fy; Yi We 3%. 


Aa; 4”. 

At; ef, 

Fas ik? PV? 
Ε; WY, vb”. 

Ay; yer. 


In this diagram we have drawn two levels which belong to the A,-repre- 
sentation. The fact that they are pictured as having different energies 
implies that the functions y“" and ¢\“ are linearly independent; if they 
were linearly related, they would necessarily have the same energy. Simi- 
larly, for the two levels labeled ΕΚ, y and y are partners which trans- 
form according to # and are thus necessarily degenerate; ¢ and oP 
are also partners, but the y’s and ¢’s are linearly independent of one 
another. 


6-2 Perturbation theory. The unperturbed Hamiltonian Hg was in- 
variant under its symmetry group G. Suppose now that the system is 
subjected to a perturbation Κ΄. The perturbed Hamiltonian H = Hy + V 
will have a symmetry group which is necessarily a subgroup of G. If the 
perturbation V has symmetry at least as great as Ho, then G will stzll be 
the symmetry group of the total Hamiltonian H. In this case the possible 
types of levels will be unchanged by the perturbation. In fact, no splitting 
of the degenerate levels can occur. For example, consider a level € and 
its eigenfunctions y$”. Since V is invariant under all operations of G, 
¢” = Vy belongs to the ith row of the uth irreducible representation. 
But we claim that the nondiagonal elements (¥”, Vy”) of the perturbation 
matrix are zero, and that all the diagonal elements are equal, so that no 
splitting of the level occurs. We prove this in a more general case for later 
use. We claim that the scalar product of two functions which do not 
belong to the same row of the same irreducible representation is zero. Call 
the functions y” and ¢)”. The unitary operators of the symmetry group 
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do not change the scalar product, so 

(Vy, 9) = Orv, Ore}?) = D8 (Orv), Ord”) 
= ὍΣΣ (ψ DR), 6 DY(R)) 
= 7 WP, oP) Dy DEM RDP) 


= ἊΝ (py, gi”) 2 Oup OKI δι; = a (py, 41) δμν δι). 
Np 


(6-1) 
Setting w= ν, ὦ = 7, we find that 


(yi, o) [5 independent of 7. (6-2) 


For the special case o = Vy™, we obtain the above result. We should 
point out that the level cannot split in any approximation. ΕῸΓΪ if it did, 
this would mean that the original representation was reducible, in con- 
tradiction to our assumption. 

If there.is an accidental degeneracy, we shall assume that the rth set of 
partners (which form a basis for the rth irreducible representation) have 
the energy H,, and that the energies EH’, accidentally coincide with one 
another. If a symmetric perturbation V 15 applied to the system, it can 
at most remove this accidental degeneracy. If the representation D of 
the level is a sum of irreducible representations, each of which appears 
just once, then the perturbation theory is simple, for according to (6-1) 
only diagonal elements appear, and according to (6-2) they are the same 
for all the partners: (ψί", Vy”) = V,. If the same irreducible representa- 
tion is contained several times in D, there will be nondiagonal elements 
like (yp Vos”) = Vi. To obtain the proper zero-order functions we 
must then solve the secular equation for all functions belonging to the 
same row of the same irreducible representation. This is not much work; 
for example, if some irreducible representation appears twice, we need 
solve only one 2 X 2 determinant, since we get the same secular equation 
for all rows 1 of the representation. 

If the perturbation V has lower symmetry than Ho, the total Hamil- 
tonian H will have a symmetry group G’ which is a subgroup G’ of G. 
Suppose that we are given a representation D(G) of the group G. We 
immediately obtain a representation of the subgroup G’ by selecting from 
among the matrices D(G) those which correspond to elements in G’. Even 
if D(G) is an irreducible representation of G, the representation of G’ 
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which we derive in this way [let us call it D’(G@’)] may be reducible. In 
other words, even though we cannot find a subset of basis vectors of D(G) 
which is invariant under all transformations of the group G, we may be 
able to find a subspace which is invariant under all transformations of the 
subgroup G’. Restated in physical terms, this means that even though 
the eigenfunctions belonging to the energy € form the basis of an irreducible 
representation of G, this representation may be reducible for the subgroup 
G’. The perturbation V will then split the level. We illustrate the method 
by several examples. 

Suppose that the symmetry group of the unperturbed Hamiltonian is 
e@,. As shown in Chapter 4, all irreducible representations are one-dimen- 
sional, but the complex-conjugate pair of representations # are degenerate 
with one another. If we apply a perturbation having the symmetry 
group C2, then a degenerate H-level will split into a pair of levels be- 
longing to the representation B of Co. 

Next suppose that the symmetry group G is C3,. The terms are classified 
according to the representations A,, Ao, H of C3,. The last type is doubly 
degenerate. If the symmetry group G’ of the total Hamiltonian is C., 
the degeneracy is removed. To find the representations of C; which are 
contained in the representation EH of C3,, we write out the part of the 
character table of C3, which refers to the operations of the subgroup @;: 


) 


Ε συ 
ΜΚ; χοῦ 2 0 


and use Eq. (3-150) to find which irreducible representations of @, are 
contained in #. For A’ of 6, we find 


a4’ = 2[2(1) + 0(1)] = 1, 
and for A”, 
daar = ξ[2(1) + 0(--1}} = 1, 


so an H-level of C3, splits into levels of type A’, A” of 6.. 

As a further example, suppose the symmetry group G is the tetrahedral 
group 7’. Consider a level belonging to the F-representation. It will be 
3-fold degenerate, with characters 


i a er, 


—1 


i  -τ-ς.͵-ἝἘἙς- 


0 


— ee ig 


E C'2(3) C'3(4) C3(4) 
0 


Suppose that the perturbation is such that the total Hamiltonian has the 
symmetry group D, = V. From the table given above, we select the 
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characters for the elements of the subgroup V: 


ee 


From Eq. (3-150) and the character table of V (Table 4-11), we find 


aa, = 1[3(1) — 101) — 10) — 1(1)] = 9, 
a[3(1) — 1(—1) — 1-1) — 10) = 4 


QB, = 2B, > 15 


ABs 


So the representation F of the group 7 contains the representations B,, Bo, 
Bz of the group V. 

Again for the F-representation of 7, suppose that the total Hamiltonian 
has the symmetry group @3. We write that part of the character table 
which refers to the subgroup @3: 


Using Eq. (3-150) and the character table for @3, we find 
a4 = 3(8(1) + 011) + 0(1)] = 1. 


Thus an F-level of T splits into an A- and an E-level of Cs. 
Finally, suppose the total Hamiltonian has symmetry Co, 


From (3-150), 
aa = 3[8(1) — 10)] = 1, 


Ap = 3860) — 1(—-1)] = 2. 


Thus an F-level splits into three nondegenerate levels, one belonging to 
A, the other two to the B-representation of C2. 


Problem. Consider a system having the symmetry O. Suppose a perturbation 
is applied which reduces the symmetry to: (a) T. (Ὁ) 223. (c) V, with the three 
2-fold axes joining midpoints of opposite faces in Fig. 2-35. (d) V, with two of 
the three 2-fold axes joining midpoints of opposite edges in Fig. 2-35. (6) Ca. 

In each case, find how levels belonging to E, F1, and F2 of O are split by the 
perturbation. 
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6-3 Selection rules. In Section 6—1 we discussed the classification of 
spectral terms according to irreducible representations of the symmetry 
group of the unperturbed Hamiltonian. Once the term scheme is ob- 
tained, we must ask what the selection rules are for optical transitions 
between various (degenerate) levels. Or, more generally, we may ask 
which elements of the perturbation matrix of a perturbation V vanish. 

In the absence of accidental degeneracy, the eigenfunctions of each 
level form the basis for one of the irreducible representations of the sym- 
metry group. The matrix elements of a quantity 7, between states belong- 
ing to the μ- and v-representations of the symmetry group, will be of the 


Ee ν (Ὁ) (H) 24 (¥) 

= [WP fos? dr = WS, 197), (6-3) 
where ¥ belongs to the ith row of the y-representation, and 6” belongs 
to the jth row of the v-representation. Equation (6-1) stated that 


wy) γιὸς et) gO) if μέν, 7 
[vs dj; dr = ἰψ: , ¢;') = 0 or ἢ γέ 1. (6-4) 
If in Eq. (6-4) we choose the u-representation to be the identity representa- 
tion (we shall take μ = 1 for the identity representation), then y” can 
be taken equal to a constant (a constant 1s Invariant under all transforma- 
tions of the point group and therefore belongs to the identity representa- 


tion). Then (6-4) becomes 


[ os” dr = 0 unless ν = 1. (6-5) 


In terms of the expansion theorem, Eq. (8-193), we may say that, for 
any function, 


[ver = [ν" dr = | > Orv dr, (6-6) 
k 


where y¥‘” is the part of y which belongs to the identity representation. 
Equation (6-5) is easy to derive independently for the case where the 

y-representation is one-dimensional. The integral of y over all space is 

not changed if we transform ψ into Opry, where FR is any rotation or re- 


flection; thus 
[ ψατ = [ Orv dr 


for all R in G. For a one-dimensional representation, Ory = ry, where 
r is a numerical factor, so fydr = rfydr = Ὁ unless r = 1 for all R. 
Hence fy” dr = 0 unless y = 1. The extension of this proof to repre- 
sentations of higher degree is tedious, while the proof given above is quite 
general. 
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We may now restate the result of Eq. (6-1) as follows: The product 
y"¢” contains a part which is invariant under all operations of @ if 
and only if μ = v,7 = j. For the integral (6-3) we may say that ΚΣ = 0 
unless f¢)” contains a function which belongs to the ith row of the μ- 
representation. If the function f is a scalar, it belongs to the identity 
representation. If we are dealing with the dipole moment of the system, 
then f has three components, etc. In any case, the function (or functions) 
f which appear in (6-3) are basis functions for one or several irreducible 
representations of G. Suppose that f runs through a set of functions 6” 
which form the basis of the p-representation of G. Then the transition 
between the μ- and v-levels will be forbidden only if none of the products 
6¢™ or linear combinations of these products belongs to the u-represen- 
tation. If the u-representation is not contained in the product representa- 
tion formed from D” and D”’, then the transition is forbidden. 

We carry out the reduction of the product representation by using 
(5-15) to compute the character of each element in the product repre- 
sentation, and then using Eq. (3-150) to find the number of times each 
irreducible representation is contained in the product representation. 
[These two steps give us the coefficients in the Clebsch-Gordan series 
(5-108).] For the complete tabulation of the selection rules, it is more 
convenient to follow this procedure than to combine the steps and use 
Eq. (5-105). We illustrate the procedure for the group @3y. In this first 
example, we shall copy the character table (Table 4-14), but will omit it 
in later examples. We append to the character table the characters of all 
product representations: 


C3p Ε΄ C3(2) συ(3) 
A132 1 1 1 
R,; Ag 1 1 —l 
Rie, deg sayy ||| 20 Sh 0 
A, X Ay 1 1 1= A, 
A; X Ae 1 1 -ὋἽ = 4. (6-7) 
A, ΧΕ 2 - 0 -- Κ᾿ 
Az X Ag 1 1 1= A, 
AoXE 2 --ὶ 0=E£ 
EXE 4 1 0=A,+A,+4#E 


It is clear that most of the results can be obtained by inspection. First 
the product of the identity representation with any other representation 
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merely gives this other representation (since y{’¢” = ¢%”). Secondly, 
the product of two one-dimensional representations is a one-dimensional 
representation and must be irreducible. The only reducible product repre- 
sentation in the table is Χ H. This is a four-dimensional representation, 
and the sum of the absolute squares of its characters is (4)? + 2(1)? = 18. 
From Eq. (3-151) 


18 -- ἡ >. αἱ or De Ἐξ ἃ, 
μ μ 
with the unique solution a4, = @4, = ἀκ = 1, 80 
EXHE=A,+ A+ Ε. (6-8) 
Or, using Eq. (3-150), we have 


a4, = ἐ[47(4)(1) + 2)Q)Q) + ()(0) 4)} = 1, 
aa, = ἐ[{{61(4)(4) + QQ + (9)(0)(4})} = 1, (6-8a) 
ag = ἐ[(1)(4)2) + 2)(Q)(—D + (3)(0))] = 1, 


which gives the same result. 

Equation (6-8) states that if we take products of one set of partners 
with another set of partners belonging to the representation EL, we obtain 
four functions which form the basis for the representation κ᾿ X E; we can 
find a linear combination of these product functions which belongs to Aj, 
another which belongs to 4.0, and a pair of linear combinations which 
form a set of partners belonging to H. Note that in the character table, 
z belongs to A,, while x and y are a set of partners belonging to #. A 
triplet of functions P = (P,;, P,, Pz) 1s said to be a (polar) vector if the 
functions transform like the components of the position vector r = (2, y, 2). 
Thus, for any vector, P, belongs to A,, while P, and P, are a set of 
partners belonging to Κ᾿. Given any two (polar) vectors P and Q, we 
have two sets of partners belonging to H: P,, Py;Qz,Q,. The product 
representation # Χ FE has the basis functions P,Qz, ον, PyQz, PyQ,. In 
this simple example, the linear combinations which belong to A,, Ao, "αὶ 
can be found by inspection. Nevertheless, we shall find the result by 
methods of brute force in order to become more familiar with product 
representations. In Section 4-2, we gave the matrices of C3, in the E- 
representation: 


E OF Cz συ συ’ Cy’ 
1 07] fe O] fe? 07 [0 1 [0 ε ἷ 4 
lo vs 2) lo bli of le Ἢ soe io2 


where the basis functions were e’® and οἶδ, or x + zy and x — vy, or 
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P,+7P, and Ρ, — ΤΡ... Now we use Eq. (5-4) to find the matrices of 
the product representation: 


E Cs C2 
1000 ee 0 0 0 e 00 O 
0100 0 10 0 010 0 
0010] 10 01 0] 10 01 OF’ 
0001 000 ε 000 εξ 
δ: on ae (6-10) 
000 1 000 ε 000 & 
0010 0 01 0 001 0 
010 0] [0 1 0 0 [010 OF’ 
100 0 e 0 0 0 e 00 0 


where the rows and columns are arranged in dictionary order. We note that, 
in all the matrices, only the components 11 and 22, and the components 
12 and 21 are coupled. The matrices are therefore reducible. The ma- 
trices coupling 11 and 22 are just the matrices of #, and hence (P, + 7P,) X 
(Q, + 7Q,) and (Pz, — 7P,)(Qz — 1Q,) belong to #. Taking linear com- 
binations, we may also state that P,Q, — P,Q, and P,Q, + P,Q, belong 
to H. If we look at the matrices coupling 12 and 21 [basis functions 
(P, + iP,)(Qz — iQ,) and (Pz — iP,)(Qz + 7Q,)], we see that they have 
the form (j 9) for £, C3, C2, and are (9 δ) for συ, συν, συ". They can be 
reduced by taking as new basis functions the linear combinations 


(Pz Bs Py) (Qz a 1Qy) ἘΞ (P, Ἐπεὶ Py) (Qz =i wy) ἘΞ: 2(P2Qx ae PyQy) 


and 
(P, + iPy)(Qz — iQy) — (Pz — tPy)(Qz + 1Qy) = 2(Ρ,0, — PQ,). 


Thus P,Q, + P,Q, belongs to A,;, and P,Q, — P,Q: belongs to Ag; 
P,Q, + P,Q, is the scalar product of the polar vectors P and Q (in @3, 
the z-component is not affected by any of the operations) and is therefore 
an invariant (a scalar). The quantity P,Q, — P,Q, 1s the z-component 
of the vector product P x Q. The vector product transforms like the 
coordinates under rotations, but does not change sign under inversion. 
Quantities of this type are called axial vectors. So we may say that the 
z-component of any axial vector belongs to the representation Ag of C3». 
In the character table we note that z (and therefore P,) belongs to Ay. 
The product representation A, Χ H = E; typical partners belonging to 
A, X FE are therefore +z (or +P,, or +Q,) multiplied by 2, y (or Pz, Py, 
or Q,, Q,). Thus we find that xz, yz belong to 4; so do P;P., PyPz; so do 
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P,Q:, PyQz; and so do P,Q, — P,Q., PyQz — PA, Hence the z- and 
y-components of the vector product P Χ Q belong to E, as do the x- and 
y-components of any axial vector. Frequently the symbol RF is used for 
an axial vector (R for rotation, which is a typical axial vector). In the 
character table we would assign R, to Az, while R, and R, belong to £. 

Now we consider the selection rules in this same case of symmetry 
under @3,. The matrix elements are given by (6-3). If f = (a, y, z), we 
obtain the selection rules for electric dipole radiation. Consider the 
integrals 


[ ψ Ἐφ. dr (6-11) 


as 1 goes through 1 to n, and 7 goes through 1 to n,. The transition will 
be forbidden (for electric dipole radiation) only if all these integrals 
vanish. We proceed as follows: From the table, z belongs to the repre- 
sentation A, of @3,. Therefore the set of functions aps” eee 2 
forms a basis for A; X D”. Unless A; Χ D™ contains D™, all the 
integrals (6-11) will vanish. Similarly, x and y belong to the representation 
E, so the sets of functions 24”, yo” (j = 1,...,n,) form the basis for 
the representation E Χ D”. Unless E x D” contains D™, all these 
integrals (matrix.elements of x and y) vanish. Hence a transition between 
a level belonging to D” and one belonging to D™ will be forbidden (for 
electric dipole radiation) if neither 4; Χ D®” nor E Χ D™ contains D™. 
From the table [Eq. (6—7)] we find 


A, X Ay = A, A; X Ag = Ag, A, xXHK= EB, 


(6-12) 
EXA,= 8, EX Ag= κα, EXH= A,+ A+ ΚΕ. 
The transitions A, «Ὁ» Ag are forbidden. 
The magnetic dipole moment is an axial vector, so magnetic dipole 
transitions will be forbidden if neither 4g Χ D” nor E x D™ contain 
D™. From (6-7) 


AXA, = 45, AsXAg=A1, A2XE=E, 


Since the pairs A; «Ὁ A,; Ag < Ag do not appear, magnetic dipole 
transitions between two states belonging to A, (or Ag) are forbidden. 

One point to note is that if the symmetry group 15 a pure rotation group, 
there is no distinction between axial and polar vectors, and the selection 
rules for electric and magnetic dipole radiation are identical. 

As a second example, we find the selection rules for electric (and mag- 
netic) dipole radiation for a system with symmetry 7. All the components 
of a vector belong to the representation F (cf. Table 4-18). So we form the 
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product representations F X A, F X E, F Χ F, and compute the char- 
acters by means of (5-15): 


T ΒΚ C2(8) C3(4) C3(4) 


FXA|3 —1 0 0 
-1(3 -1 0 0 
ey ᾿ - 0 ὦ 


FXF|9 -I 0 0 
Now using the above character table and Eq. (3-150), we find 
ΠΧ AL =F, FX E = 2F, FXF=A+£H+42F. (6-14) 


Hence the forbidden transitions are 4 «» HE, AO A, EO Ε. 

As a last example, we consider the symmetry group Dog. From the 
character table, we see that P, and P, are partners belonging to the 
E-representation, while P, belongs to Bz. Products of components of 
polar vectors like P,Q,, P,Qz, or P.Q:z, P.Qy, or P-Q:2 — PQ, PQ. — PQ, 
form pairs of partners belonging to HE X Bz = #. Thus for an axial vector, 
R, and R, form a pair of partners belonging to #. On the other hand, R, 
belongs to Ag. (This can be seen geometrically by the methods of Chapter 
2. Consider a rotation about the z-axis. What is the effect on this rotation 
if we turn through 180° about a horizontal axis or reflect in a vertical plane? 
Another method which the reader should try is the reduction of the ma- 
trices of H Χ E as illustrated for C3.) 

To find the selection rules for electric dipole radiation, we must deter- 
mine which representations are contained in the products of Bg and E 
with all the representations of Dog: 


BEALS Be Bea Be. Bas B ess As. 

B.X Bo= A, BXE=E, Ex A,=E, 

Ex A,=E, Ex B, = E, EX By = E, 
BE = Ay ts Ap 1.5.7... 


(6-15) 


Note that in groups like Deg, where there is a preferred axis (the z-direc- 
tion), the matrix elements of P, differ from those of P,, Py. This distinc- 
tion is similar to that between z- and o-components in ordinary spectros- 
copy. For P,, the allowed transitions are 


A, «» Bo, Ag <-> By, Eo #, 
while for P,, Py, the allowed transitions are ἡ 


A, Ag, B, Be ἘΣ E. 
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For magnetic dipole radiation, R, belongs to Az and R,, R, belong ἰο."Κ. 
For R,, Ag X Ay = Ag, Ag X Ag = A,;, Ao X By = Bo, Ag Χ By = 
B,, Ag X E = E, and the allowed transitions therefore are A, © Ag, 
Bi, Bz, HEoeE. For R,, Ry, as for Pz, Py, the allowed transitions 
are A, Aa, Bi, Bo «5. Ε΄. 


Problem. Find the selection rules for electric and magnetic dipole transitions 
if the symmetry group is (a) 234; (Ὁ) O. 

Using the results for (b), indicate the allowed transitions in the level scheme 
of Section 6-1. 


In evaluating matrix elements like (6-3), we have really been dealing 
with a product representation formed from three factors. In (6-3), the 
function f was allowed to run through the basis functions a of some 
irreducible representation (say the p-representation). The set of functions 
vy" coincides with the set ψ in all the cases under consideration, so if 
we take all the triple products ψί 0.) 4), we obtain a representation 
which should be denoted as D” Χ D® x D™. Our procedure up to now 
has been to see whether the product D® x D™ contained D™. But the 
triple-product representation can be reduced in any order we wish to 
choose, .nd we should always obtain the same final result. In other words, 
we could also take D” x D™ first and see whether it contains D®. 
(When the integrand consists of any number of factors, the general pro- 
cedure is to take the product of the representations of the factors, 
DY x D® «x D®™ ~«-.+, and see whether it contains the identity 
representation.) For example, in the group 1254, we form the products 
given in Table 6-1. 

To find the selection rules for electric dipole radiation, we look for Be 
(matrix elements of P,) or F (matrix elements of P,, P,) m the expansions 
of the products. In Table 6-1, we have circled the first type of transition 


TABLE 6-1 


A,X Ay = Ay Ay X Ao = As Ay X By = By Ai X Bz = Bo AtXH=EH 
AoX Ao = Aj A2X By = Bo AgX Be = δι AoXBE=8F 


B,X By = Αι B, X Bo = Ao ByXEHE=H 


BoX Bo = Ay Box H=H 


EXE = A,+ A2+ Bi + Be 
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and put a rectangle around the second type. The results are, of course, 
the same as before. 


Problem. Apply this method to find the selection rules for dipole radiation 
under symmetry 7’. 


We have so far very carefully chosen all our functions to be independent. 
For example, when we wrote the matrix elements 


[ ψ fo dr, 


it was understood that either ν σέ yu or, if the μ- and v-representations are 
the same, then the y’s and ¢’s are two independent sets of partners. The 
case where the y’s and @¢’s are the same will occur if we ask for the diagonal 
matrix elements of an operator f. We must then consider the symmetrized 
Kronecker products which we discussed in Section 5-2. To illustrate the 
difference between the various types of products, we take as an example 
the group @3,. The character table for the various Kronecker products 
is given in Table 6-2. To illustrate how we obtain this table, con- 
sider the element C3. We find that x(C3) = —1, x(C?) = —1, so 
[Ix Χ x(C3)] = 3[(—1)? — 1] = 0. For the element συ, Χίσυ) = 0, but 
x(o2) = Χ(ΕῚ = 2, and hence [x X χίσ,)] = 3[0? + 2] = 1. Resolving 
the products into irreducible representations, we have 


EXE=A,+4.+5, [EXE)=A,+E, {EXE} = Ap. 
(6-16) 


Finally, if we let u equal v and let the y’s and ¢’s be the same functions 
(which is the case for diagonal matrix elements), the antisymmetric 
products are all identically zero, and we obtain only the symmetric product 
representation. For example, in the group C3,, x and y are partners γ6- 
longing to E. Taking products of x and y among themselves, we cannot 
form a basis for H Χ E, but instead get a basis for [EH x E]. We obtain 


TABLE 6-2 
C3» " C'3(2) o,(3) 
E 2 -- 0 
EXE 4 1 0 
[EX ΕἸ 8 0 1 
{Ex E} [1 —— | 
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only three independent products: x”, zy, ν΄. Earlier, when we were dis- 
cussing selection rules for magnetic dipole radiation [Eq. (6—13)], we 
found that two different states belonging to the H-representation were 
coupled through R, (which belongs to A2). This is not the case for diagonal 
matrix elements. In other words, the integrals fy” fu dr for a function 
f belonging to Ag are all zero. For if we first form the products y{”"y\”’, 
we obtain the symmetric product representation [H Χ E] which, according 
to Eq. (6-17), does not contain A». Another way of stating this result 
is to say that the identity representation is not contained τὴ [ἢ X ΕἸ X Aa, 
although it is contained in FE X E X Ag. When the y’s and @¢’s are the 
same functions, we are forced to use the [ZH Χ E]. Earlier we proceeded 
in a different order; taking first the products fy$”’, we obtained the repre- 
sentation H X Ag = ἢ. (Since Ag and EF are different representations, this 
was certainly valid.) One is tempted now to combine αἰ X A, = EF 
with the representation of the functions y{”", yielding EF x EF = A; + 
A, + £. But this step is not valid, because the functions obtained by tak- 
ing H X Ag are related to the basis functions of #, and the results must 
be symmetrized. We illustrate this with @3,. 

We take y™ = e** and y = e—* for the first level, ¢ = e—?%, 
oy = e?** for the second level, and choose f = R, belonging to Ag. If 
we proceed as before, i.e., consider transitions between the two levels, 
the matrix elements have integrands R,e=***, R,e+'*. To obtain a non- 
vanishing integral, we must be able to find a linear combination of these 
four product functions which belongs to the identity representation A}. 
This is achieved by taking R, sin 3¢, the antisymmetric combination. But 
if we take diagonal elements for the first level, the integrands are 
R., R.e+?"*, and we cannot form a function belonging to the identity 
representation. 

The general procedure for finding selection rules for the diagonal matrix 
elements is to form [D“ x D™] for each irreducible representation of 
the symmetry group, and see which ones contain the representation to 
which f belongs. 

For €3,, we find the symmetric products: 


[A; X Aq] = Ay, [Ag X Ae] = Α,, [EX ΕἸ = 4, Ὁ Δ. 
(6-17) 


The electric dipole moment belongs to the representation A, - E. Since 
A, and/or E appear on the right for each case in (6-17), we conclude that 
none of the diagonal elements of the electric dipole moment vanish. The 
magnetic dipole moment belongs to Ag + EH. Sinee 4.2 and/or EF appear 
only in [EF Χ ΕἾ, we conclude that the diagonal elements of the magnetic 
dipole moment vanish for states of type A, and Ag. 
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For the group Dog, we find, using Table 4-16: 


Ε 


(2 


ee 


3 


S4(2) | C2(2) 


| ΤΤἝΠ΄΄ἷ΄ἷἽἝἽ“΄ ΄ ασΛΣ. 


=| 1 


σα(2) 
1 


[Ay X Ay] = [Ae X 424] = [Bi X Bi] = [Bo X Bo] = Aj; 


The electric dipole moment belongs to Bz + E; the only nonvanishing 
diagonal element is that for a state of type EF. The magnetic dipole moment 
belongs to A, + 44; all of its diagonal elements vanish. 


Problem. Find the selection rules for diagonal elements of the electric and 
magnetic dipole moments if the symmetry group is (a) 1234; (Ὁ) Ο. 


Next we consider the selection rules for the electric quadrupole moment. 
A tensor of the second rank in three dimensions is defined to be any set of 
9 quantities A,;(2,7 = 1, 2,3) which transform under rotations and 
reflections like the products of the components of two independent vectors. 
Thus, if the transformation of coordinates 1s 


x; = >) ante, (6-19) 
k 
then 
αν = >) ainajrrryr, (6-20) 
k,l 


and the components of a tensor of second rank must transform as follows: 


Als = D> aixajrArr. (6-21) 
kl 


A tensor is said to be symmetric if 
Aggy = Ajz. (6-22) 


A symmetric tensor of the second rank in three dimensions has six inde- 
pendent components. A typical symmetric tensor is obtained from the 
products of x, y, 2 with one another: 


a avy τς 


ry νυ" γε]: 


we ye 2° 
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The quadrupole-moment tensor is symmetric, but has the additional 
property that its trace is zero, that is, Az, + Ay, + Azz = 0, so that 
it has only five independent components (spherical harmonics for ἐ = 2). 
To find the selection rules for electric quadrupole transitions, we must 
first assign the components of the symmetric tensor to the various ir- 
reducible representations of the symmetry group. 

As our first example, we again choose @3y. Since z belongs to Ay, 2° will 
also belong to A4,;. The products zz, zy are a pair of partners belonging 
to A; X E = E. The products x”, zy, y* form a basis for the symmetric 
product representation [8 Χ ΕἸ = A, + E. It is easily seen that x? + y? 
belongs to A, while x? — y? and zy are a pair of partners belonging to EL. 
So the components of a symmetric tensor are assigned as follows: 


Ax: ΠΝ it af Ag: none; E: Ayz, Azz} Azz — Ayy, Azy- 
The trace of the quadrupole moment tensor is zero, so Azz - Ay, + 
Azz = 0. But since A,, and Azz + Ay, independently belong to Ay, the 
results are not affected. To find the selection rules for quadrupole transi- 
tions, we must see whether A, and/or E are contained in D” x D”; 
for diagonal elements we do the same with respect to [D™ x D™]. In Cz», 


A,X A,= Αι, A,X Ag=Azx, ALXE=E, 
ΑΣΑ, ξεν AXE=E, 
Beh = ἀν σι ἢ 
(6-23) 


We look for A, and/or # on the right side and find that electric quadrupole 
transitions are forbidden for A, <> Ag. Similarly, for diagonal elements, 
we form 


[Ay X Ay] = A), [Ao X Ao] = Aj, [Ex EF] = A, + "Ὁ, 
(6-24) 
and find that none of the diagonal elements vanish. 

Next consider the group Dog. Since z belongs to Bo, κ΄ belongs 
to By X Bz = A,;. The functions zz, zy are partners belonging to 
ΒΟ. X E = E. The functions x”, zy, y? belong to the symmetric product 
ΙΕ x E] = A, + B, + By. The assignment is easily made: x? + y? 
belongs to A,, zy to By, and x? — y? to B,. Thus the tensor components 
are assigned as follows: 


Azz 
53: ᾿ς ᾿" tal Aa: none; By: Azz — Ay; 


Bo: Axy; Hy? Ao Aye 
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Again the zero-trace condition does not affect our results. For a transi- 
tion to occur between levels belonging to the μ- and v-representations, 
D” x D” must contain at least one of A,, By, Bz, E. From Table 6-1 
we see that the transitions 4) < 4.9, By < By are forbidden. For the 
diagonal elements, we see from Eq. (6-18) that none are forced to vanish 
because of the symmetry. 

A more interesting case is that of the group T. Here 2, y, z are partners 
belonging to F. [F Χ F] has the characters 6, 2, 0, 0, so [F Χ F] = A + 
ii + F. We could find the functions belonging to the various irreducible 
representations by writing out the matrices of [F x F], but this can be 
easily done by inspection. We see that x* + y? + 2? belongs to A, 
x? + ey® + εἶχ and x? + εἶν - ez? belong to Ε΄, and xy, xz, yz belong 
to F. So the components of the quadrupole-moment tensor have the 
assignments: 


2 
Ags + EA yy τε ria F: Ay; Aya, A 22. 


A: Age + Ay, a Azz; Bi: ou + eC Avy + €Az, 


Now the fact that the trace of the quadrupole-moment tensor is zero does 
have an effect—the function which we assigned to A is actually equal to 
zero. Thus, in determining the selection rules, we must look for EH and/or 
F (and not for A) in the product representations. We find: 


AXA=A, AXE=E, AXF=F, 
EXE=E+2A, EXF=2F, 
FXF=A+E-4 2F. 


(6-25) 
The forbidden transitions are A <> A. 
For the diagonal elements, we have 


[A xX A] = A, [EX E)=A+#, [Fx FPF) =A+H-+F, 
(6-26) 
so the diagonal element is zero for a state of type A. 


Problem. Find the selection rules for quadrupole transitions if the symmetry 
group 15 (a) 2234; (b) O. 


The procedure we have used can be extended to tensors of higher rank. 
We shall return to this problem later, after we have considered the rota- 
tion group. 
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6-4 Coupled systems. Our discussion of product representations can 
also be applied to the problem of coupled systems. We start with two inde- 
pendent systems, with coordinates r and f, respectively. The Hamiltonians 
for the two systems have the same form, and are invariant under the 
same group. If we are considering some operator of the symmetry group 
and the operator acts on the coordinates of the first system, we shall denote 
it by Or (in the group G), while we use OZ (in the group G) when it acts 
on the second system. R and R are the same geometrical transformation 
applied to system 1 or system 2. If we consider system 1 alone, we can 
classify its states according to the symmetry group, and will denote its 
wave functions by y\”. Similarly for system 2, we denote the wave func- 
tions by 7”. As long as the systems are uncoupled, the total energy is 
the sum of the energies of the separate systems, and the Hamiltonian 
H = H, + Hg is invariant under all operations OgOg. (These products 
of an element of G and an element of G form a group—the direct product 
Gx G. Note that R acts only on the coordinates of the first system, 
while S acts only on the second system.) If now the systems are coupled 
to each other, we add to the Hamiltonian terms involving the distance 
between the two systems. Operators like OrOg will not leave this inter- 
action term unchanged, unless S = R;i.e., unless both systems are sub- 
jected to the same symmetry operation. So in the presence of the inter- 
action, the symmetry group of the total Hamiltonian consists of products 
of the form Ομ, where R and RF are the same geometrical operation 
applied to the coordinates 1 and 2, respectively. (This group is isomorphic 
to the group G consisting of fe elements R.) Suppose the uncoupled 
systems are in states with eigenfunctions yo ἣ ). The introduction of 
the coupling reduces the symmetry group from he whole set of operations 
OpOz to the subgroup of operations OrOg. Thus our problem is similar 
to the perturbation problems of Section 6-2, where the perturbation re- 
duced the symmetry group to one of its subgroups. The product wave 
functions y{”~” which formed the basis for an irreducible representation 
of the group of all elements RS (and were therefore necessarily degenerate 
with one another) will also provide a representation for the subgroup of 
elements RR. But this representation will be reducible, and the degenerate 
states will be split by the coupling. We choose the matrices of the ag 
sentation in the same way for both G and G, so that DY (R) = DY (R). 
Then 


OnrORn PT}? = Orv?) ORd;”) = 2, VED? Dev (R)Di?(R). (6-27) 
We see that Eq. (6-28) is formally identical with the product representa- 


tion in which the w’s refer to the same system. To find the types of states 
of the total system which are contained among the products ¥{");”, w 
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must (just as before) reduce the product representation D” x D™ to 
its irreducible components. 

We are here applying to the finite symmetry groups the same procedure 
that is usual for the rotation group. For the rotation group (i.e., electrons 
in the central field of an atom, where the symmetry group is the full 
rotation group), the individual electrons are assigned to angular momenta 
(irreducible representations) 1,, l2, etc. When the coupling terms are 
included, we are required to find how the product functions break up 
into linear combinations belonging to different values of the total angular 
momentum JL (1.6., to different irreducible representations of the total 
Hamiltonian). 

For example, consider an electron in an atom located in a crystal. If 
we neglect the interaction between the electrons in the atom and assume 
that the field produced by the ions in the lattice is large, the states of the 
individual electrons will be classified according to the representations of 
the symmetry group of the crystalline field. We shall denote the repre- 
sentations for the individual electrons by small letters, a, e, f, and reserve 
the capital letters for representations of the total system. 

Suppose that the symmetry group is C3. Let the first electron be in a 
state belonging to the representation a, and the second in a state belonging 
to the representation e. Then the states of the total system will belong 
to the representation a Χ e = E. (This result is somewhat analogous to 
the case, for the rotation group, where 1; = 0, so that L = (5. However, 
for the finite symmetry groups, it is clear that all levels belonging to one- 
dimensional representations behave in this way.) If the electrons are 
both in states belonging to e, the total system belongs to the representation 
exe= A, + Ag+ E. The energy diagram might look like Table 6-3. 


TABLE 6-3 


STRONG CRYSTALLINE FIELD 


Orientation of individual Interaction of 
electrons in crystal oriented electrons 
aa ae a ----- 42 
Ὁ), 8 ——_ See cea rane ee era scer ee ποιὸ SS ay 
.----- Αἱ 
a 
gfe 
Cp tee eee lee ay 


ΞΞΞΘ ες - ἢ 
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Here we are not taking account of the identity of the particles (Pauli 
principle). Our results are correct provided that the one-particle states 
from which we start are not the same for both systems. 

We might also try to find the wave functions, for the coupled systems, 
which belong to a given row of a given irreducible representation. In 
other words, we may ask what linear combination of the products yoy 
yields Wi". (This is the problem of finding the Clebsch-Gordan coefficients | 
for the crystal point groups.) For the finite groups this calculation is 
simple; as a matter of fact, we have already done it in this chapter. Re- 
member that we found the product representation formed from any two 
representations of the symmetry group. Then we reduced it and obtained 
those linear combinations of product functions which belonged to the 
various irreducible representations. Thus for the group C3, we found 
A, X A, = Ay. In our present notation, we write this asa, X αι = A}. 
In terms of the basis functions we have: 


ψ Ὁ - ψύυψυν. (6-28) 
Similarly, αι X e = , so 
Wy = yi? and ΨΣ" = PTY. (6-29) 


Finally we had e X e = A; + Ao + E for which we found the product 
representation in Eq. (6-10) and then performed the reduction. Translat- 
ing those results into our present notation, we have: 


1 €) Tle 6) 7 Ve 
ver = F VPP? + WH”); (6-30) 
1 é) 7 le 6)7 le 
vy? = Fi YDS — WEP); (6-81) 
WYP = VPP, WEP = WY. (6-32) 


Similarly, for the group 7, we determined the proper linear combina- 
tions of products of functions belonging to the F-representation (p. 177). 
Thus we found that 


7 (f) 7 τί 
POTD 4 pPEDP + γνῷ 


belongs to the A,-representation, and hence 


y= = WPPP + WIP + wPVs). (6-33) 
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We also have 


VP = LWP 4 PW + 2yPOY (6-34) 
ν 8 
and 
vy = ΠΣ QOD + ἐν ψῷ + ψφψϑ)). (6-35) 


Since f X f= A+ H-+ 2F, there are two sets of functions, for the 
coupled system, which belong to the F-representation. (This situation 
does not occur for two particles in the case of a central field; each L appears 
only once for given 1,,l2. But if we have more than two particles, the 
same problem arises.) AJl we can do is to give two sets of partners belong- 
ing to Ff. Then the proper zero-order combinations must be found by solv- 
ing the secular equation, as we have already pointed out in Section 6-2. 
Thus we obtain 


F - - 
WP τ WP or WI, 


WO = VIP or WPS”, (6-36) 


Problem. For the symmetry group Dag, consider all combinations of individual 
states of two particles. Express the eigenfunctions of states of the coupled 
system in terms of the single-particle wave functions. 


CHAPTER 7 
THE SYMMETRIC GROUP 


The symmetric group S,, the group of all permutations on n symbols, 
is of central importance for both mathematics and physics. For a mathe- 
matician, the solution of the problem of finding the irreducible representa- 
tions of S, is one of the classic examples of algebraic technique. Despite 
all the effort that has been expended on the permutation groups, one can 
still use them as a tool to find new and remarkable combinatorial formulas. 
The classification of tensors into irreducible sets with respect to any group 
of linear transformations in n dimensions is easily done once the repre- 
sentations of the symmetric groups are known. In physics, whenever we 
deal with systems of n identical particles, the symmetry group of the 
Hamiltonian will contain the group S,. The classification of atomic and 
nuclear states depends essentially on the properties of Sy. 

In the present chapter we shall determine the characters and the matrices 
of the irreducible representations of S,. The problem will be approached 
in several different ways, some very powerful (but highbrow!), others the 
physicist’s substitute for well-known mathematical techniques. 


7-1 The deduction of the characters of a group from those of a sub- 
group. In Section 3-5 we pointed out that if we can find the simple 
characters for an invariant subgroup of G, then we can immediately derive 
some of the simple characters of the group G itself. This result is not of 
much use. For n > 4, the symmetric group S, has only one invariant 
subgroup—the alternating group @p, of index two. From the two one- 
dimensional representations of the factor group S,/@, we derive two ob- 
vious one-dimensional representations of S,: the identity (symmetric) 
representation with character (matrix) unity for all elements of S,; and 
the antisymmetric representation with character +1 for even and —1 
for odd permutations. All other irreducible representations are faithful. 
What we need is some connection between the simple characters of G and 
those of any of its subgroups. This can be achieved through a theorem of 
Frobenius which we now derive. 

Let the group G, of order g, have a subgroup H, of order ἢ. Suppose 
that we are given a representation D(G) of the group G. We immediately 
obtain a representation of the subgroup H by selecting from among the 
matrices D(G@) those which correspond to elements in H. Even if D(G) is 
an irreducible representation of G, the representation of H which we derive 
in this way [let us call it D’(H)] may be reducible. In other words, even 
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though we cannot find a subset of the basis vectors of D(G) which is in- 
variant under all the transformations D(G), we may be able to find one 
which is invariant under the subset of transformations D’(H). (This 
breaking up of an irreducible representation when we reduce the symmetry, 
1.e., go to a subgroup of the original symmetry group, was the basis for the 
application of group theory to perturbation problems in Chapter 6.) 

Now we reverse the question of the previous paragraph. It may be 
easier to find irreducible representations for the subgroup H than for G 
(since H is of lower order than G). Can we deduce the characters of G from 
those of H? 

We separate the elements of G into classes K;; the number of elements 
in K; 1s σι. We denote the simple characters of G by x and the corre- 
sponding representations by D” (6). Now two elements of the subgroup | 
H which were originally in the same class K; in G may not be in the same 
class in H since the element which performed the transformation may not 
be in ἢ; also some elements in the class K; in G are not in H. On the other 
hand, two elements which are in the same class in H were certainly in the 
same class in G. In the process of forming the subgroup H from the group 
G, only h; elements of the total number σὲ were selected; of these elements, 
h;, are in the class K;,, h;, are in the class K;,, etc., in ἢ. We denote the 
simple characters of H by go, and the corresponding representations by 
A” (H). We saw above that, starting from D”(G) and considering only 
elements # in the subgroup H, we obtain a representation (reducible, in 
general) of H: 


DOR =) αν ACR); Rint, (7-1) 


where the a,, are positive integers. 
If at least one element of the class K; of G is in the subgroup H, then 
from (7-1) we have 


(#) __ (VY) __ . 
Χ; ΞΞ nS Anyi, ae >» Ay Pi, παρ pad (7-2) 
v v 


Suppose that the class Καὶ; of G has none of its elements in the subgroup 
H. Multiplying (7-2) by x”* and summing over p, we obtain 


* * 
Σ Px = 0 = Σὺ aux oe? (7-3) 
B HV 


for all classes K; of G which have at least one element in H and for all 
classes K;, into which those elements are put in H. But this means that 


for all classes of H 
> (Σ ours”) go, = 0. (7-3a) 
v μ 
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Now multiply by hio}?”"/h and sum over k (i.e., over all classes of H). 
From the orthogonality theorem, we obtain 


Σ; upX$ "= 0 for all p, (7-4) 
μ 


or 


Σ᾽ αμρρχ = 0 for all p. (7-4a) 
μ 


Equation (7--48) applies to every class in G which has none of its elements 
in H. Now we return to consider those classes in G which do have at least 
one element in H. Multiply (7-2) by hig” and sum over all classes of H: 


hau — 2 ἝΩΣ page (7-5) 


where the summation extends over all classes of H. Now multiply by 
gixi” and sum over p: 


* * ( * 
hgi 3 ἀμσχὺ" = Σ) hie biy > gixex? 
μ μ 
(σ (σ)Ἔ 
ΞΡ hi,iz gi = 9g a hi-Pi, ; 
Κις 


where the last sum is over all classes Κὶς of H which originated from the 
class Κι of G. Taking the complex conjugate, we have 


σ ἢ 
ἡ Ὁ a? ce = Σ᾿: Gli; "ἃ > (7-6) 


Equations (7-2), (7-4a), and (7-6) are the full statement of our theorem. 
The a,, in (7-2) were positive integers, so the left side of (7-6) is a com- 
pound character ¥{” of G. If we know any simple character of H (1.e., the 
$1”), then (7-6) states that the sum on the right-hand side is nececcuily a 
compound character of G. Furthermore, (7—4a) states that the compound 
character thus obtained will be zero for all classes of G which have no 
elements in ἢ. 

A very important special case of (7-6) is the following: There is one 
gimple character which we know for any group, namely the character of 
the identity representation, xf? = 1 for all ἡ. Setting go? = = 1 for all /,in 
(7-6), we get 


ghi = (μ), 58 
gih ὑπ τ du αμοχὶ ; (7 7) 


1.6., the quantities gh,/gjh form a compound character of G. 
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Equation (7-7) can be applied to any subgroup H of G and involves 
only counting to obtain h; and g;. Later in this chapter we shall show how 
(7-7) can be used to give the Frobenius formula, which expresses in closed 
form all the simple characters of the symmetric group. In this section we 
shall confine ourselves to a simple ladder procedure based on (7-6). We 
shali find the simple characters of S, by applying (7-6) to the characters of 
Sn—1. As in Section 1-5, we designate by (1°2°37. . .) the class of permuta- 
tions having a 1-cycles, 8 2-cycles, Y 3-cycles, etc. For any S, we know 
two simple characters: the symmetric one, with +1 for all permutations; 
and the antisymmetric one, with +1 for even and —1 for odd permutations 
(only if nm > 1). 

For n = 1, 2, the trivial results are: 


1 
Sy (1) 
x) 1 
1 1 
So: (yi. τ 
(1) 1 1 
x) 1 —1 


where the number of elements in the class is shown next to the partition 
symbol. For S3 we know only the part of the table shown: 


1 8 2 
Ss: (13) (2, 1) (3) 
xO) 1 1 1 
χί) 1 —1 1 


x (3) 


The last character is, of course, easily written by means of the orthogonality 
theorems, but let us use (7-6). Since the class (3) of S3 has no elements in 
Se, its compound character will be 0. Start with ¢™ (ie., x in So). 
Then (7-6) gives 


1 


| 6 
Set ei 5 


bo] & 


13) =— 
We obtain the compound character 3, 1,0. Now 
I a _ 1 ἊΝ 
7 Dy σιψιχὶ = τί -8 Ὁ 8:1 Ὁ 2.0) =1, 
l 


so X contains x‘? once. Subtracting, we obtain the character 2, 0, —1. 
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This is a simple character, since 3[1-2?+3-0?+2-(—1)7] = 1. 
Hence our table for S3 is 


1 3 2 
55: (13) (2, 1) (3) 
x) 1 1 1 
x62) 1 —1 1 
x) 2 0 —1 


Now we consider S3 as a subgroup of 54. We know the following portion 
of the character table of S4: 


1 6 3 8 6 
Sa: a) ἃ ' ἃ) ὦ 
x) 1 1 1 1 1 
x) 1 —l 1 1 —1 


The factors ghi/gzh of Eq. (7-6) are 4, 2, 0, 1, 0. First we take $™ (ie., 
x“ for S3) and get the compound character y: 4, 2, 0, 1, 0. Then 


ra aj [+ 4? +6- 2743-074+8-17+6-07] = 2, 


and hence y contains two simple characters, each of which appears once. 
W contains x once since 


Ev? = a (l-44+6-2+3-04+8-1+6-0] = 


Subtracting x, we obtain the character x‘?: 3, 1, —1, 0, —1. This 
character is simple since 


eo = δι (1-3? +6- 2 43(—1)? +8-0? +6 (—1)]] = 1. 


Next we use φ'2 (i.e., x for S3) and get y: 4, —2, 0, 1,0. This compound 
character contains x‘ once since 


ea 
= 57[1-4-1+ 6 (—2)(-1) +8-0-148-1-1+46-0-(—D] 


1 
. 


Subtracting x, we are left with the simple character x = 3, —1, —1, 
0, 1. Finally we start with ¢ (ie., x‘? for S3) and obtain y: 8, 0, 0, —1, 0. 
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We find 
yu 2_ J. 12] = 


so Ψ is a sum of three distinct simple characters. y contains the previously 
derived x‘® once since 


D δἰ ψυχὴν = Gll-8-3+0+0+0) = 


Similarly, y contains x‘ once. Subtracting x and x from y, we obtain 
the character x‘: 2, 0, 2, —1, 0 which is simple since 


DH od)? = gylt-2? - 3@?+8(-1)4 = 1 


We have obtained the complete character table of S4 (Table 7-1). 


TABLE 7-1 
1 6 3 8 6 
Sa: (14) (2, 17) (2?) (3, 1) (4) 
xO) 1 1 ] 1 1 
x (2) 1 —] 1 1 —] 
x) 2 0 2 —1 0 
x (4) 3 1 —] 0 —] 
x65) 3 --1 --] 0 ] 


Now we apply the same procedure to Ss, considering S4 a8 a subgroup. 
We have the following information about S:;: 


1 10 15 20 20 30 24 

ΓΞ (1°) ὦ.) 27,1) 3, 1) (8,2) (4) ) 
x) 1 1 1 1 1 1 J 
x02) 1 —1 1 1 —1 —1 ἢ 


The factors σῃ σιν in Eq. (7-6) are 5, 3, 1, 2, 0, 1, 0. Using φ' ἢ from 84 
yields this same set of numbers as a compound character y of S5, that 1S, 


avi = ll: 5? + 10-37 4+ 15-1? + 20-2? + 30- 17] = 2, 


and y therefore contains two different simple characters. It contains x‘ 
since Σ (σι ο)ψι = 1; subtracting x‘, we obtain the simple character 
x®:4,2,0, 1, —1,0, 1 In similar fashion, we have from ¢™ the simple 
character x), 4, —2,0, 1, 1,0, —1. 
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TABLE 7-2 
1 10 15 20 20 30 24 
Ss: (15) (2, 15) (27, 1) (3, 15) (3, 2) (4, 1) (5) 
χί!) 1 1 1 1 1 1 1 
x62) 1 --Ἰ 1 1 —1 —1 1 
x03) 4 2 0 1 —1 0 -] 
x4) 4 —2 0 1 1 0 —1 
x6) 5 1 1 —1 1 —1 0 
x66) 5 —|] 1 —1 —] 1 0 
xX 6 0 —2 0 0 0 1 


Starting from ¢, φί ἢ, o, respectively, we form the compound 
characters 


10, 0, 2, —2, 0, 0, 0: > rag — 2, 
15, 3, —1, 0, 0, —1, 0: yee Ξε 3, 
15, —3, -1,0,0,1,0: > rag ΣΞ ἢ, 
The second character contains x once, the third contains x“ once; 


subtracting these, we have the compound characters 
x5) 4+ x. 10,0, 2, —2, 0, 0, 0, 
x) 4.x: 111, —1, -1,1, —1, 1, 
x) 44M: 11. —1, —1, —1, —1,1,1, 
each of which consists of two simple characters. From the last two we find 
x) — x: 0. 2.0, 0, 2, —2, 0, 
and combining with the first, we obtain 


x. 5 1.1, —1, 1, —1, 0, 
x). 5, —1, 1, —1, —1, 1, 0. 


Then we find x‘”: 6, 0, —2, 0, 0, 0, 1. The complete character table is 
given in Table 7-2. 

The task for S¢ is already formidable. Our difficulty really stems from 
the fact that we have used only the subgroup S,_1 of S,. In the following 
sections we shall show how the general problem can be reduced to a routine. 


Problem. Use the method of this section to find the character table of Se. 
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7-2 Frobenius’ formula for the characters of the symmetric group. 
In Section 7-1, we derived the following result: 

Given a group G of order g, having σι elements in the class Καὶ. If a sub- 
group H of G has order h and contains h; elements from Ky, then the set 
of numbers 


xy θῖι (7-7) 


forms a compound character of G. 

We shall show in this section how, starting from (7-7), we can solve 
completely the problem of finding the irreducible representations of the 
symmetric group. The idea (again due to Frobenius) is the following: 
Equation (7-7) supplies us with a character x” of G(=S,) for each sub- 


group H chosen. Consider any partition (A) = (Aq, Ag, ..-, An) of ἢ, 
Ay + Ag + +++ τῇ Mn = ἢ, (7-8) 
Ay 2 A2 ΣΤΥ 2M | 0. (7-8a) 


Corresponding to the partition (A) we can construct a subgroup of G: 
Distribute the symbols 1, ..., over the partition; group Δ: symbols in 
one bunch, Ag others in a second bunch, etc. (the choice of symbols in 
each bunch is irrelevant). Now construct the symmetric group on the 
first bunch of symbols; call it G,,. Do the same thing for each of the other 
bunches. Now take the direct product of all these groups. (Remember 
they have no symbols in common.) The direct product is 


Gay = Gy, X Gi, ΧΟ Χ Gy,» (7-9) 


and is a subgroup of S,,; using (7-7), we can obtain a compound character 
of S,, which we label 6. Each partition (A) of n can be handled in this 
way. Since the number of partitions of n is equal to the number of classes 
in S,, we thus obtain a number of compound characters of S,, which is 
equal to the number of classes in S,. We shall prove that the φ' are lin- 
early independent vectors; they must therefore yield all the simple char- 
acters of S, when proper linear combinations are taken. We shall also 
give the final result obtained by Frobenius, a closed formula giving all 
the simple characters of S,. 

In order to use Eq. (7-7) we must calculate the quantities hj, h, and σι. 
Suppose we wish to construct the character corresponding to the partition 
(A). From (7-9), 

h Ξ-- Ail: λο} 5 -λμ'. (7--10) 


Next consider the class K; of S,. We can characterize K, by giving its 
cycle structure (1%, 2°, 3%,...), the symbol stating that the permutations 
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in Κι contain a 1-cycles, 8 2-cycles, Y 3-cycles, etc., where 
a+t 26+ 80 - τ: Ξξ ἢ. (7--11) 
The number of permutations in K; was found in Chapter 1, Eq. (1-27): 


n\ 


σι = Ta. gla. βῖ3Υ. γ1 . «τ᾿ (7-12) 


The quantity h; is the number of elements in G,,) which have the cycle 
structure (1%, 26,37...). In order that an element of Gi) have this 
structure it must contain 


a 1-cycles, 6 2-cycles, Ύ 3-cycles, etc. 


Such an element can be constructed according to (7-9) if the direct factor 
from G), has 


a, 1-cycles, B, 2-cycles, Y, 3-cycles, etc.; 
the factor from G), has 

ag 1-cycles, Bz 2-cycles, Yq 3-cycles, etc.; 
and finally the factor from Gy, has 

ay, 1-cycles, Bn 2-cycles, Yn 3-cycles, etc., 


provided that 


ΝΣ Qj; Ξε a, δ Β:.ΞΞΞ, >> Veo 7, Cue: (7-13) 
i=l t=] t=1 


Since G,, consists of permutations on d; symbols, we have 
a; + 26; + 8%; -Γ τ": =r; (7-14) 
The number of permutations of G,, having the cycle structure 
(125, DF e318. ss 2) 


for fixed a;, B;, Yi, - - - 18 
1%: - a;!28: - B,! ers 


If we select any solution of (7-13) and (7-14), we obtain 
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members of the class (1%, 2°, 37. . .). Summing over all solutions, we have 


r,! 
αὐ +28 j++ =d; 
Substituting (7-10), (7-12), and (7-15) in Eq. (7-7), we find 
OQ) _ 91 αἱ _ β΄ Sed ἘΞ 
ὡς gih Py aylag! Bi!Bo!--- em 
> ET a ae 
αὐ Ἐ2β:.Ἐπ᾽᾿τεὰς 


Before proceeding, we wish to illustrate the method in a particular case. 
We consider S4 and construct the subgroup corresponding to the parti- 
tion (25). Then G22) = G2 X G2 where, say, we form the symmetric 
group on elements 1 and 2, and multiply by the symmetric group on 
elements 3 and 4: e, (12), (34), (12)(34). The order of the subgroup is 
h = 2!-2! = 4. Consider the various classes of S4. Classes (4) and (31) 
have no members in G22), so (7-7) will give zero for them. The class (2) 
of δ appears once in G2), the class (217) appears twice, the class (14) 
once, so we get the compound character 


(1*), (217), (27), (8), (4), 
650 4 τον Ὁ... ὁ. 


The quantities ¢{” are the coefficients in a certain multinomial which 


we now construct. Suppose we consider the class (1°2°37...) in S,. The 
polynomial 


(αι + tg +++ + ay) (et - τῇ - --- + αῷγβαξ + 8 + + 23)7--- 


in the variables x1, ..., 2, can be expanded to give 
! ! 
MO: 2 
DE sree DL gt 
A]rrers an ᾿: oe By,.--, By ss de 
Σα;--α ΣΒ,--β 
! B! 
= | α: ᾿ αὐ Ἐ2βι-Ἐ801.Ἐ- 
ΞΞ Sa ae ee Oe 
ErPases 
Xa;=a,p;=8 
Me Χ gta t Bn t3Iate 
n 


We now collect all the coefficients of a given monomial zi1xrt2- «+ xn, 
The expression can then be written as 


3 | ΝΞ a! ! 
x} eo 8 8 ἀξ ἢ pe Pa ΠΗ xX x ee & @ 
a eon: @1:°°* Ayn: By!l--- B,! 
2 Γ΄ 4,555» 
Σμηξεη La;=a,l8;=f,... 
αὐ Ἐ2βι-Ἐτη Hg 
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All monomials which are obtained from 241...2%> by permuting the 
variables have the same coefficient. We can, therefore, order the μὲ in 


decreasing sequence and identify the μὲ with the parts of the partition 
(\). Then making use of Eq. (7-16), we find 


ὍΣΣ» αι, 


! | 
ΔΙ χὰ αἱ β' 

χΧ .ς.ο» ἡ δὶ -----.- X ---.------------ς------- es ee 
Σ: 1 n a a,!: > * An! By! - . « Be! x 


(A) ap Bares 
perm Laj;=a,28;=f,... 
aif 2Bit = Aj 
λ λ λ 
= 30 6M Yad ad. Gm 


(A) perm 


The sum runs through all partitions (A) and all distinct monomials ob- 


tained by permuting 21 . . . Tn. 
We define new variables 8,: 
.= Σ᾽ αἵ ΞΘ ὡς εὐ τῆι (7--18) 


For each class J with cycle structure (1%, 2°, 37, .. .), we define still a third 
set of variables, namely, the left-hand side of Eq. (7-17): 


Sl = sis ree, (7-19) 


where (J) is the class (1%, 28, 3%,...). Then Eq. (7-17) can be written as 


Sy = > ei >; hte. nm, (7-20) 


(A) perm 


The s, defined by Eq. (7-18) are n functions of the ἡ independent varia- 
bles x;. The 8, are functionally independent; their Jacobian is the de- 
terminant 


1 1 1 1 ] 1 
211 2X9 223 11 X92 X3 
2 2 2 
i OX] 12 323 = Ἢ Ly X92 X3 
-- -- —1 —1 —1 —1 
7.11 : NLS : NLS Lt V2 18 


(7-21) 


| 
= 
ΕΞ 
e 
| 
& 
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This last result is obtained by noting that the determinant is a multi- 
nomial of total degree 0+1+2+---+ (n — 1) = n(n — 1)/2. 
The determinant vanishes if any two variables are made equal, and 
hence it contains all possible factors (2; — x;) with 7 # 7; since there 
are n(n — 1)/2 such factors, we obtain Eq. (7-21) (the sign being identi- 
fied by finding the coefficient of xzj~'x3_*--- 2°). Since J is not identi- 
cally zero, the s, can be introduced as new independent variables. Further- 
more, the 8ι0ὴὺ defined by Eq. (7-19) are linearly independent (for if they 
were linearly dependent, this would imply a functional dependence among 
the s,, which we have just proved to be independent variables). By the 
same argument, the quantities 


>» pri... gin 

perm 
corresponding to the various partitions (A) are also linearly independent. 
Thus as (/) runs through the c classes of S,, we obtain c equations like 
(7-20) expressing the c linearly independent quantities 8.6) in terms of the 
c linearly independent quantities )\ perm X}1--- ch». But, in a transforma- 
tion from one linearly independent set to another, the matrix of the trans- 
formation is nonsingular. The columns of this matrix, which are just the 
characters ¢{}) for fixed (A), must therefore be linearly independent. So 
oc c simple characters must be expressible as linear combinations of the 
φὶ". 

For the derivation of general statements, we have used n variables Ζ;. 
In practical calculations, the only requirement 15 that the number of 2’s 
should not be less than the number of parts in the partition (A). 

We apply Eq. (7-20) to S4. Then 


(ἢ = (1*): sat) = (81)* = (Oa)* = Vsti + 4¥ zize 
ἜΣ ἴα + 120 rixzers + WV rirersra, 


where Σ χΐ, etc., implies a sum over all permutations of indices which give 
distinct monomials. Similarly, 


(ἢ = (21°): S212) = 82(81) = (αἵ ++ ++ + an)(ti +--+ + 2)’ 
= [Dat + 20a 2] [Σ) 238] 
= Vel - ὩΣ οἵας + 2a 
ἜΣ rivers; 
(Ὁ = (2*): τ. = (82)” = (Lai)? = Lat + ὩΣ “ἴω; 
(ἢ = (8, 1): §(3,1) = ὅ8δ1 = (Συ  (Σ 19) = Lai + Ceize; 
(ἢ = (): ian Sri. 
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From these equations we form the matrix of the ¢{/); we transpose the 
matrix so that (A) designates rows and (/) columns: 


(ἢ = (1*)* (217)® Ὁ" ὁ)" ὦ" 


(x) = (4) 1 1 1 1 1 
(31) 4 2 0 1 0 
(2?) 6 2 2 0 O (7-22) 
(213) 12 2 0 0 Ὁ 
(1+) 24 0 0 0 O 


From this matrix we could now determine the simple characters x{j) in 


the same way as in Section 7-1. 


Problem. Apply this method to Ss and obtain the ¢™ ; use Table 7-2 to express 
the @™ as linear combinations of the simple characters of Ss. 


Formula (7-20) enables us to find a complete set of compound char- 
acters @™ for S,. Going beyond this, Frobenius has given a similar formula 
which yields directly all the simple characters x. For this purpose we 
use a determinant of the type already encountered in Eq. (7-21), that is, 


D(z;) = D(ai,..-,%m) = If @ — τὴ 


t<j 


= DD dpPaft tag? +++ tm—1tm (7-28) 
P 


where P is any permutation of the variables x;, and 6p = +1, depending 
on whether P is an even or odd permutation. Note that D(x;) is an alter- 
nating function of the χε, changing sign under any interchange of two 
variables. The quantities si) in Eq. (7-20) are symmetric multinomials 
in the x; [cef. Eqs. (7-18) and (7-19)], so the product s8;1D(x;) changes 
sign under any interchange of two variables. If we write the expansion of 
$(1)D(a;) as a sum of monomials 211, ... , 2,™, no terms having equal powers 
for two of the variables can occur, since the interchange of those variables 
in s)D(x;) would change the sign of all terms in the expansion, while the 
interchange acting on the monomial leaves the sign unchanged; thus such 
monomials must have zero coefficient. We can, therefore, rearrange the 
variables in the monomials so that the highest power comes first, the next 
lower power second, etc. Hence the quantity s.1)D(x;) can be written as 


λ λ .-, Δ — λ 
ἡ = >) ΧΟΣ, δΕΡ τ τ ἐν (7-24) 
(A) Ρ 
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The first sum goes over all partitions (A) of n, the second sum over all 


permutations of the variables 71,...,2%m. Clearly the coefficients xi 


are certain linear combinations of the ¢')). Frobenius’ theorem states 
that the quantities x in Eq. (7-24) are precisely the simple characters 
of Sy. 

We shall give many examples to make the meaning of (7-24) clear, but 
first we present the proof of the theorem. 


The χίν will be simple characters if [οἷ. Eq. (8-152)| 
Σ δα ΧΟ ἢ = g, (7-25) 
(1) 


where g is the order of S, and g,z) the number of elements in the class (J). 
Just as we introduced the variables x;, we now introduce a second set 
y; and define 


t, = δ γῇ, (7-18a) 


ty = 3... for (ὃ = (17, 2°,3%...). — (7-19a) 
Construct the sum Doi (σα) 9). Using Eqs. (7-12), (7-19) and 
(7-19a), we have 


9.) 1 «1 β a 
Σ 7 ah) = ΡΣ Teal (δι) ogy (Sate)... (7-26) 
a+2B8+---=n 


We now sum over 7 from 0 to o: 


DS “Ὁ santa = —= €Xp ΕΣ ἜΣ 5 Sate es Ἢ Sala es | (7-27) 


all partitions 
of alln 


Now substitute for s,, t, from Eqs. (7-18) and (7-18a): 


> Syby -- y pai τ, ΣΙ Yi > > es) 
r r 


T=] r=1 7,j=1 r=1 
— > md -- zy) = —nm JJ ad — 2). (7-28) 
2,j=1 1,j=1 


Thus the right side of (7-27) is 


1 
ΤΙΣ ,Ξὰ 019. χη) 
Now we prove that 
D(%i)D(yi) 


ἜΘ , 7-29 
a1 ea) Ἷ — Φνῦ: ( ) 
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where D is the determinant defined by Eq. (7-23) and |1/(1 — z,y,)| is a 
determinant whose rs-element is 1/(1 — z,;y;). This determinant has the 
form 

(1 — xyy1)~? (1 — 21y2)~*? (1 — 2iys)~* 

(1 — χουν) } (1 — aey2)7* (1 — aey3)* 

(1 pare r3y1) ἢ it cal ὦ ὅδ δον Ot WU ἴδοι ere ων; ee eee (eres ὦν e (7-30) 


Subtract the first from the 7th row: 


SS iS ἐς seed ie. Ea se Oo 
(1 — σῷ) (1 — 21y;) ΓΞ ere 
The factor (x; — 11) is common to all the elements of the zth row, and the 
factor (1 — 2x ,y;) is common to all the elements of the jth column; factor- 
ing these, we obtain 


1 1 1 
Y1 Y2 
(ve — αὐγὰς — αὐ)... (tm — 41) 11 — %a¥1 1 — Taye 
; Y1 Yo 


Pai -- ay) 1 — 23y1 1 — x3y9 


Now subtract the first column from the others: 


Yj Y1 nl YG τα Ἅι 1 


1 — LY; Loy 1 rir 1 — ἜΗΙ 
Again the factor (y; — y1) is common to all elements of the jth column 
and (1 — 2,y,) is common to all elements of the 7th row, so the determinant 
becomes 


(ας = M1) os Cn — 2) U2 — Yi) - - - Ya -- Μ1) 
Πα — aiy;) 2 ( — zy) 
1 0 0 
Y1 1 1 
Pie Wiis 1 Ds geet 


1 — χει 1 — xayo 1 — χ80,8 


7-2] FROBENIUS FORMULA FOR THE CHARACTERS OF Sy, 197 


and 
os 
Day gatas 
_ (2 — 41)... (tm = L1)(Y2 = Yi) --. Ym = 1) 1 
1; (2 — eiy;) ihe A — air) Lo Dis ΞΡ 
(7-31) 


Repeating the induction, we arrive at (7-29). Now multiplying both sides 
of (7-27) by D(x;)D(y;) and using (7-29), we obtain 


9) 1 
= s(ntpD(ei)Dy;) = |---| - 
ota 9 (ὗς j πεσε ον 
But 
(1 — σῷ)" = Σὲ) αἵ, 
v=0 
50 


το = Σ; Σ Spxrp yy LPs ae LEY (7-32) 
All the v’s must be different since the function alternates under any inter- 
change. The indices can be arranged in descending order; the Σ᾿» then 
goes over all permutations of the z’s and y’s, and 6p is the sign of the 
permutation of one set relative to the other. Since the v’s are now in 
descending order, we can set v; = A; + m — 2 and get 


Ay -m—1_ Ay-+m— eee 
DP αι θῇ = eae Ὁ: 


(ἢ (A) P 
(7-33) 
Substituting (7-24) and the similar expression in y, and comparing co- 
efficients of monomials in 71,..., Um, Y1,---, Ym, We find 
FO xX =O for Ὁ) (u), 
(2) 
(7-25) 


ye? BP = 1, 
a 9 


which proves that formula (7-24) gives us independent simple characters. 
Equation (7-25) still leaves the possibility that the x{? are + a simple 
character, but we shall see in the process of working out the results that 
the sign is given correctly. 

Formula (7-24) looks (and is!) formidable, and we shall therefore deal 
with it to devise methods which are tractable. 
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7-3 Graphical methods. Lattice permutations. Young patterns. Young 
tableaux. First let us consider the identity element of S,, 1.6., the class 
(ἢ = (1"). The left side of (7-24) is just D(x;)(>_z;)”. We start with 
D(zx;) and multiply successively n times by >>2;. Since the product at each 
stage is an alternating function, any monomial having two equal powers 


must have zero coefficient. Thus x} will be the coefficient of 


λ -1,.λ --2ὦ λ 
apt nyt” ee ΡΝ 


in (7-24). We start from 


D(a;) = > dp Prt gh? os ἜΝ 
Ρ 


If we multiply by Σ αι, we increase one of the powers by unity. But if at 
any stage two of the exponents become equal, the term must vanish. So 
we see that, as we raise the degree of the polynomial by one at each stage, 
we must always raise the power of zx, at least as fast as xg, etc. Our 
final goal is to raise the power of x, by λι, that of x; by \;. While doing this, 
one factor at a time, we must be sure at each stage that the number of 
multiplications by x; is greater than or equal to the number of multiplica- 
tions by xo, etc. The total number of ways by which we can reach our goal 
will be x: 1.6., the degree of the representation (A). 

For example, suppose that we wish to obtain the dimension of the 
irreducible representation of S4 corresponding to (A) = (2, 1”). Then we 
must raise the power of x; by 2, and the powers of x2 and x3 by 1. In 
other words we wish to arrive at 7x23 by applying one x-factor at a 
time, always keeping more x,’s than w%»’s than 23's, etc. The possible 
ways of doing this are 


2 
ΔΊ 213 = Χ11017278, Ζ1221}11}8, Δι 2371. (7-34) 


These arrangements are called the lattice permutations of v?to%3. There 
are three such permutations, so the dimension of the representation 
associated with (2,17) is 3. Now replace the words x; by “dot on the 
first line,” x2 by “dot on the second line,” etc. We wish to arrive at a 
graph with two dots on the first line (x7) and one dot on the second and 
third lines (5513), by applying dots, one at a time, so that at every stage 
each line has no fewer dots than the succeeding lines. (Such graphs are 
said to be regular graphs.) Pictorially, we wish to arrive at the graph 


eo {IL 
. or br} 
‘ Γ] (7-35) 


Partition (2, 17) 
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(where the second diagram uses squares instead of dots) by placing ob- 
jects, one at a time, on the diagram, making sure that at each stage the 
number of objects in the first line is greater than or equal to the number of 
objects in the second line, etc. (i.e., the graph shall be regular at each 
stage), and ending with all the dots (or squares) of the graph filled. Such 
a procedure is called a regular application (of one node, or dot, or square at a 
time). In our example, if we label the objects in order of application, we 
have the following possibilities: : 


1 3 1 4 
2 2 (7-36) 
4 3 


2 


mm CO μι 


Equation (7-36) really says the same thing as Eq. (7-34): The first graph 
says “first line, first line, second line, third line,” 1.e., 1112 2173, ete. 

-By the same procedure we can find the dimensions of all irreducible 
representations of S4. To each partition there corresponds a graph: 


4): OOOO 
(5,1: OL 
L 
{_] 
(25): ΓΤ (T° {|| (7-37) 
LIL [| 
L_] 
2,17): 00 
[] 
[] 


The possible ways of building these graphs by regular applications of 
single nodes are: 


4): QE n=1 
3,1): WEB Ho Gee rn=3 
[4] [2] 
(2): WE ΠῚ[8] n= 2 
[31[4] [Σ][4] 
(2;1:}: 3) Wa n= 3 (7-38) 
[3] [2] 
[1] [1] 
(1*): | τ] 


[=][e*]bs][+] 


[cHaP. 7 
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The results given in (7-38) call attention to the intimate connection be- 
tween conjugate or associated partitions, i.e., two partitions which are 
obtained from each other by interchange of rows and columns: for example, 
(4) and (14), (3, 1) and (2, 17). On the other hand, the partition (27) is 
self-conjugate; it is transformed into itself by interchange of rows and 
columns. We see from (7-38) that the dimensions of the representations 
associated with conjugate partitions are equal. 

As another example, we find the dimension of the representation of S7 


associated with the partition (4, 2, 1): 


1234 1235 1236 1237 1236 1237 
(1) 56 (3) 46 (5) 45 (7) 45 (6) 47 (8) 46 
7 7 7 θ 5 5 
1234 1235 1245 1245 1246 1247 
(2) 57 (4) 47 (9) 36 (10) 37 (11) 35 (13) 35 
6 6 7 6 7 6 
1246 1247 1256 1257 1267 1256 
(12) 37 (14) 36 (15) 34 (17) 34 (19) 34 (16) 37 
5 5 7 6 5 4 
1257 1267 1345 1345 1346 1347 
(18) 36 (20) 35 (21) 26 (22) 27 (23) 25 (25) 25 
4 4 7 6 7 6 
1346 1347 1356 1357 1367 
(24) 27 (26) 26 (27) 24 (29) 24 (31) 24 
5 5 7 6 5 
1356 1357 1367 1456 1457 
(28) 27 (30) 26 (32) 25 (33) 27 (34) 26 
4 4 4 3 3 
1467 
(35) 25 n = 35 (7-39) 
3 
Problem. Construct diagrams similar to (7-38) and (7-39) for all τεῤεῤεδη ας 
tions of Ss. 


The quantities shown in (7-39) are examples of Young tableaux—a 
graph of a given shape (determined by the partition) in which the numbers 
1,...,m are placed in the various boxes. When the boxes are filled 
according to our rule of regular application, the tableau is said to be a 
standard tableau. The number of standard tableaux is just the dimension 
of the representation. The standard tableaux can be put in a certain 
order by writing all the numbers on one line, i.e., write the first line, 
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follow with the second, etc; then arrange them in lowest page order of the 
resulting numbers: for example, 


1367 
25 — 1367254 
4 

comes after 
1367 
24 — 1367245. 
5 


We shall return to standard tableaux later and show how they enable us 
to construct basis functions for the irreducible representations. 


7-4 Graphical method for determining characters. The same graphical 
method which we have used to find the dimensions of the irreducible 
representations can be applied to calculate the characters. Again we start 
from Eq. (7-24). To find the character x{} we must find the coefficient of 
gn  πῖτε εν + ghm in D(a;)8(1y. We write (J) in cycle form (Jy, la, . . .),. 
and multiply D(z;) successively by 8, = Σὺ; ey ΞΕΣ; vs, We 
start from D(x;) = dip bpPryt = Lo 2... 2, 12°, and are trying to 
determine the coefficient of tn “1 pet?” -+22™ At each stage of 
the multiplication the coefficient will be zero if two of the exponents are 
equal. Suppose that /, is a one-cycle (our previous case). Then multiplying 
D(x;) by Σ σι, we find that the only term which will not give zero is multi- 
plication by τῳ; we put a dot in the first row. Suppose /; = 2; then we 
multiply by }°z?. There are now two nonzero cases, arising from x? and 
a2. The first leaves 27 *1e?*--- x, 1 with the exponents still in de- 
creasing order. The second gives 5 arly 8. .+ 2m 1 with the expo- 
nents out of order. Among the permutations >> p épP there will be one 
which reorders the exponents in decreasing order, namely, the transposi- 
tion (12), which changes the sign, giving —ajrg ‘vy ον κι χα. We 
can express the result as follows: We added a dot to the second line, then 
added one to the first line and changed the sign. For ἢ = 3 we would 


obtain m+2 m—2 m—l m+1,, m—3 , 
ty, Leg ++ *Lm—1; ty, LQ 4&3 °*Um—1; 
m—1_m—2_m,m—4 | Ρ 
11 το 1554 “τ Um—1- 


Selecting the terms from Σ᾽» 6pP whose exponents are in decreasing 
order, we have: 

m+2 m—2 ΩΝ m—1m—3 : 

τ“ Xe “τ Um—1) = vg v3 τ Um—1, 


m,m—1, m—2, m—4 | 
V1V2 18 v4 “ eet 
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The three results correspond to the following possibilities: 


(a) Put three dots on the first line. 
(b) Put a dot on the second line and two dots on the first line. 
(c) Put one dot on each of the first three lines. 


The same procedure applies for ἃ > 3. We see that if the set of J, dots is 
placed on an odd number of lines, the sign is unchanged (even application), 
but if the dots are put on an even number of lines, the sign is changed (odd 
application). The result is even more pictorial if we omit the common 
factor 2”! +--+ &m_1, in which case our three possibilities above would be 
a>, --αἶχο, 4122%3. We may say that we have applied the dots as follows: 
Add dots to any line until the number of dots exceeds the number in the 
preceding line by one; then go to the preceding line and repeat the proce- 
dure, etc. When all dots have been added, the result must be a legitimate 
graph. The sign is +(—), depending on whether the number of lines in- 
volved is odd (even). 

Now consider any later stage in the multiplication process. Suppose that 


after adding dots for 1;, lz, ..., we arrive at a typical (permissible) result: 
αἴ 1 gn? δ Lm —1)e xe wh ce, a Lo" Oras x," 
If this is a permissible result, we must have vy > vg > +++: > Vm. If we 


now multiply by 8, = Σ αζ for a cycle on r letters, we consider the effect 
of the factor 2). If two exponents become equal, the result is zero. Suppose 
that yp-1 + (m—ptl)>»y+(m—gq+r>v,+ (m — p). We 
obtain the result 


¥y--m—1 ἐπ a aie Vntm—p Vatm—aq-+r Vm 
+21 sar Hf τῇ Lp eee 7 ὁ. τἀ Ὁ ρος 
ν m—1 Vn m—Dp ee Voetm—qtr v +m—p - 
ae sar ae Ἔ “ἄν ἘΝ ἡ," 
YVq—1+m—q+1 ¥qii1tm—aq—-l1 | » 
Lq—i ΠΆΩ ee Lai 
= m—1 . m—p-+1 m—p,m—p—1 . 
= +(27 ot a a, εν m—1)tp 5 τ᾿ 
Vp—1 Ρῳ Ρ-τΟΤΥ ΡΣ Pee aie ar Vo+1 Vm 
Ly — ite p+1 * Uq—1 De eet 
(7-40) 
There will exist a corresponding term with x,...,2%m in natural order, 
the sign being determined by the number of variables zy, ..., x, involved 


in the shift: +(—) if (¢ — p) is odd (even). This reordered term will be 


q—p+17,.m—1 | m—p+1,, .m—p . Vy 
(+1) (x7 αρ- Tp + Lm—1)ki τ’ 
»»--ἰ Yqgtp—atr pt} ge Pt A® Va—itl Yq Vm 
Lp—1Xp p+1 Up+2 "hq Xqt1 °° ° Xm 


7-A| GRAPHICAL METHOD FOR DETERMINING CHARACTERS 203 


In terms of the graphs, we may say that we added dots to the qth line 
until the number exceeded that of the previous line by one (that is, 7? has 
become πόα lief and then repeated the procedure in the preceding line, 
etc., making sure that the final result of applying all r dots left us with a 
regular graph. This process is called a regular application of r dots. The 
general rule is: 

To find the character in the representation (A) of the class (/) having 
cycles of lengths /;, J2, ..., build up the graph of the partition (A) by suc- 
cessive regular applications of 1;, l2, etc., dots. The character xt} equals 
the number of ways of building the graph which contain an even number of 
negative applications minus the number of ways which contain an odd 
number of negative applications. 


As a first example, we find eo. First draw the graph of (3, 1): 


ae (7-42) 


We make regular applications of 2, 1, and 1 dots. This can be done in any 
order. For example, first apply a pair of dots (we label them 1), then a 
single dot (2) and a single dot (3). The two dots can be entered in two 
ways: 


@ S20 oe ὦ Gt (7-42a) 
Now make a regular application of dot 2: 


(a) SOU ay Ao BA {δὴ 


Clearly dot 3 is put in the remaining empty space: 


(a1) {a2) (b) (7.120) 


In (81) and (ag) the two 1’s are on the same line, so these constructions 
contain no odd applications. In (Ὁ) the two 1’s are on two lines, and hence 
(Ὁ) contains one negative application. Thus we obtain +1 from (aj), 
+1 from (ag), and —1 from (b), and 


x} = 4+1+1—1=1. (7-43) 


(2,17) 


The order in which the applications are made is irrelevant (though wise 
choice may reduce the labor considerably). I*‘or example, suppose that we 
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first apply one dot (1), then two dots (2), then one dot (8). The first dot 
(1) must go in the upper left corner: 


11] 
[1 


Now we add the two 2’s. We cannot place the first 2 in the second line 
since our rule requires that we continue until all dots are used or the 
number of dots exceeds by one the number of dots in the preceding line. 


Hence the only regular application is ae and placing the third dot, 
we obtain ee We have one build-up, with no negative applications, 
50 ΧΟ ἢ = +1. 

As a next example, we find Kets. The graph of (2, 1°) is 


[Π 
[ 
[] 
i 


[1] 


One order is one dot (1), four dots (2), one dot (3), one dot (4). The 1 
must go in the upper left box. Then the only regular application of the 


four 2’s gives 
om 


Now the 3 and 4 can be inserted in two ways. In each case the four 2’s 


. . e « 5 
occupy an even number of lines (negative application), so nares = —2, 


Next we try Oe The graph of (8, 2) is 
PIL 
[1] 


If we enter five 1’s in the first line, we have 


EN EN |e 111 
LL 


When we start to apply the five 2’s, we violate our rule since we must 
start in the second line and continue there until we exceed the number of 
occupants of the first line; hence, this method does not build the graph by 
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regular applications. The alternative is to put the first 1 in the second line 
and the other four 1’s in the first: 


ΠἸΠ]ΓΠ]ΠΠῚΓ 1 ῚΓ [1 
oi 


but we still cannot make a regular application of five 2’s to build the graph. 
Thus there are no ways of building the graph by regular applications, so 


(8,2) 


As a last example, we find Matsa The graph of (20, 2, 1) is: 


HRSA 


We make the applications in the order 1, 8, 14. The 1 goes in the upper 
left box. Then, if we put the eight 2’s in the first line, we cannot apply the 
3’s regularly. Similarly, if we start the 2’s in the second line and enter two 
there and six in the first line, the dangling box in the third line prevents 
regular application of the 3’s. Hence we must place the first 2 in the third 
line, then two 2’s in the second, and five in the first. The fourteen 3’s then 
fill the first line, and we have one regular buildup: 


ee ΣΒΙΕΊΕΙΣ 


᾿ ee : . 20,2,1 
It contains only positive applications, so Mae = +1. 


Problems. (1) Calculate the following characters: 


(4,2) (37,17) (5,2,1) 
(4,3,17) (6,2,17) (8,17) 
(d) X03 92 12)» (e) Χ (5.4.1) ) (f) X(3 93 1). 


(2) Prove the following theorem: 


THEOREM. The character of the class () in the irreducible representations 
of S, corresponding to the partitions (p, 12), where p + q = n, is (—1)¢ for 
q = 0,1,...,(m — 1). The character of this class is zero in the other irre- 
ducible representations. 


[Hint: Try to make a regular application of n dots to the various partitions; 
check the conditions for the application to be even or odd.] 
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(3) Derive the general formulas: 


(n—1,1) 


(a) Χ 1% 2837...) ae hs 
GBP - . ἴα = Te) we 
(b) Mt oB aves = 9 B; 
(n—2,2) _ fe Te 2) 7 
(c) Κα 28 αΥἹ δὲ 2 +B 1. 


Try to generalize the formulas. 


The irreducible representation corresponding to the partition (n) is the 
identity representation, 1.e., Xp = 1 for every class (J). Since the graph 
consists of a single row, there is only one method for building the graph by 
regular applications. 

The irreducible representation corresponding to the partition (1”) is 
the alternating representation: xh = +1 if (J) is a class of even permu- 
tations, x = —1 if (l) is a class of odd permutations. The proof is 
similar to that of the above theorem. Now there is only a single column, 
and again there is only one way of building the graph regularly. Each cycle 
on an even number of letters (odd permutation) contributes a factor —1. 
Since even (odd) permutations contain an even (odd) number of cycles of 
even order, the theorem follows. 

We earlier called attention to conjugate or associated partitions. Two 
partitions (A), (A) are conjugate to each other if the diagram of oné is 
obtained from that of the other by interchanging rows and columns. The 
representations corresponding to conjugate partitions are also said to be 
conjugate representations. We now prove that the characters of a class in 
conjugate representations are equal if the class is even, and opposite in 
sign if the class is odd, 1.6., 


hy. (15 
XO) = XX’. (7-44) 


There are many ways of proving (7-44). The method we choose is 
valuable in getting accustomed to thinking in terms of graphs and patterns. 
Suppose that we are building a graph by regular applications and arrive at: 


A possible regular application of three dots to the second line is shown; 
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they would be applied in the order a, ὁ, c. In the conjugate graph, the same 
application, in the order c, b, a, would again be regular. 
Again, suppose that we arrive at the stage 


[LLL 
[LLL 

[ JL] (7-45) 
[ ILI 

5.5 


and make a regular application of 8 dots as shown: 


Bea ee (7-45a) 
LL 


[1 


In the conjugate diagram, the same application, but in reverse order, is 
again regular: 


(7-45b) 


Note the shape of the piece which has been added to our jigsaw puzzle. 
It is always of the type 


and never of the forms 


-—+—_ 


In other words, each dot is either in the same row or the same column as 
its predecessor. The total number of different rows and columns occupied 
by the r dots in a regular application is r + 1, for the first dot starts both 
a row and a column, while the later dots are (as we just pointed out) either 
in the same row or the same column as their predecessors. But we see from 
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(7-45a) and (7-45b) that the applications to conjugate partitions mean an 

interchange of rows and columns. Thus if r is odd (r + 1 even), the total 
~ number of rows and columns involved is even, and the applications to the 
conjugate graphs are therefore both positive or both negative. If ris even 
(r + 1 odd), then if the application to (A) is positive, the application to 
(X) is negative, and vice versa. So to each way of building the graph (A) 
for the class (J) there corresponds a method of building the graph (A). 
For an even class the number of cycles of even r is even, and hence the 
methods contribute the same number +1 or —1 in each case. For an odd 
class, the number of cycles with even r is odd, so we obtain -++1 in one case 
and —1 in the other. 


7-5 Recursion formulas for characters. Branching laws. For the 
detailed task of constructing character tables of the symmetric groups, one 
can also use recursion formulas, so that the characters of S, can be de- 
termined from the already known answers for symmetric groups of lower 
order. 

The recursion formulas are derived by starting from Eq. (7-24): 


λ eee ae ee λ 
snD(ti) = Σ᾽ χίἢ Σ᾽ bpPxp τ ag te... am, (1:24) 
(A) Ῥ 


where (/) is a partition of n. 
Now suppose that we consider the class of S,,, which is obtained by 
adding one cycle on r letters to the partition (J): (k) = ((J), r). Then 


(ky ) (ὃ = > Xie) > δα τ tebe 2... ptm (7-24a) 
(μ) Ρ 
But 
S(k) = 8 (Sr, (7-46) 
50 


Do Xin δ τ ae 
(#) I 
λ eae ee λ 
= (αἱ - τ᾿’ + tn) Σ᾽ ΧΟ > δα πο τ... (7-47) 
(A) P 


We now equate coefficients of the same monomial on both sides of Eq. 
(7-47) to get 
x = DY +x with (ἢ = ((), 7), (7-48) 
(d) 
where the sum >.’ extends over the partitions (A) which we shall now char- 
acterize. From (7-47) it is clear that we take the set of exponents 


Ay +m — 1,dA2 +m — 2,...,Xrm, (7-49) 
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and, in turn, increase one of the numbers by r. We want the resulting 
sequence to be a permutation of the sequence 


ba me = Tp a PI 25 a Ma (7-50) 


If it is, then xi) will appear in (7-48); its sign will be determined by 
whether the sequences (7-49) and (7-50) are obtained from each other by 
an even (++) or an odd (—) permutation. Since, in practice, we start with 
(u) and the sequence (7-50), we subtract r in turn from each number in the 
sequence (7-50) and compare with (7-49). To standardize our procedure, 
we shall always choose m equal to the number of parts in the partition (μ), 
although any choice of m is permissible. 


Ior example, consider the character Meer . We try to express it in 
terms of xi) of Sio9, where the class (J) 15 obtained from (k) by removing 


a 2-cycle (r = 2). We choose m = 5 and write the sequence (7-50): 
8, 6, 5, 2, 1. 


We now subtract 2, in turn, from each number and write the resulting 
sequences. ΤῸ save labor we note that, with our choice of m, any sequence 
containing negative numbers should be discarded. Also, if two of the 
numbers in the resulting sequence are equal, it cannot yield (7-49) and 
should again be dropped. The sequences are: 


so we should discard the first and last sequences. We reorder each remain- 
Ing sequence in descending order and mark it + or —, depending on 
whether the required permutation is even or odd: 


Since these are now the sequences (7-49), we obtain the ’s by subtract- 
ing m — 1 = 4 from the first number, m — 2 = 3 from the second 
number, etc.: 


1; 
1; 
0 


“Ne 


4,221, 
+4, 3, 1, 1, 
A ἃ 


“oe 
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Our final recursion formula 15: 


(4:37 17) 2 2 ον 5: (4,3,1°) (4,32) = 
(ον = XD +r Xp ΧΩ : (7-51) 


As a second example, we find the recursion formula for Χ in terms 


of xy. The p’s are 7, 6, 5, and m = 8, so the sequence (7-50) is 9, 7, 5. 
Now subtract 4 from each number in turn: 


5,755, 9,3,5; 9,7, 1. 


Rearrange: —9, 5, 3; +9, 7, 1; and now subtract 2, 1, 0, giving —7, 4, 3; 
#7, 6, 1, 80 X089 = x00 — x49) 

A very important case is that in which we strip off a I-cycle (r = 1). 
In this case we must subtract 1 successively from each term in (7-50) 
and identify with (7-49). Here the terms cannot get out of order (the 
only untoward result might be that two terms become equal) and we can 
therefore work with the \’s and p’s directly. The result of the comparison 
is the branching law, 


(2) ἔμενον ει, 
ΧΙ),1) = » x (7-52) 
Tr 


summed over all resulting partitions which are regular (1.6., for which 
Mr — 1 > μιᾳ..1). Suppose we strip off a second l-cycle. Repeating the 
argument, we have 


(μ) (yee stp —2yeee) (μ1 νον μγ παι ῖνον.μς--- 1,...) 
Χ(),12) = > X(1) ἘΠ > ArsX(1) ; 
r 7,8 
Br—22 B+ 1 Brp—1l2uyr+1 
Hs—12Hs+1 
(7-53) 


where a,, == 2 unless r and 8 are consecutive and yw, = ps, in which case 
a, = 1. 

The last statement is quite awkward and is much better expressed 
graphically. To understand the recursion formula in terms of graphs, we 
first consider the case of (7-52). In building the graph of the partition (μ) 
by regular application of the nodes corresponding to the class (ὦ, 1), 
imagine that we save the lI-cycle for the last regular application (of one 
node). Just before this last step, we have built up partitions 7 of n — 1 
by regular applications, and we now apply the last node to build (yu). 
This last application is positive. The number of ways of building 7 15 
the character of () for that partition of n — 1. So the character of ((2), 1) 
in (u) is the sum of the characters of (J) in all regular graphs obtained from 
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(x) by a (regular) removal of one dot. For example, from the diagram 


[1 [11 [ΧΙ 
ΠΗ 
[ LILI! (7-54) 
[1 [[Χ] 
L_ Ix! 
we can remove any one of the dots marked with a cross, and hence 
va 8: 5,42,8, 6,4,82, 6,42,22 ,43,3, 
XD = Xe MQ x XE, (78a) 


The stripping-off of two 1-cycles which yielded (7-53) can be described 
graphically as two successive regular removals of a node. From our 
diagram we can see why (7-53) is complicated. Our removals can be first 
from line 1, then from line 38, or vice versa, so the resulting partition ap- 
pears twice in the sum. But for lines 2 and 3, we must carry out the re- 
moval first from line 3 and then from line 2, so this partition appears 
only once in the sum. 

The stripping-off of a 2-cycle means a regular removal of 2 dots. In 
order that the strip removed be regular, it must be either 


[1 ΟΥ Ε (7-55) 


where the first strip is positive and the second negative (even number of 
lines). Thus in the partition 


LLL 
Fools 
|e 
UZ 
only the crosshatched strips of 2 can be removed, so that 
2 2 2 2 
Xing) = XD XG xy. (7-56) 


If we remove a 3-cycle, the regular strips are 


Oo oo go 
ΕΓ] ee io so (7-57) 
= a 


—- 


In general, there are 2”! different strips for an r-cycle. 


Problem. Use the recursion methods to evaluate 


(6,452) 4 (A) 421). (A) 
(a) Xc(2,22) in terms of Xn; (b) Xc2y,3,1) in terms of X(y. 
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7-6 Calculation of characters by means of the Frobenius formula. 
The last method for calculating characters is the direct use of the Frobenius 
formula (7-24). We illustrate the method for some simple cases which we 
need later on. According to (7-24), Χο = xin and X = x!) n—2) are, 


respectively, the coefficients of 2x5? ... an” in 
D(x1, sry Lm) (L1 ++ a i Tn) (7-58) 
and 
D(x1, +++, Τρ) ίαι +++ + tm)" "Gi Έ Ὁ. τῇ am), (7-59) 
where 
h; = AG + m— 2. (7-60) 


First we deal with (7-58). Each term in the expansion of D(zx;) is of the 
form 


bet... ont, (7-61) 
where the k’s are a permutation of the integers m — 1, m — 2,..., 0, 


and the sign is determined by whether the permutation is even or odd. 
To obtain the desired multinomial from (7-61), we must multiply by the 
term 
a en nt so lin = 
Π Ξε ere ae tn 82) 


so the required coefficient is 


1 
Ὁ area ee = al το 
where the sum runs over all permutations of m — 1,...,0. This sum is 
the expansion of the determinant 
Pe, pe ee 
(i; —(m— Π]} [hy —(m— 1 ὁ ἂμ 
See: See 
Xo = nt ἰδ — Gm — DI! The — (πὶ — 2}]} hall. (7-64) 
[hm — (m — 1)]! [km — (m — 2)]! hin! 
Removing the factor 1/(hy!...hm!), we have 
Ayia — 1)... (Ar — m+ 2 Ay - 1)... Gr — m+ 8) cts ἢ 1 
Ko = hale — Dees (ha = m +2) hale ~ Yo (τ΄ σι Ἔ 8). 000 he 1 
μικ(ἤ μι --- 1) +++ (Am — ™+2) Bm(hm — 1). τ" (tm — m+ 38) +++ hm 1 
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The columns of (7-65) are polynomials of degree m — 1, m — 2,...,0, 
with leading coefficient equal to one. Hence, by taking differences, we 
can reduce (7-65) to 


hr he oo ae he. Ἵ 
= n! nn or rs Ἢ 
AO Nesapatlie τ᾿ 
ho he Bee. ἕν ἢ 
or 
n!} 
Xo — higlemcnded Dh, ce ey Rigs). (7-66) 


To evaluate X = XM n—2), we apply (7-66) to (7-59): 


—~ D(hi, ho, ...,hi — 2,..., lm) 


= eae ! es ee Πρην 
ee) 2d, hiilhgl 2 (ig = δ) ει fig! ὑπο 
We shall need the quantity 
_ nin — 1) Χ 
From (7-66) and (7-67), 
_ 1 «τὸ Alki — Ἡλι, he, ..- hi — 2,22. Mm) = 
a "i aw 


The denominator of (7-69) is an alternating function of the h; [cf. the 
remarks about Eq. (7—23)]. The sum in the numerator is also an alternating 
function of the h;. [Reader, show that it contains all factors (h; — h,;).] 
Hence the ratio must be a symmetric polynomial of second degree in the h,: 


> hihi " 1) D(hy, he, ee h; ΝΕ 2, Ὧν εν ἢ) 
: = D(hy,..., hmLAXA? -+ BUAsh; -+ CDA; + FI). (7-70) 


We can determine A, B, C, F, by comparing coefficients on both sides 
of Eq. (7-70). First, we look at terms in which the power of ἢ} is m + 1 
or m, and the power of hz is >m — 2. On the left, such terms occur only 
in the summand 7 = 1: 

(hy — 2)"~* (hy — 2). Ὁ 


m—1 m—2 
hg hg 


hi(hy — 1) {Ay eee mal» (7-7) 


where [8 Ὁ, hm—1| is the determinant remaining after crossing out the 
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first two rows and columns in D(h). Expanding (7-71), we obtain 


hi(hy — ὉΠ 0} — 20m — 1)}1 5... 
Rape Gi Dh lig ll 
= ΤΣ. ἡ 5. 2(m — 1}}1Π2 ἡ — athe? - +] 
x [AZ 5. ++ Am—i|. (7-72) 
The right side of Eq. (7-70) gives 


[AT 5 — REPRE "LAT + Bhyhe + Chy +--+] [8 Ὁ +++ bm—al. 
(7-72a) 
Comparing coefficients, we find 


A=1, B=0, C=-—(2m—1). (7-73) 


The constant F is the coefficient of h™ ‘hs *---hm—, on the right side 
of (7-70). On the left side of (7-70) we get this monomial only from the 
main diagonal of the determinant. In the 7th summand the diagonal 
term is hv the? .--hi(h; — l(hi — 2)"™—*..+hm—1, so the monomial 
hr hy - - + hm —1 has the coefficient 2(m — 1)(m — ἡ — 1) + 2(m — ἡ 
— 2(m — 1)”, and 


F=>2 5 (m — i)? = 5mm — 1)(2m — 1). (7-74) 


Using (7-69) and (7-70), we find 
Cee Ce Oe 


_ly,2_ Ζ2π- ἰς _™ r 
p= 50? — rh + 7 (7-75) 
Now we substitute for h; from (7-60) and obtain 
1< a 
ἔτι 5 2d, AAs + 1) — Σ ij. (7-76) 


Problem. Use Eq. (7-66) to find the dimension of the irreducible representa- 
tion of S19 corresponding to the partition (4, 37). 


7-7 The matrices of the irreducible representations of S,. Yamanouchi 
symbols. Now we turn to the problem of constructing the matrices of 
the irreducible representations of S,. We shall follow a paper by Yama- 
nouchi (Phys. Math. Soc. Japan 19, 436, 1937). 
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We consider an irreducible representation D(R) characterized by the 
partition (A). Let us assume that we know the irreducible representations 
of S,_1, the permutation group on the symbols 1, 2,...,” — 1. All the 
permutations of S, which are contained in this subgroup S,_; have the 
property that they leave the last symbol, n, unchanged. Thus every 
element FR of S, which is contained in S,_; has the form ((J), 1), and 
hence we can apply the branching law (7-52). Equation (7-52) can be 
expressed in terms of representations: For elements R in S,_,, the matrix 
representative D(A) is the sum of matrix representatives D,(R), where ἢ), 
is the irreducible representation of S,_, corresponding to the partition 


(A1, A2,..-, Ae — 1,..., Am). Symbolically, 
Di: >> DR) (7-77) 
Hiss 


for any permutation R which leaves the last symbol n unchanged. For 
example, in the partition shown in Eq. (7-54), any permutation on the 
first 18 letters has a representative, 


D(k) = D\(R) + D3(R) + Da(R) + D3(R), (7-78) 


where, say, D, is the representative in the representation characterized 
by (5, 4,3, 1). We can choose the representation so that D(R) is in 
explicitly reduced form, with the matrices D, along the main diagonal. 
The subscript r labels the collection of rows (columns) in which D, stands: 


(7-79) 


For those elements & which leave the last two symbols, n — 1 and n, 
unchanged, and hence are in S,_2, D, splits once more [ef. Eq. (7—53)] into 
a sum of representations D,, corresponding to regular partitions 


(pew lesen Oy asd ee oot es ea Νὴ 
(7-80) 


The irreducible representations which are reached in this manner are of 
three types: (1) Drr(Ar > Ay41 + 2) oceurs once. (2) D,; = Dyr occurs 
twice if A, — 1 > A,-4,1 and A, — 1 > Asti. (3) Dys occurs, but Des, 
does not; this happens if s = r — 1 and A,_, = λ,. 
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For example, consider again the partition shown in (7-54). For permu- 
tations R which leave the last two symbols unchanged, we obtain 


D = Dy4+ Dig + Dig + Dis 
+ Dsgi + D32 + 1284 + Das 
+ Dai + Dag + Das 
+ Ds: + Ds3 + Dsa + Dss. (7-81) 


(Note that D3. is of Type 2.) For such permutations we get a subdivision 
of r into sets rs, and the matrix has the form 


(7-82) 


Equation (7-82) shows the matrix for any permutation in S,_2; the dotted 
lines show the matrix (7-79) of elements in S,_1. Again in (7-82) we have 
chosen the basis vectors to exhibit the matrix in reduced form. 

Now we wish to construct the matrix representative of elements R in 
S, which are not in S,_1; i.e., elements which permute the last symbol n. 
For this purpose we need only the matrix of the transposition (n — 1, n), 
which we denote by U, because 


(i,n) = (n — 1, η)(ἰ, πὶ — 1I)(r — 1,7). (7-83) 


The transposition (7, — 1) isin S,_1, so its matrix is known; knowing 
U, we can get the matrix for any transposition (2,7) and, consequently, 
for any permutation. The matrix V for any permutation in S,_»2 has the 
form shown in (7-82): 


Vee =< τ Keys Ors,pa- (7-84) 
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Since the transposition (n — 1,7) commutes with all the elements of 
Sn—2, 
Vo = UV (7-85) 
or 
Vis,reU rs, pq τ ὑὐηςιρα pa.pa (7-86) 


for all elements in S,_». The matrices V;s,,5 and Vyg,pq are irreducible 
representations of S,_»2 which are equivalent only for pg = rs or pq = sr. 
Hence by Schur’s lemmas, U,;,,, = Ὁ unless pg = rs or pq = sr, and 


O+s,r8 = Tra,relire,ray Oys,sr ae Ors,srlrs, sr, (7-87) 


where Him,pq 18 ἃ Unit matrix at the lm-rows, pq-columns in (7-82), and 
the o’s are constants. 

If we require our representation to be unitary and look at the form of 
U, we see that if rs is of type 1 or type 3, then 


δεν  ΞΞΕῚ; (7-88) 
and if rs 1s of type 2, then 
Cree s δ οτὸε == 1. (7-89) 


In order to find the matrix U of the transposition (n — 1,7), we need 
only the constants a. They can be found as follows: 

We showed earlier [Eqs. (8-168) through (3-170)] that if we sum the 
matrices of an irreducible representation for all the elements of a class K, 
we obtain a multiple of the unit matrix: 


ye (7-90) 
RCK Xo 


where Αἰ is the unit matrix, nx the number of elements in the class Καὶ, 


Xx its character, and Xo the dimension of the representation. We apply 
this to the class of transpositions. For S,, 


>» U(ij) = n(n — 1) cane ΞΘ LE, (7-91) 

— 2 Xo 
1.2 

where é is the quantity defined in Eq. (7-68) and evaluated in Eq. (7--76). 

Similarly, if we consider the irreducible representations ἢ), of S,_, and 

D,s of Sn—2, we have 


n—l1 n—2 


2, UG) = EE, DP UME) = ἔξ, (7-92) 


t<j t<j 


where the E,, E,, are the unit matrices of D, and D,;, and £,, &s5 are 
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defined similarly to &. From (7-91), (7-92) we find that 
n—1 n n—1 ᾿ 
> UGn) = Σ) UG) -- Σ᾿ UG) = An (7-93) 
i=1 t<j t<j 
is a diagonal matrix, with submatrices 
(ξ τῆς £,) τε (7-93a) 


along the diagonal in (7-79). Repeating the procedure, using both expres- 
sions in (7-92), we find that 


n—2 
UG,n — 1) = Ani (7-94) 


i=1 
is also a diagonal matrix, with submatrices 
(ξ, =* Es) Ers,rs (7-94a) 
along the diagonal in (7-82). 
Multiplying (7-93) by U(n — 1, n), we obtain 


n—1 
A,U(n — 1,n) = Σὺ UG, n)U(n — 1,72) 
t=1 


= S uGnUM@—1,) +B. (1-95) 
t1=1 


But 
n—2 
Σ UG, n)U(n — 1,2) 
ἐπὶ 


= U(n — 1,n) ὑφ — 1, η) δ Ui, n)U(n — 1, » 


t=1 


n—2 

U(n -- 1,n) >> UG,n — 1) = Ul(n — 1,n)An-1, (7-95a) 
t=1 

SO 

A,U(n — 1,n) — U(n — 1,n)An_1 = Ε. (7-96) 


Now we take the matrix element pq, rs of this equation and make use of 
(7-93a) and (7-94a). Taking the rs, rs element, we have 


(ξ " ξ,) OU +s,r8 Ss: O+s,rs( Er = Es) — ΤΉ: (7-97) 


and from the rs, sr element, 


(ξ = E,) Ors,sr — Ors,er(&s -- Eon) = 0. (7-98) 
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Substituting from (7-87), we find 
a 1 
nee ξ ΜΝ 2ξ, = Ens 


ἬΝ Μὴ unless é— Ῥἔ, — &+ &, = 0. (7-100) 


(7-99) 


Now we use (7-76). In ἢ), we decrease A, by 1, so 
& — €, = λ, =f. (7-101) 


For type l(r = s), we need ἕ, — £&,,». In D,;, \y 15 decreased by 2, so that 
bbe = ἃ, a 1 — r, and 


Orr rr = 1. (7-102) 
ΕῸΓ 7 ¥ 8, 
ξ, — brs = ἃς — 8, (7-103) 
so that 
— es I ----- es ---- 
Ors = Ors,rs = he = x; a s—r ΝΣ Osr,sr (7 104) 


for type 2. We also note that & — & = & — &;,, so the condition (7-100) 
is automatically fulfilled. Finally, for type 3, wheres = r — 1,λ,|... = ἃ,, 
we find from (7-104): 

Gna 1, (7-105) 


The matrix U(n — 1,n) is very simple. From Eq. (7-102), it has 
+1’s at rr, rr; from (7-105), it has —1 at diagonal positions rs, rs of type 3. 
From Eq. (7-104), we have the reciprocal of an integer at (rs, rs)-posi- 
tions of type 2, and the negative of this number at sr, sr. All of these 
appear along the diagonal in (7-82). From the unitary condition (7-89) 
we see that for type 2 we get an off-diagonal submatrix which is a multiple 
of the unit matrix, 


Oren ca ΞΙΞ , 1 7, ee ΤΥ πὲς ἐν τ δ κὸν κε ΝΣ (7-106) 


Ors,sr 18 real, since [σ᾽,5,γεἐ] < 1. The choice of sign in (7--86) is arbitrary; 
it can be changed by transforming with a diagonal matrix having —1’s in 
the (rs, rs)-box and -++1’s elsewhere. We adopt the + sign. We define the 
integer 

1 


Ors, rs 


=), -- A, +s — 7, (7-107) 


Trs,rs = 
so that 
2 
Ve ae: 1 : 


Trs,rs 


(7-108) 


Ors,rs — 
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Thus the matrix U contains only rational numbers along the main diagonal ; 
at, off-diagonal positions, square roots ΤΆ,» — 1 appear. Since U is 
unitary and real, 707 = E; but for a transposition, U? = E, so U = JU, 
and the matrix is symmetric, 


Ors,sr = Osr,rs- (7-109) 


The integer Trs.rs = Trs = ἃ, — As + 8 — 7 has a simple geometrical 
meaning. In the pattern, we move from the square r by horizontal and 
vertical steps until we reach the square 8; then 7,, is the total number of 
steps made. The steps are counted as positive if they are to the left or 
down, as negative if they are to the right or up. The quantity 7,, is called 
the axial distance from r to 8. For a given n, the largest 7,, will occur if 
Ay = πη - 1,λ2 = lorry = 2,A2 = °° = An-1 = 1; thenT,, = ἢ — 1. 

Using U(n — 1,n) and the matrices (7-82) for the elements in S,—1, 
we can determine the matrices for all elements in S, by multiplication. We 
can now repeat the entire process for the transposition (n — 2,n — 1) 
and the elements of S,_ 2, and arrive by induction at the following result: 

All the matrices of irreducible representations of S, can be constructed 
by means of real numbers. The diagonal elements are rational; the off- 
diagonal elements contain square roots of integers no greater than πη“ — 2n. 

In this process of successive reduction, we start from the given partition 
and remove one node. We repeat this procedure until the entire pattern 
is exhausted. Consider the pattern 


a 

LIL (7-110) 
Suppose we remove the node in the third line, so that r = 3; we then get 
D, corresponding to the partition as If we now remove a node from 


the first line, so that 8 = 1, we obtain D,, corresponding to the pattern 


[JL 


ΓΓῚ Continuing with the removal of a node from the second line, t = 2, 
we get D,s: with the pattern as If we now remove nodes in turn from 
line 1 and line 2, we obtain the patterns Ξ]. Clearly, the submatrix 


Dystuy Which we get at the last stage has one row and one column. By 
virtue of our method of construction, the basis function corresponding to 
this row (column) has the property of being a basis vector of the irreducible 
representation (321) for Se, of (3, 2) for Ss, of (27) for S4, of (2, 1) for Ss, 
of (17) for So, and of (1) for S;. This basis function ¢ can be labeled by 
indicating the rows from which nodes are dropped in turn; in our case, it 
would be labeled as ¢[3, 1, 2, 1, 2, 1]. The sequence 


3.12) 1.2.1] 
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is called a Yamanouchi symbol (Y-symbol). We should note that there is a 
simple connection between Yamanouchi symbols and standard Young 
tableaux. In our example, we first removed a node from line 3. The symbol 
removed was 6, leaving us with Ss. At the second step, we removed a 
symbol from line 1 and arrived at S4; clearly this was 5. So our original 
tableau was 


[2}{4] 
[6] 


We should also note that our Yamanouchi symbol consists of three 1’s, 
two 2’s, and one 8, in agreement with A; = 3, Ax = 2,3 = 1. Moreover, 
if we read the numbers in the symbol from right to left, we see that they 
are a lattice permutation of 1, 2, 3. Thus, there is a one-to-one correspond- 
ence between Yamanouchi symbols, lattice permutations, and standard 
tableaux. For example, 

2 3 126 
5 — [322111]; 35 — [123211]. 

4 


oO» μα 


For each partition (A) we get a set of Yamanouchi symbols equal in 
number to the dimension of the representation D™. If (A) = (Ay, - . ., Xm); 
with A, > 0, the possible Y-symbols are 


[Tn, Τη,--1γ. 9.6.) 2) 1], 


where the 7; are integers from 1 to m, the integer k appears \; times, and 
if we read from right to left, we obtain a lattice permutation of 


λ; Or λ 
1*1, 202, ...,m'™, 


We can now express the effect of the permutation (n — 1,7) in terms 
of the ¢’s and find that 


(n _ 1, n)¢lr, Y,Tn—2)--++5 1] = +97, Py Tn—2)+++) 1], 
(xn — 1, nolr,r — 1, rao, ..., 1] = --τ-φίγ, Υ — 1, tae, ..., 1] 
(7-111) 
if the symbol [r — 1,7, rn_2, ..., 1] is not permissible; and 
(n =? 1, n)olr, δ, Tn—2) ++ +4 1] — ors$l7, 8, Tn—2) +++, 1 


++/1 -- (σ,.)2 φ[8, 7, Tn-2,.--, 1] 


if both symbols are permissible and 8 ¥ r. 
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The most convenient method for ordering the Y-symbols is to arrange 
them in decreasing page order. Thus for the diagram of (7-110), the 
permissible symbols are: 


322111, 321211, 321121, 312211, 
312121, 232111, = 231211, 281121, 
913211, 213121, 211321, 132211], 
132121, 123211, = 123121, == 121321. 


The advantage of this ordering is that it helps us to picture the successive 
buildup of the matrices as we go from S, to Sn41. The first five symbols 
are the basis functions for the irreducible representation (A) = (3, 2) of Ss 


corresponding to the pattern ans obtained after we drop the symbol 6 


from line 3. The matrices for the permutations of S; in this representation 
will appear as submatrices in our representation of S,. Again, if we go 
past the letters 32 in the first three symbols and the letters 23 in symbols 
6 through 8, we arrive at identical sequences corresponding to the pattern 


εἰ: which refers to S4. Let us construct the matrix for the permuta- 


tion (56) in this representation, (A) = (821). Using (7-102), (7-104), 
(7-105) or (7-111), we obtain the matrix 
322111 |—43 
321211 --ἶ 
321121 =e 
312211 --Ζ 
312121 —F 


232111 5.8 
231211 vs 
231121 v3 
213211 

213121 

211321 


132211 ¥I5 

132121 Y15 Ε 
123211 v3 
123121 ve 
121321 ἘΠῚ 4 


ν᾽ 
ἃ 
ἮΝ 


νμ 


bole 


(7-112) 


Permutations in Ss (i.e., permutations leaving the letter 6 fixed) will 
have matrix elements only within the dotted squares drawn along the main 
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diagonal. Their matrices are already known from S;. The matrices for 
permutations (76) with ἡ < 5 can be obtained by transforming the matrix 
(25) which 15 in Ss by the matrix (7-112) for (56). 

Starting with S,, we can successively build up the real, orthogonal 
matrix representations of the permutation groups. We present tables for 
these up to S; (see Table 7-3). Because of the symmetry, we show only the 
elements on and above the main diagonal. Also, we give only the matrices 
for transpositions; the rest of the representation can be obtained by 
multiplications. 


Problem. Use the tables (Table 7-3) to build up the matrices for the permu- 
tations (23), (45), and (56) in the representations (A) = (4, 2) and (37) of Sg. 


The mere fact that all irreducible representations of the symmetric 
group can be brought to real form enables us to prove a surprising theorem. 
Since all irreducible representations of S, are real, the quantities c” in 
Eq. (5-88) are all equal to +1, so that 


‘(E) = τὰ (7-113) 


where ¢() is the number of solutions FR of the equation 
Re = 2h. (7-113a) 


In other words, for S, the sum of the dimensions of all irreducible repre- 
sentations 1s equal to the number of square roots of the identity element. 
In order to satisfy Eq. (7-118a), the element R must contain only 1-cycles 
and 2-cycles, i.e., the cycle structure of R is (172°), where a + 28 = n. 
The number of elements in the class (1%2°) is g,y«98) = n!/1%a!2°8!, so 
the total number of solutions of Eq. (7-113a) is 


Substituting in Eq. (7-113), we get the relation 


n! Inf) n! 
dX vO dX αἴ28β8 6 2 28B1(n — 28)!” a) 
a+28—n 


where [n/2] is the largest integer in n/2. The sum on the right of Eq. 
(7-114) is very easily evaluated for any n. Comparing it with Eq. (3-159) 
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which, for the symmetric group S,, becomes 
>? ne = nl, (7-115) 
μ : 


we obtain the inequality 


gla a 
2 pita =a > Vat 7-116) 


The quantities n, are given by Eqs. (7-66) and (7-60). Substituting 
in Eq. (7-114), we get the remarkable sum formula 


ype ee Ieee ee = 3) 
(Ar - m — 11(λ2 + m — 2)!- Park Bir. — 28)! 


(7-117) 


(A) 


7-8 Hund’s method. The method of treating the symmetric group 
which was developed by F. Hund (Z. Physik 43, 788, 1927) is a physicist’s 
version of the mathematical method based on group algebras. 

Suppose that we are dealing with a system of equivalent particles. (By 
the term “equivalent” we mean that the Hamiltonian of the problem, 
which may be an approximation to the full problem, is invariant under the 
interchange of all coordinates of such particles. The term “identical” 
implies that we believe, in the present state of our knowledge, that the 
exact Hamiltonian is invariant under interchange of the particles.) If we 
are given any eigenfunction ¥(1,...,7) belonging to a given eigenvalue 
of the Hamiltonian, then any one of the n! permutations of the particle 
coordinates will yield an eigenfunction belonging to the same energy. 
(In ψ, the symbol 1 means all the coordinates of the first particle, ete.) 
Thus, if we permute the first two particles in y, we can obtain the linear 
combinations 


y(1,2,...,n) + ¥(2,1,...,n) = (e + (12))¥(1, 2,...,n), 


(7-118) 
y(1, 2,..., 7) Ad et Mt) = (e — (12) W(1, 2,..., 2) 


which are also eigenfunctions, and are respectively symmetric and anti- 
symmetric in particles 1 and 2. The permutation operator ὁ + (12) is 
called the symmetrizer, and e — (12) the antisymmetrizer of the particles 1 
and 2. By continuing this process we can attempt to construct, from the 
initial eigenfunction y, functions which are symmetric (antisymmetric) in 
larger sets of particles. The operator which symmetrizes y in a certain set 


of particles is , 
Σ | (7-119) 
P 
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where we sum over all permutations P of the particles in the set; similarly, 
the antisymmetrizer for the set is 


>> δρΡ. (7-119) 
Ρ 


By applying operators like (7-119) and (7-119a) to Ψ we can attempt to 
construct degenerate eigenfunctions having different symmetries. To 
indicate the symmetry properties of a function we shall put braces around 
particles in which the function is antisymmetric, and brackets around 
particles in which the function is symmetric; if particle numbers appear 
outside of these enclosures, nothing is implied about symmetry in their 
coordinates. For example, 


¥({ 123} [45]67) (7-120) 


is antisymmetric in particles 1, 2, 3; it is symmetric in 4 and 5; no claim is 
made as to symmetry or antisymmetry for particles 6 and 7. Furthermore, 
we claim no a priort knowledge as to whether the function is symmetric or 
antisymmetric in any particles which do not appear inside the same 
enclosure. 

In any case, starting from our initial eigenfunction, we can perform 
permutations and linear combinations to construct equivalent eigenfunc- 
tions having certain symmetries. For example, starting from y(1,..., 7), 
we can try to symmetrize y in all the particles by applying the symmetrizer 
(7-119) for all n particles; this gives an equivalent eigenfunction 


¥({123 ... n]). (7-121) 


Now it may happen that the original function y(1,...,7), from which 
we started, is such that the function in (7-121) is identically zero. This 
will occur if the initial y is antisymmetric in any one pair of particles. If 
y({12...n]) = 0, we try to symmetrize in any n — 1 particles; e.g., we 
apply to our initial y the symmetrizer in all particles except the nth, then 
in all except the (n — 1)st, etc. If all resulting functions vanish identically, 
we try to symmetrize in n — 2 particles, etc. If, at the end of our travail, 
we find that we cannot symmetrize even in one pair of particles, this must 
mean that our original function was completely antisymmetric in all n 
particles. In completely analogous fashion we might take our original 
function ¥(1,..., ) and try to antisymmetrize in all particles by applying 
the operator (7-119a) for n particles. If the resulting function Y({1,...,}) 
vanishes identically, we try to antisyrametrize in any n — 1 particles. If 
we find by continuing this process that we cannot antisymmetrize y even 
in one pair of particles, then our original function was totally symmetric. 

As an example we consider the case of three particles. We start from an 
eigenfunction y¥(1, 2,3). We apply the symmetrizer and obtain y((123]). 
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If this function is not identically zero, we say that Ψ has the symmetry type 
S(3). If ¥({123]) = 0, then we try to symmetrize in a pair of particles and 
obtain, say, 


¥([12)3) and γψί[19]2). 


If these are not both identically zero, then we say that y has the symmetry 
type S(2 -++ 1); if both vanish identically, then y is antisymmetric in the 
three particles, and has the symmetry type S(1 + 1 - 1). In precisely 
the same fashion, we could try to antisymmetrize, and the following 
alternatives would result: 


¥({123}) — antisymmetry type A(3), 
y¥({12}3) — antisymmetry type A(2 + 1), 
y¥(123) — antisymmetry type A(1 + 1-+ 1). 


We proceed in precisely the same way in the general case. We try to 
symmetrize in as many particles as possible. If the maximum number of 
particles in which we can symmetrize y (without getting a result which is 
identically zero) is \;, we can relabel the coordinates so that these particles 
have the labels 1, .. . , λιν, and obtain an eigenfunction ¥((12 ... Ay}... 7). 
We now leave these particles alone and try to symmetrize in as large a 
group of the remaining particles as possible. Proceeding in this fashion, 
we finally arrive at an equivalent eigenfunction which is in normal form 


(S-form), 


m—1 m 
(Ce ee ee Pee Ἐν ΟΣ ET 
v=1 v=1 


(7-122) 


where Ay > Ap > - +: > Am and Dop=1 A, = nN. By the normal form we 
mean that we cannot use permutations and linear combinations to con- 
struct from y a function symmetric in more than Δι particles; if we permute 
the particles Δ, + 1,...,7, we cannot construct a function symmetric 
in more than dg particles, etc. If in (7-122) several symbols appear sepa- 
rately at the end, 


ψί 1,1 [ei 9. ἢ ξεῖν 


then the function must be antisymmetric in all the separate symbols. The 
function in (7-122) is said to belong to the symmetry type 


Sr + Ae + +++ + Am). (7-123) 


Note that there is a complete correspondence between the symmetry types 
and the Young patterns which we used earlier. 
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In similar fashion we can bring y to a normal antisymmetric form (A- 


form), 
VOL ieiumy ere Tye Me Ma) <2), (7-122a) 
belonging to the antisymmetry type 
Α(μι + μὲ + +++ + μὴ. (7-123a) 


It should be emphasized that we can apply to a given y either of the two 
processes; in other words, a given eigenfunction belongs to a definite 
symmetry type S(A; +--:+A,) and to a definite antisymmetry type 
Α(μι +----+ μὴ. If we make the assumption that there are no other 
degeneracies than those due to equivalence of particles, then the degenerate 
(equivalent) eigenfunctions must have the same S-type or A-type. An 
eigenfunction belonging to a given eigenvalue can be written as a linear 
combination of basis functions of a definite S-type or A-type. (This is 
essentially our earlier statement that the degenerate functions form the 
basis for an irreducible representation of the symmetry group.) 

We now prove some simple theorems about symmetrization. 


Lemma. If an eigenfunction 
Y({12...A}[A+1,...,¥ + yu]... (7-124) 


is antisymmetric in the particles 1, 2, ...A, and symmetric in the 
particles ἃ + 1, + 2,...,-+ μ (regardless of its dependence on the 
remaining particles), then by permuting 1, 2,..., ἃ + mu and taking 
linear combinations we can form one or the other (bué not both) of 


o({12...A XA - 1} -Ἡ 2,...0Χ-Ὲ μ]|...), 


(7-125) 
x({12...AX—1}P—,A+1,...,rX9+4]...). 

To construct ¢, we need only permute 1, 2,..., A, A + 1; to construct 

X, we need only permute A,’ + 1,...,A + μ. 
Proof: We use a, 8, ... to denote letters 1, 2,...,A, and z, y,... to de- 

note letters ἃ + 1,..., A τ yw. The operator 
λ 
e— δὴ) (ax) (7-126) 
a=I] 

applied to y gives a function which is antisymmetric in 1, 2,...,A, x. To 


prove this we apply all transpositions of these letters to 


ΟΣ 


a=] 
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then 


(BY) ἴ = (ox) |¥ = (BY) ἰ — (Bt) — (yz) — DP (on) v. 


ἀφ ΞβιΎ 
Since (8Y)(8x) = (Yx)(BY) and (BY)y = ag we have 
(87) ἶ — (βὴ -- Οὐ) -- Σ (ea) |v = = ° a> (2) (BY) 
aXzB,7 
-- ᾿ -- > (9 ψ. 
Similarly, since (@z)(ax) = (ax)(a8), 
(Bx) ἰ -- αὐ ἡ = (62) ἶ -- (6x) -- ΣῚ) αὐ ν 
a=] ατξεβ 
- (22 --- ἐλ ψ, 


ατεβ 


Thus 


(Bx) ἰ - > (ἢ, ψ 


ατξβ 
=. i -- Σ; (Ὁ ψ. 
Now it may happen with a given choice of x that the function 
ἰ π᾿ (a2) Ψ 
is identically zero. We now show that, as we select different choices for x 
(that is, x = A+ 1,...,A + yp), either all or none of the resultant func- 


tions vanish. For if [e — > . (axv)|y = Ο for x, then applying the trans- 
position (xy) yields 


0 = (zy) : -" (an) |¥ 
= (cy) Ι - > (50 (vy) (xy)¥ 


= cen a3 (a) (xy = ἷ ἜΣ (ay) |v 


[—e + (βωὴψ — (Σ (2) (αβὴ)ψ 


for any y. 


236 THE SYMMETRIC GROUP [CHAP. 7 


Similarly, by applying the operator 
Au 
e+ > | (7-127) 
r=A+1 


to y, we get a function which is symmetric ina,’ + 1,...,’ + yu. ΒΥ ὃ 
procedure similar to that used above, we show that either all or none of 


the functions 
A+u 
[ ἘΠ ΣΙ | v 


r=\+1 


are identically zero (a2 = 1,...,A). 
Next we show that the two types of functions obtained by operating on 
ψ with (7-126) and (7-127) cannot both be identically zero. For if 


i -α Σ; (oa) | ξξε Ὁ 
for all x and 


e+ (aa) |v = 0 


for all a, then, summing the first over x, the second over a, and adding, 
we would obtain (A + μὴψ = 0, which would imply that the original func- 
tion Ψ was identically zero. 

Finally we show that both forms are not possible—one or the other 
must be identically zero. For, if this is not the case, then 


x({12...X— 1}, A+1,...,X9 +4]... 
is expressible as a linear combination of functions obtained from 
o({12...A At 1}R+2,...,X +4]... 


by applying permutations P (on the symbols 1,..., \-+ w) and taking 
linear combinations, i.e., 


x({12...%¥ — 1} PA,A4+1,...,A\ +4)... 
= Σ᾽ apPg({12...4,X4+ IIA+2,...,\+4]...). (7-128) 

P 
But then it is clear that at least two of the symbols \, A +1,...,A¥ +4 
which appear in the brackets on the left side of Eq. (7-128) must be con- 


tained in the braces on the right, after P is applied to ¢. In other words, 
each term in >" p on the right is antisymmetric in at least two of A, \ + 1, 
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...,A +p. We now apply the symmetrizer on ἃ, ἃ - 1,...,4 ἘΜ to 
both sides of (7-128). On the left we get back n!x, while the right yields 
zero. 

The use of this lemma enables us to shift from S-forms to A-forms, 
and conversely. For example, suppose that we have a normal S-form 
y([123][45]). Since this is a normal S-form, it must be antisymmetric 
under interchange of 4 (or 5) and at least one of the particles 1, 2,3. We 
can therefore antisymmetrize in, say 5 and 8, the result being y((12]4{35}). 
Since our original Y was symmetric in 1, 2, 3 and in 4, 5, we cannot antisym- 
metrize in more than two particles; i.e., one from each pair of brackets in the 
S-form. According to our lemma, we can now form either (1) ¥({124]{35}) 
or (2) ¥(1{24}{35}). If the first alternative were possible, then, using 
the lemma again, we should be able to form either (a) ¥([1234]5) or (Ὁ) 
y((12]{345}): (a) is impossible since the original S-form implies that 
we cannot symmetrize in more than three particles, and (b) is impossible 
because the original S-form implies that we cannot antisymmetrize in 
more than two particles. Thus from the symmetry type S(3 - 2) we can 
form, by permutation and linear combination, only the antisymmetry 
type A(2-+2+1). Note that these are conjugate partitions. Before 
applying this result, we derive the following theorem: 


TueoreM. A normal S-form of the type y([12...7r][r + 1,...,2r]) can 
be brought to the A-form y({la} {2b}... {rs}), where a, ὃ, ..., s are 
taken from the set r -+ 1,..., 2r. 


Since we start from an S-form, the function must be antisymmetric 
under interchange of 1 and some symbol from the second pair of brackets; 
so we can form 


v({la}(2...r][ir+1,..., 2r]). 


We now try to continue this process of antisymmetrizing on pairs, taking 
one symbol from the first and one from the second bracket. Suppose that 
after pulling out p pairs, we find that we can no longer continue to do so. 
This means that the function is symmetric in the 2r — 2p symbols re- 
maining in the brackets. At this stage we have 


¥({la} {2b}... ippjL . .)). 


Applying our lemma to the term in brackets and to each term in braces 
in turn, we see that we can draw back one symbol from each pair of braces 
into the brackets. But then we have a y which is symmetric in 27 — 2p + 
p = 2r — p symbols. This will contradict our assumption that we 
started from an S-form unless p = 7, 1.e., unless Ψ is converted to 


W({la} {2b}... {rs}). 
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Now we note that if we interchange the two groups of particles, y is mul- 
tiplied by the factor (—1)’. 

Our previous result concerning conversion from S-form to A-form can 
be generalized: A function of the type S(A, + A» + ---) = S(A) can be 
converted by permutations and linear combination to a function of the 
type (μι + μὲ +--+) = A(u), where the partitions (A) and (μ) are con- 
jugate. The proof is essentially that given in our previous example. To 
make it clear we give a second example. We start from the normal form 
¥({12345][678]9). Beginning at the right, we find that our lemma allows 
us to form only ¥([12345][67]{89}). Now we apply the lemma to [12345] 
and {89}. We cannot form [123458]9 since this would exceed our original 
normal form, so we pull one symbol out of the brackets and obtain 


([1234][67] {589}). 


We see that we have antisymmetrized on a set consisting of one symbol 
from each pair of brackets of our original normal S-form, so we cannot 
bring any more symbols into {589}. Leaving the term in braces alone, we 
repeat the process on [1234][67]. Up to now we have permuted only 5, 8, 9. 
If we could form [12346]7, we could apply the inverse of our previous 
operation on 5, 8, 9 and get a result exceeding our normal form; hence we 
again take one symbol from each pair of brackets and get 


¥([123]6 {47} {589}). 
We now repeat the process on [123]6 and finally obtain 


¥(12{36} {47} {589}), 
so that 


SG 3h 1) SAG Oo a), 


The normal forms S(A) clearly are just the basis functions for the irreducible 
representation (A). The symmetry type of a given function is determined 
by giving either its S-normal form S(A) or its A-normal form A(yu), where 
(A) and (μ) are conjugate partitions. Two functions y and ¢ are said to 
have reciprocal or conjugate symmetry type if their S-forms (or A-forms) 
correspond to conjugate partitions. 


Problem. Prove that terms of different symmetry type do not combine; i.e., 
if y and ¢ have different symmetry types and the function f is symmetric in all 
particles, then 


[vie dQ = 0. 
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7-9 Group algebra. Though Hund’s method is simple, it does not 
provide very effective techniques for constructing functions of a particular 
symmetry type. A very powerful method for treating the symmetric group 
which, as we shall see in a later chapter, also enables us to find the repre- 
sentations of linear transformation groups in n dimensions was developed 
by Young and Frobenius. This method is based on the general procedure 
for analyzing the structure of a finite algebra. We used the notion of a 
group algebra in Section 3-17, but we derived most of the theorems con- 
cerning representations by other methods. We steered clear of the algebraic 
method in Chapter 3 because most physicists are unnecessarily wary of 
the jargon and formalism. In this section we shall give a sketch of this 
method. We shall appeal to the results of Chapter 3 to make some of our 
statements plausible, and use the symmetric group as an example to 
prevent the presentation from becoming too abstract. 

We start with the symmetric group, and consider the permutations as 
operators acting on a function of n variables, Y(1,...,7). The effect of 
the transposition (17) is to give a new function 


(εν το τις seg Saad a ceys eee (129). 


Since the transpositions generate S,, Eq. (7-129) tells us the effect of any 
permutation operator on y. If ¢1,..., ¢n are independent functions of a 
single set of variables, we may choose for y the product function 


$1(1)b2(2) - - - dn(n), 


where 1,..., denote n different sets of variables. Then 


(1j)b1(1) - - - hilt) - - - Φ)(7) ++ + bn (™) 
= φ1(1) - - - φι(7) + - - Oj) +++ bn(m). (7-129a) 
By applying the permutation operators FR to a general function ψ we 


obtain a set of n! linearly independent functions ky. If we now take 
linear combinations of these functions, we obtain vectors 


x= δ) tr(Ry) (7-130) 
R 


in a vector space having n! dimensions. The coefficients xp are the coordi- 

nates of the function xz in the basis provided by the functions Ay. | 
If we apply a permutation operator S to the function 2 in Eq. (7-130), 

we get a new function 


ὙΠ = 52S ὌΝ ary) = oy rps (Ry) — Σ, στρ Ry. 
ἐ R 1 
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Setting SR = T, R = S~'T, we have 
z= > tg-i7(Ty), 
Τ' 


and comparing with χ' = Σ᾽ 5 σι ΤΨ), we find 
xP = @s-if. (7-131) 


Equation (7-131) associates with the permutation S a linear transforma- 
tion in the m!-dimensional vector space. (In Section 3-17 we considered 
only those vectors x which have a single nonzero component, and obtained 
the regular representation of the group.) Clearly the operator asS will 
be represented by the linear transformation 


xp = agrts—'7, (7-131a) 
and the sum S + U of two permutation operators by the transformation 
Lp = tg-'7 + Ly-17;3 (7-131b) 


hence the general operator s = >) 5 agS will be represented by the trans- 


formation 
Ὡς ps = 
“7 = > aAsSts-ip = > ATR-1Z2R. (7 132) 


If we examine the preceding equations, we notice that the’ presence of 
the function ¥ which provided an object on which the operator could act 
was irrelevant to the results. From the elements FR of any group of order 
g we can construct a g-dimensional linear vector space of vectors 


C=) oak, (7-130a) 
R 


where the xp are the coordinates of the vector x in the particular basis 
which is obtained by taking the group elements themselves as basis 
vectors. The vector αὶ = αὖ + By has components 


ZR = ate + ByR, (7-133) 


and the product of two vectors is contained in the space: 


t= ΣΕ, y= >) ys8, 
R 


S 


z= (ty) = Σὺ trysRS = Σὲ (2 δε T=), (Σ *sys-*7 Τ᾽ 
κι, 5 T 5 


Τ 
so that 
(ν)ν = >) trs-'ys = >) xsys-'r. (7-134) 
8 8 
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A linear vector space which is closed under some multiplication law is 
called an algebra. In our case, since the multiplication law is taken over 
from the multiplication law of the group, which is associative, the group 
algebra A 15 an associative algebra. 

Equation (7-132) provides us with a representation of the group algebra 
A. It is in fact the regular representation. 

Any representation of the group G automatically gives a representation 
of the algebra A: If 8 = dis agS, 


D(s) = >) asD(S). (7-135) 
S 


Conversely, any representation of the algebra A gives a representation of 
G. Moreover, if one of these representations is reducible (or irreducible), 
then so is the other. 

We know from Chapter 3 that the reguar representation (Eq. 7-132) is 
fully reducible and contains each irreducible representation a number of 
times equal to the dimension of the representation. 

By a subalgebra B of the algebra A we mean a linear vector space which 
is contained in A and which is closed under the law of multiplication of the 
algebra A. 

If a subalgebra B has the property that, for-u in B, su is also in B for 
any element 8 of the whole algebra A, then B is called a left ideal. 

In the regular representation (7-132), a left ideal £; is an invariant sub- 
space since s£; = £, for any element 8 of the algebra A. Since the regular 
representation is fully reducible, the space A must be a direct sum of left 
ideals; that is, 

A= £,4+ £g, (7-136) 
where 
δ) = £1, SXLo = Lo. (7-137) 


Every element of the algebra A is uniquely expressible as the sum of an 
element in £; and an element in £2; only the element 0 is common to £, 
and £5. The matrices D(s) of the regular representation are reducible to 


D(s) = Di(s) + 220), (7-138) 


where D,(s) is the matrix of the linear transformation induced in £; by 
left multiplication with s. 
The unit element 6 of the group G is in the group algebra A and has the 
property that 
es = se = 8 (7-139) 


for all elements s in A. If A is the direct sum of two left ideals as in Eq. 
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(7-136), the unit element 6 is uniquely expressible as a sum 
6 = @j -ἰ- €2, (7-140) 


where 61 is in £; and ég in Lo. Similarly, any element 8 of A is uniquely 


expressible as 
8 = 81 + 82. (7-141) 


Substituting Eqs. (7-140) and (7-141) in (7-139), we find 
8 = 8, + 8. = se = S(e; + 69) = 861 + 862. (7-142) 
Since £, and £2 are left ideals, 861 is in 8. and seg in Le, so 
S; = 86. So = 865. (7-143) 
If sis in £j, then 8 = 81, 85 = 0, and Eq.(7-143) states that 
S = 8, 860. = Ὁ for sin £4, (7-144) 
and in particular for s = 6), 
61 Ξε, ΕἾ, e1e2 = 0. (7-144a) 
Similarly, for s in 9. we get 
S = S€a, sey = 0, 6. = 62, 6968: = 0. (7-144b) 


The element e, is cdempotent, that is, ef = δι; furthermore, it is a gen- 
erator of the ideal 491 since se; is in 491 for all sin A. If s is in 9} then 
se, = 8. Thesame remarks apply for eg in Le. Moreover, 6165 = 6261 = 0. 

The resolution of the unit element in Eq. (7-140) into its parts in £, 
and £5 gave us the generators of the left ideals £; and Ly (Peirce resolu- 
tion). 

The left ideals 9; and L2 may in turn contain subalgebras which are 
left ideals. If an ideal £ contains no proper subideal, it provides us with 
an irreducible representation of the algebra A. Such an ideal is said to be 
minimal. Continuing this process, we end up with the algebra A expressed 
as a direct sum of minimal left ideals: 


A= &£+ Lote - ἐκ. (7-145) 
The left ideal £; is generated by the idempotent e;, and 
e? = 6,; ee; = 0 for ὦ ¥ j. (7-146) 


From our previous argument it is clear that we find the generators e; by 
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resolving the unit element e into components in the spaces £1,..., Lx: 
e= δι teg+ +++ +e. (7-147) 


An idempotent € is said to be primitive if it cannot be resolved into a sum 
of idempotents satisfying Eq. (7-146). We leave to the reader the simple 
proof of the following theorem: 


THEOREM. If € is a primitive idempotent, the left ideal £ = Ae is 
minimal. Conversely, if £ is a minimal left ideal, any generating unit 
of £ is primitive. 


One can continue this argument and derive all the theorems of Chapter 
3, but instead we shall now turn to the problem for the particular case of the 
symmetric group. 


7-10 Young operators. From the discussion of the last section, we 
know that any idempotent e; will generate a left ideal £; giving a repre- 
sentation which is contained in the regular representation. Furthermore, 
since (nonzero) numerical factors are irrelevant, an element 6; satisfying 
οὗ = ae; will serve our purpose since then e;/a is idempotent. 


In particular, we consider the element 


P= >, (7-148) 
R 


where the sum runs over all the permutations of S,. Since for any permu- 
tation S, SP = Σκ SR = P, P? = n!P, it follows that P is a generator. 
If we multiply P on the left by the quantity s = Σ᾿ asS, we get sP = 
das asSP = (Yias)P; thus the left ideal AP generated by P consists of 
the multiples of P. This is a one-dimensional vector space. Left-multi- 
plying by a permutation S does not change oP, so our representation 
assigns the number 1 to every group element, and is the identity repre- 
sentation. 

Similarly @ = dor δὲ is idempotent except for a factor, since SQ = 
dR 5rSR = bsQ, so that Q? = n!Q. Q generates the one-dimensional 
ideal consisting of multiples of Q. Multiplying on the left by the group 
element S, we see that we obtain the alternating representation. 

To find the other irreducible representations, we use the Young tableaux 
which we discussed earlier in this chapter. 

For any partition (A) of n, draw the Young pattern. Insert the numbers 
1,2,..., into the pattern in any order to give a Young tableau. Once 
the tableau has been fixed, we consider two types of permutations. Hort- 
zontal permutations p are permutations which interchange only symbols in 
the same row. Vertical permutations q interchange only symbols in the 
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same column. We construct the quantities 


Ρ-- Σὺ» “symmetrizer,” (7-149) 
p 
Q= ss διᾳ ‘‘antisymmetrizer,” (7-150) 


where 6, is the parity of the permutation g; the sum is over all horizontal 
permutations of the given tableau in (7-149) and over all vertical permu- 
tations in (7-150). 
Then the Young operator 
Y= 0P (7-151) 


is essentially idempotent, and generates a left ideal which provides an 
irreducible representation of S,. The representations obtained by this 
process for different patterns are inequivalent. Different tableaux with 
the same pattern give equivalent irreducible representations. 

If we always choose the standard tableaux of Section 7-3, we will obtain 
in this way the complete reduction of the regular representation of Sp. 

The proof of these statements is elegant and straightforward, but has 
been given in identical form in so many texts that we shall omit it here. 
Instead we shall illustrate its use for some simple cases. 

For n = 2, the problem is trivial. The quantities e - (12) correspond- 


ing to the pattern [1][2], and e — (12) corresponding to the pattern ΕΞ are 
essentially idempotent: 

fe + (12)][e + (12)] = e? + 2e(12) + (12)(12) = 216 + (12)). 
The resolution of the unit element into idempotents is 
_ e+ (12) 4- (2) 
> 2 δ 2 


The first generator gives the identity representation, the second the al- 
ternating representation. Each is contained once in the regular repre- 
sentation. 

For n = 3: 


Tableau with generator = ἘΣ, R gives the identity 
R representation. 


Tableau [2 Ἢ with generator = δ p> δι αὶ gives the alternating 
representation. 


The element 6 -+ (12) is again essentially idempotent. Let us see what 
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left ideal it generates. We multiply e + (12) on the left by each of the 
permutations 
ele + (12)] = ὁ + (12) = (12)[e + (12)], 
(13)[e + (12)] = (13) - (123) = (123)[e + (12)], 
(23)[e + (12)] = (23) + (132) = (132)[e + (12)]. 
We see that ὁ + (12) generates the three-dimensional left ideal £; with 
basis vectors e -++ (12), (13) + (123), (23) + (132). 

Since 6 = $[e + (12)] + 4[e — (12)], the quantity [6 — (12)] generates 
a left ideal £2 such that A = £, + Lo. The left ideal £2 has basis vectors 
e — (12), (13) — (123), (23) — (182). In agreement with Eq. (7-144a), 
[6 + (12)][e ΞΕ (12)] = 0. 

The ideals £; and £2 are not minimal; £; contains the idempotent 
ἘΣ and £2 the idempotent 4>> δι ἢ. So £; gives the identity representa- 
tion and a two-dimensional representation, while £2 gives the alternating 
representation and a two-dimensional representation. The resolution of 
the unit element obtained in this way is 


1 ] 12 1 
= $OR+ED sant | 4 — ty a] 
+} — +> snr]: 


If instead we continue with our recipe, we construct the standard 
fabieat a for which P= ¢-+ 02), Q=e— (13), Y= OP = 
e + (12) — (18) — (123). The other standard tableau ae gives P’ = 


e+ (13), Q’ = ὁ — (12), and Y’ = Q’P’ = e — (12) + (13) — (1382). 
We obtain the following resolution of the unit element: 


6 ΞΞ ἐς αὶ -Ὁ ἐξ rR 4+3Y4+ 4Y’. 
Problem. Verify that Y/3 and Y’/3 are idempotent and that YY’ = Y’Y = 0. 


For n = 4: 

Tableau [1][2][3][4] gives the identity representation. 
[2] 
[3] 
[4] 


Tableau | gives the alternating representation. 
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Tor the pattern Lf the has Py = e+ 
(12) + (23) + (13) + (123) + (182), Q1 = ὁ — (14), and Y; = Q,P1. 
Thestandand tableaN ee has Pp = e + (12) + (14) + (24) + (124) 
+ (142), Q. = e — (18), and Ye = 42. The standard tableau 
has Ps = e + (18) + (14) + (34) + (134) + (143), @3 = e — (12), and 
Vaso pe 

Tb ra ΠῚ =} the οἰ να ἠδ =!) haa Py =e Ὁ] 


fe + (34)], Q4 = fe — (13)][e — (24)], and Y4 = Q4P4. The standard 
fableaa bide P a a= (6-8) (eS ἢ} Os =e — ie =, 
and Ys = Os5P s. 


standard tableau 


Problem. For n = 4, find the resolution of the identity in terms of the Young 
operators. 


7-11 The construction of product wave functions of a given symmetry. 
Fock’s cyclic symmetry conditions. Let us assume that we have a system 
containing n equivalent particles and that a typical eigenfunction belong- 
ing to the energy EF is y = u(1)v(2)w(3)...2(n). We assume that the 
single-particle functions in the product are all different and orthonormal 
(since they are solutions of the same Schrédinger equation) ; later we shall 
examine the case where the number of single-particle states is limited. 
Since the particles are equivalent, we can construct degenerate eigen- 
functions by permutation and linear combination. We want to construct 
basis functions for the various irreducible representations of S,. The 
solution to the problem is given by Section 7-10: We apply to the function 
the Young operators corresponding to all the standard tableaux for a given 
pattern to obtain the basis functions for the corresponding irreducible 
representation. 

For n = 2, the normalized function for [1][2] is 


a [u(1)v(2) + u(2)0(1)), 
and the basis function for = 1s | 
1 1 fu) τ) 
ἊΣ [μ(1)υ(2) — κι(2)υ(1}} = ἘΣ oct) (2) 
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lor n = 3, the completely symmetric function is 


ΓΕ Σ u(1)v(2)w(3) + w(1)o(8)w(2) + u(2)o(1)w() | 
V6 + w(B)o(2)w(L) -+ w(2)v(8)w(1) + w(3)v(1)(2) | 


and the completely antisymmetric function is the determinant 


1 |ud) ul) u(3) 
a= v(1) v(2) ν(8) - 
w(1) w(2) w(3) 


To find the basis functions for the two-dimensional representation, we use 
the operators Y and Y’ of Section 7-10 and get 


fs = glu(1)o(2)w(3) + u(2)o(1)w(3) — u(3)o(2)w1) — u(2)o(3)w(1)] 


alv(2){u(1)w(3) — u(3)w(1)} + u(2){v1)w(3) — o(3)w(1)}]; 
fa = glu(Lo(2)w(3) — u(2)o(1)w(3) + u(3)o(2)w(1) — u(3)x(1)w(2)]- 


Problem. Use the Young operators of Section 7-10 to construct linear combina- 
tions of product wave functions of four particles and tabulate the basis functions 
for the irreducible representations of S4. 


We have assumed that the single-particle wave functions u, v, . . . were 
all different. We were then able to obtain all possible symmetry types by 
applying suitable operators. In many physical problems the number of 
different single-particle states is limited; e.g., if we consider the spin func- 
tion of a many-electron system to be made up of products of single-particle 
functions, only two spin states are available. Similar restrictions would 
apply to aggregates of identical particles with spin other than one-half. 
For nucleons, only four single-particle states (of spin and J-spin) are avail- 
able. When the number of single-particle states is restricted, not all 
irreducible representations can occur. We shall give a brief discussion 
here, and return to this problem when we take up physical applications. 

Let us assume that we have a system of n equivalent particles. If only 
one single-particle state is possible, then the product wave function from 
which we start our symmetrization is necessarily 


u(1)u(2)... u(n). (7-152) 


This wave function is already completely symmetric, so that the only 
representation which can occur is that corresponding to the partition (n). 
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Suppose two single-particle states u and v are possible. We start from a 


product function 
u(1)...u(m)o(m + 1)... v(n) (7-153) 


or, in terms of Hund’s method, 
Y({1...m[m + 1,...,n)). (7-153a) 


The possible irreducible representations can be obtained in two ways. 
We see that we cannot obtain patterns which have more than two rows, 
since any antisymmetrizer on more than two particles annihilates (7-153). 
The same argument essentially applies to (7-153a) in Hund’s method. 

Similarly, if the number of different single-particle states is k, we can 
have no partitions with more than k rows. (In the nucleon problem, at 
most four-row partitions occur for the spin-J spin function.) 

In connection with the problem of constructing coordinate wave func- 
tions of a definite symmetry for the n-electron problem, Fock has used the 
procedure of imposing on the function y the following conditions: 


(1) Antisymmetry in the first k arguments (k > n/2). 


(2) Antisymmetry in the remaining n — k arguments. 
(3) Cyclic symmetry: 


c - > ny = 0. (7-154) 


It is easy to show that a function y with Hund antisymmetry type 
A(k + {n — k}) satisfies these three conditions. The tableau in question 
is 


(7-154a) 


The function ψ with normal form A(k + {n — k}) clearly satisfies con- 
ditions 1 and 2. The operator (7-154) is identical with the operator we 
used in Eq. (7-126). As we showed there, this operator applied to y gives 
a function which is antisymmetric in the k + 1 arguments 1, 2,...k, n. 
Since w has normal form A(k + {n — k}) with k > n/2, the resulting 
function must be identically zero. 
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Fock’s conditions can also be stated for the general case. The function 
y has a definite symmetry (i.e., it is one of the basis functions for an irre- 
ducible representation of S,) if 

(1) It is antisymmetric in a set of \; arguments, antisymmetric in an- 
other set of \» arguments, ete. 

(2) In the partition (A), \y > Ae > +--+ > N+: ete., the function Ψ 
satisfies the cyclic symmetry conditions 


a > ἕν 


0, (7-155) 


| 


ain d\; 


where x is in Δ; for all combinations of \; and A; with A; > ;. 

Again the argument following Eq. (7-126) shows that a function having 
the normal form A(A,; + A, + - - ") satisfies the Fock conditions. The 
operators in Eq. (7-155), when applied to y, give functions which are of 
the form A(A; + :+---+ (A; +1) +---+ (ἃ; — 1)4+---). Since Ψ was 
in normal form, all these-functions are identically zero. 

The general conditions given above are very useful for testing the 
symmetry of a given function. 


Problem. Prove that the Young operator Y for the tableau (7-154a) is anni- 
hilated by the cyclic symmetry operator in (7-154), ice., 


[ — » | Y = 0. 
i=1 


Similarly, prove that the Young operator for a general tableau is annihilated by 
the cyclic symmetry operators in Eq. (7-155). 


7-12 Outer products of representations of the symmetric group. For 
the symmetric group, the Kronecker products of representations are 
usually called znner products since they refer to products of two representa- 
tions each of which refers to the same particles. Thus for three particles 
we earlier learned to construct inner products like D* x D® where, say, 
a and β are both the partition (2, 1) for particles labeled 1, 2, 3. We also 
learned how to reduce the inner product to its irreducible constituents; 
e.g., for the case just mentioned, 


(2,1) Χ (2,1) = (8) + (2,1) 4+ (1%). 


We shall discuss this inner product (Clebsch-Gordan series) in the next 
section. 

In the case of the symmetric group, another type of product is important 
for many physical problems. Suppose we have two separate systems, the 
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first consisting of particles 1, 2, 3, and the second containing particles 4, 5, 6. 
All particles are considered to be equivalent. First we assume that the 
systems are not interacting with each other. In this case, we would classify 
the states of the first system according to the irreducible representations 
of S3 on particles 1, 2, 3; similarly, the states of the second system would 
be classified according to representations of the symmetric group on 
particles 4, 5, 6. Thus we may be dealing with a two-fold degenerate level 


[1 [ΠΣ] 


with basis functions 
and a 2-fold degenerate level of system 2 with pattern 


oo 
IG) ΠΊΠΙ "» 


functions ΠῚ fs) ᾿ When the two systems interact with each other, we 


of system 1 corresponding to the pattern 


[1|[8] 
[2] 


and basis 


should classify the states of the amalgamated systems according to repre- 
sentations of the symmetric group on all six particles. We then say that 
we are dealing with the outer product (symbol ®) of the two representations, 


(2,1) Ὁ ὦ, 1), 


which is to be resolved into irreducible representations of Sg. We should 
note that if we restrict ourselves to permuting 1, 2, 3 among themselves 
and 4, 5, 6 among themselves, the outer product is an irreducible repre- 
sentation of this particular subgroup of Sg. But when we permute all six 
particles, it becomes reducible in terms of Sg. Thus to find the total number 
of basis functions of the outer product we may argue as follows: Three 
particles are selected from the six to form system one, and the remaining 
three are assigned to system two. This can be done in °C3 = 20 ways. 
For each such choice, we obtain two basis functions for each representa- 
tion, so the total number of product functions is 2 X 2 X 20 = 80. The 
result of the resolution, for which we shall give the rule in a moment, is 


(2,1) Ὁ (2,1) = (4,2) + (4, 17) + (87) + 26, 2, 1) 
+ (3, 13) + (23) + (25, 15. (7-156) 


Counting the dimensionalities of the representations on the right, we find 
9+ 10+ 5+4 2(16) +10+5+9 = 80. 


This counting process is a useful check on such expansions. Now for the 
general rule, which we give without proof: To find the components in the 
outer product, draw the pattern for one of the factors. In the pattern for 
the other factor, assign the same symbol, say a, to all boxes in the first row, 
the same symbol ὃ to all boxes in the second row, etc. Now apply the 
symbols a to the first pattern, and enlarge it in all possible ways subject to 
the rule that no two a’s appear in the same column and that the resultant 
graph be regular; repeat with the b’s, etc. One further restriction: If, after 
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all symbols have been added to the pattern, we read the added symbols 
from right to left in the first row, then the second row, etc., they must form 
a lattice permutation of the a’s, b’s,.... 

To illustrate the procedure, we shall work out the expansion (7-156). 
We start with the first pattern 


and label the second pattern 
a a 
b 


First we enlarge the first pattern by adjoining the two a’s. The possible 
results are: 


. ὁ aa . e ὦ . ὁ ἃ . ὁ 
(1) e (2) ὁ a (3) e (4) e a 
a a 
(Note that 
a 
a 


is not allowed.) Now we adjoin the symbol b. 
From (1) we get 


e e a a e Φ a a 
e b © 
b 


(Note that 


e ee aa ob 


is not allowed, since baa is not a lattice permutation.) 


202 THE SYMMETRIC GROUP [(cHAP. 7 


Irom (2), we obtain 


e Φ a Φ Φ a 
® a b e a 
b 
From (3), 
Φ Φ a Φ Φ a 
οὐ . 
α a 
b 
From (4), 
e a Φ a 
a ὃ a 
b 


which checks (7-156). 
Frequently, equations like (7-156) are written with patterns instead of 
partitions: 


1 ee). SIS). (ESSE ae) [LIL 
Tr} Θ[] =LU εν ΨΚ oa ε 
Ξε Ls πε΄ 
"π (7-156a) 


We have given the general rule without proof because for physical 
applications the outer products are usually so simple that the results can 
be obtained by elementary methods. 

The outer product of any representation (A) with a representation 
corresponding to a horizontal strip is easily found. Consider first the outer 
product [Φ [-]. No symmetry conditions have been imposed on the 
functions ¥(1) and ¢(2), so by permuting the particles we can obtain both 
the symmetric and antisymmetric combinations ¥(1)¢(2) + ¥(2)¢(1). 
Thus 


fle LJ=tUU+ 5 (7-157) 
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Next consider the outer product of (A) and (1): 
“ΙΝ π᾿ 
[ΠΤ Ἴ 
® 
“- 
[] “Ww 
Since the wave function for the single added particle is not subject to any 
symmetry conditions, we can construct functions which are antisymmetric 


in all the particles in any column of (A) plus the added particle, or we can 
insert it in the first row of (A). Thus 


(4) Ὁ (1) = Σὲ Are  Ae 11 + Ma). (7-158) 
Aj 

In the outer product (A) ὦ (2), 

CLL 

CL "7: 

& 
L_ 
[ 0) 


the wave function for the two particles in [ [{] is symmetric in these two 
particles, but is not subjected to any symmetry conditions under permuta- 
tions of these two particles with the particles in (\). We may therefore add 
the two dots to the pattern (A) in all possible ways, provided we do not 
put them in the same column. 

Similarly we see that the outer product of (A) and a horizontal strip (m) 
is obtained by applying the nodes of (m) to (A) in all possible ways subject 
to the restriction that no two of the nodes be.placed in the same column. 
If we interchange the role of rows and columns and go to the conjugate 
representations (p. 206), we immediately obtain the rule for evaluating 
(4) Ὁ (1”): We apply the m nodes to (A) in all possible ways in which 
no two nodes are inserted in the same row. 

In this manner we evaluate 


hPoeO =oo0+H (7-159) 
OOoe00=0000+HHE+ HH r-160) 


Be 
LiL] @ 5 ΞΕ =. Ἔ 5 (7-161) 


LJ 
Heh -H+8 ἘΠ 0 oe 
" 


254 THE SYMMETRIC GROUP [cuaP. 7 


We can now evaluate more complicated outer products by a ladder 
process. Successive outer products can be evaluated in any order, 


(1) Ὁ ὡ) Ὁ Ὁ) = [A) Ὁ ὧδ] Ὁ &) 
= [(u) Ὁ Ο)] Ὁ A) = [A) Ὁ Ὁ] ὃ @), — (7-168) 


and the distributive law, 
(A) Ὁ [ὧδ + @] = A Ὁ ὡλ + QA) Ὁ 0), (7-164) 
is valid. So from Eq. (7-159), 


(A) ὦ (2,1) = A) Ὁ [(2) Ὁ @] — A) ὃ ©) 
= [A) Ὁ (2)] Ὁ 1) — A) ὃ BB). — (7-165) 


All expressions on the right side of Eq. (7-165) involve the application of 
horizontal strips, which we did above, and hence we can evaluate 


(A) ὦ (2, 1). 


Problems. (1) Evaluate the outer products: 


Pl eee) [Πὰς me 


(2) Extend the ladder method to evaluate (A) ὦ (2,2) and (A) ὦ (8, 1). 
Try to derive the general rule for outer products. 


7-13 Inner products. Clebsch-Gordan series for the symmetric group. 
In Chapter 6, we discussed the reduction of products of irreducible repre- 
sentations of a given group G. In the case of the symmetric group, such 
Kronecker products are called inner products to distinguish them from — 
the outer products which we discussed in the preceding section. In Chapter 
6, we showed how the reduction can be done by a sort of Fourier resolution, 
using the character table for the group. Though this method is straight- 
forward, it does not give general formulas. We know that for the rotation 
group the Clebsch-Gordan series (vector model) gives a completely 
general result: 


, 


L’ a L 
D'x D' = D*, (7-166) 
L=\I—l'| 


and it is of interest to ask whether there are similar general formulas for 
the symmetric group. We must expect the formulas to be more compli- 
cated than (7-166); the symmetric group offers a more complex structure 
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than the rotation group, despite (or because of!) the fact that the latter 
is a continuous group. We should also note that, from the point of view 
of Example 4, Section 1-1, S, can be regarded as a subgroup of the group 
of linear transformations in n dimensions. 

A straightforward procedure for the reduction of inner products (Clebsch- 
Gordan series) has been given by Murnaghan and by Gamba. We shall 
not describe their method, but merely give some of the general formulas 
as well as tables (Table 7-4) for all nontrivial inner products up through 
nm = ὃ: 


(n—11Ix@m—1,1) =()+m—1,1)4+(n—- 2,2) 


=e (n ΝΣ 2, 17). 
(7-167) 


(n — 1,1) X (n -- 2,2) = (n — 1,1) + (n — 2, 2) 
+ (n — 2, 1°) + (n — 3, 3) 
+(n—3,21. ὦ» ἃ) 
(7-168) 


(n — 1,1) X (n — 2,15) = (n — 1,1) + (nm — 2,2) + (n — 2, 12 
+ (n — 3,2, 1) + (α — 3, 1°). 


(7-169) 
(n — 2,2) X (nm — 2,2) = (n) + (n — 1,1) + 2(n — 2,2) 
+ (n — 2,17) + (n — 3, 8) 
+ 2(n — 3, 2,1) + (n — 3, 13) 
+ (n — 4,4) + (n — 4,3, 1) 
+ (n — 4, 27). 
(7-170) 


The tables give the coefficients in the expansion of the inner products. 
For products at the left, the coefficients refer to the partitions at the top 
of the columns; for products on the right, the coefficients refer to the 
partitions at the bottom of the columns. Not all possibilities are shown; 
those omitted can be obtained from simple theorems about conjugate 
partitions, which we have used earlier, but collect here for convenience. 
We know from Eq. (7-44) that 


(x) χ αὖ) = ὦ, (7-171) 
where () is the partition conjugate to (A). Also 


i(X) X (w)} Χ () = A) X ίῳ X (%)} = (A) X ()} Χ ῳ). (7-172) 
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TABLE 7-4 


_ CLEBSCH-GORDAN SERIES FOR ἢ = 4, ὃ 


(1) n=4 
(4) (3, 1) (2?) (2, 1?) (14) 


(3, 1) X (3, 1) (3, 1) X (2?) 
(3, 1) Χ (2?) (3, 1) Χ (2?) 
(2?) Χ (2?) (2?) xX (2?) 


(14) ὦ,12Ξ΄ ὦ) (8, 1) (4) 


(2) n=5 | 
(5) (4,1) (3,2) (3,17 @?7,1) @,1°%) (5 


(4,1) X (4,1) (4,1) X (2, 13) 
(4,1) Χ (8, 2) (4,1) Χ (27,1) 
(4,1) X (8, 12) (4,1) X (3, 1%) } 
(3,2) X (8, 2) (3,2) Χ (22, 1) 


(3,2) X (3, 1”) 
Ἵ (3, 17) X @, 1) 


(3,2) X (3, 1?) 
(3, 1?) X (3, 1”) 


(15) (2,18) (27,1) (3,17) @2) @D ©) 


Letting (v) = (15), we have 
GO Pe 
(A) X (uw) = (A) X ὦ -Ξ- A) X ᾧ). (7-173) 
From the second equality, replacing (A) by (A), we obtain 
(X) X (@) = (A) X (H). (7-174) 


We also showed in Chapter 6 that if (A) X (μ) contains (v), then (A) Χ (Ὁ) 
contains (4), and (u) X (v) contains (A); in fact, the expansion coefficient 
in all three cases is just the coefficient of the identity representation (n) 
in (Δ) X (u) Χ (v). Thus we see that (A) X (μ) contains the identity 
representation (once) if and only if (A) = (μ); and (A) X (u) contains the 
alternating representation (17) once if and only if (A) = (#4). 

The table for n = 5 already shows that the symmetric group presents 
problems beyond that of the rotation group; some representations appear 
more than once in the expansion of the Kronecker product of two repre- 
sentations. As we shall see later, this phenomenon appears in the rotation 
group only for triple products (cf. also Section 5-8). 
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Inner products can also be evaluated by graphical methods. Gamba and 
Radicati have given a complicated derivation of a graphical procedure for 
the special case of (A) X (n — 1,1). We shall derive this in a much 
simpler way and show how the method can be generalized. 

From Problem 3 of Section 7-4, we know that 

(n—1,1) 
X26) = a— 1. (7-175) 
To find the number of times, a,,), that the representation (μ) 15 contained 
in (A) X (n — 1,1), we use Eqs. (5-107), (7-12), and (7-175): 


1 (M= 161) YOY () 
Au) = > alQeBl.- - Χ αϑβ, X28... tr :) 
a, 2 Yoreee5 
a+2B-+---—=n 
1 (A) (#) 
— » alaegi.. = (ὦ τ΄ 1)X a8 at oP y (7-176) 
α,.β,Ύγ,...- 
a+2B-+---—=n 


The sum with the factor (—1) is immediately evaluated by means of the 
orthogonality theorem, and gives —6),. In the sum with the factor a we 
apply the branching theorem (7-52) to x and x™: 


a : ων. 
Σ. “leat... Ἂς β Χ β 
12681... μον (La aes) 
Bihan αἰ2ββ 

a+2B+-- 


1 (A) ων, 
ΞΞΞΞ ~:~ kame Xe β xX B 
2 DEBT 6 A 2 ὦ (2 as) 
a=+0,8,y,... (α 1) 2 β 


a+t+28-+---=n 
= Σ τπτ Daye  Σ xD 
zs 198681. 5" co hie ser 
α-ξ0,β,γ,... (α i 2°68! ars 
a+28-+---=n 
=, p2 wea ae x18 » xe 2°...) (7-177) 
α ,β,Ύ.,... 


a’ +284---=n—1 


where we have set a — 1 = a’. The partitions (A’) and (u’) are obtained 
from (A) and (u) by regular removal of one node. But now we see that 
each product in Σ᾽.) dow’) 15 in precisely the form for applying the orthog- 
onality theorem for n — 1 particles, and gives ὅχμ. Thus the Kronecker 
product (A) Χ (n — 1, 1) will contain (μ) if the removal of one node from 
(A) and one node from (yz) leads to the same partition of n — 1. Or we 
can make the simpler statement: The Kronecker product (A) Χ (n — 1, 1) 
contains (4) if the removal of one node from (A) and the addition of one 
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node to the resulting partition gives (u). Combining this with the result 
for the factor —1, we can make the statement: (A) Χ (n — 1, 1) contains 
(\)N — 1 times, where Ν is the number of different \,’s. All those repre- 
sentations (u) whose graphs are obtained from that of (A) by shifting one 
node appear once. 

For example, 


on 
te τ}: ΓΤ 
ΕΠ 1 


The graphical result contains Eqs. (7-167) through (7-169) as special cases. 

The method used above can be extended to any product (A) X (uw) for 
which we know the characters χίλὰνβ.. of one of the factors as 
analytic expressions (polynomials) in a, B,.... For example, let us con- 
sider the Kronecker products (n — 2, 17) Χ (A) and (n — 2,2) X (A). In 
Problem 3 of Section 7—4 we found 


xe 22 - = ee — β, (7-178) 
ἀξ — la Mew A) g 1. (7-179) 


We rewrite the polynomials in terms of the set: 


1, α, α(α — 1), ala — 1)(α — 2),... 
28; 276(6 =-1), 2°86 = 1B = 2), ει 
37, 32v(7 — 1), 3°v(7 — (7 — 2),... ete. 


The two polynomials above contain 1, a, a(a — 1), 28. When we evaluate 
Eq. (7-176) (with a — 1 replaced by the appropriate polynomial), we 
obtain terms with the factors 1 or a (which we have just evaluated), one 
term with the factor a(a — 1), and another with the factor 28. These are 
evaluated separately. 

For the factor a(a — 1), the contribution to ay) 1s 


,... "τς, (A) (μ) 
a 2 aia α(α 1)X(ya08 χα 28..0 

a, ἌΣ 

a+ 2B4--+= 

_ Σ ; .-- gg! .: (7-180) 

Le (a — 2)!28B!--- (172. ) (23. i) 

a rs VYoeee 

a+28+---=n 


Now we apply tox” and x the branching law for two successive removals 
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of a single node (Eq. 7-53): 


Win (μ᾽) 
J ae = (a — ΘΈΡΕΙ. Στ, x a2 27...) » Χο ἀτ2,β...) 
μ 


a> LB iY ies 
a+2B84+---=n 


— 1 (Δ΄) (μ΄), 
-- >» a’ 12881. - - δ: Xie’ 98... ye Xo 98...) (7-181) 


where (A’) and (uw’) are the partitions obtained from (A) and (μ) by two 
successive removals of a single node. Again we can apply the orthogonality 
theorem for S,_»2 to each term in the product Σ᾽) Dou) and thus eval- 
uate α΄. 

Similarly the contribution of the factor 28 to ay) is 


mn (A) (#) 
OO Ds aT — (28) X98. (1228...) 
α,β,Ύ.,... 
at2B-+---=n 
= peng ay λῶν 682) 
een. τ β 
α- 2β-Ἐ-.::ΞΞ 


Now we apply to (A) and (μ) the branching law for the regular removal of 
a 2-cycle (cf. the discussion preceding Eq. 7-56), giving 


1 
me (μ᾽) 
aio aoe arp ἘΞ. Lyles 2» (2) xe. > ae eee 
᾽ yVoreee μ 
a+2B-+---=n 


ὩΣ Q’) 
_ Σ a!28’B a ὩΣ (ΞΕ) X 48’. du (:Ε) X (te gr ΩΣ 
πέος 


(7-183) 


The partitions (A’) and (u’) in (7-183) are obtained from (A) and (u) by 
regular removal of a 2-cycle. The character appears with a plus sign if a 
positive (horizontal) strip is removed, and with a minus sign if a negative 
(vertical) strip is removed. Again Eq. (7-183) can be evaluated by using 
the orthogonality theorem for S,_2. 

The general procedure should be clear from the examples given above. 


Problems. (1) Complete the calculations of this section and derive the Clebsch- 
Gordan series for 


(a) (n—2,17)X (), ὦ) (n — 2,2) Χ A). 
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(2) Show that the formulas for (a) and (b) in Problem 1 can be obtained from 
each other by means of Eq. (7-167). [Hint: Construct the triple product (A) X 
(n—1,1)X (κι -- 1, 1).] 


7-14 Clebsch-Gordan (CG) coefficients for the symmetric group. 
Symmetry properties. Recursion formulas. In this section we wish to 
consider two problems: 

(a) Derivation of symmetry properties of the CG-coefficients for the 
symmetric group. 

(b) Deduction of recursion formulas for the CG-coefficients. 

In treating the first problem our goal is to obtain relations like those 
found in Section 5-9 [Eq. (5-151)] for simply reducible groups. We cannot 
use the method of Section 5-9 since the symmetric group for n > 4 is not 
simply reducible. The Kronecker product of two irreducible representa- 
tions will in general contain representations more than once, 1.e., (Auv) > 1. 
But the symmetric groups are members of a special class of groups: All 
representations can be expressed in real form (Section 7-7). For such 
groups the distinction between the CG-coefficient and (3-7)-coefhcient 
in Eq. (5-140) reduces to the trivial factor [73], since every representation 
coincides with its complex conjugate. We shall therefore proceed as in 
Section 5-7. 

For any group having only real irreducible representations, the matrix 
representatives DY (R) are all real, and the matrices D™(R) are real 
orthogonal matrices: | 


DS? (R)DS(R) = ὃ; (7-184) 


We shall use the convention of summing over repeated Latin indices as 
we did in Section 5-7. 
We shall write the CG-coefficient of Section 5-7 as 


(uj, vl|dras) = S°5 ἢ (7-185) 


and denote the dimension of the \-representation by ,. In this notation, 
Eq. (5-114) becomes 


D® (R) Do) (RSP εἰ = DEP(R)S SO thy (7-186) 


where, as in Section 5-7, we choose the matrices ΡΟ (ΕΚ) to be the same 
for all the equivalent representations contained in Do? xD”: 


D°™(R) = D™(R). (7-187) 


The equations (7-186) for the CG-coefficients are linear equations with 
real coefficients, and hence the CG-coefficients can be chosen to be real. 
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Thus the matrix of the CG-coefficients will be a real orthogonal matrix: 
sp 7 ἌΝ = = Ore Ory Te O42’; (7-188) 
> See δ ES a) 5 i = ΞΞ δ᾽}: Okk’- (7-188a) 


ATH 


We can now shift factors in Eq. (7-186) and obtain =e (5-115) and 
(5-116): 


ST ὁ (Ὁ) (ΠΟΔΊ (RS O51 = DE(R) dav δεχτίν δι’ (7-189) 


DY (R)Der(R) = 2 SPEEDS se (R)S SF 1. (7-190) 
AT : 
Since 2.) (1) is an orthogonal matrix, shifting it to the left of Eq. (7-186) 
gives 
D(R)DY(R)DEP (RS? δἰ = Stk, (7-191) 


which is analogous to Eq. (5-146). We can also use the orthogonality 
theorem to shift D® to the left in Eq. (7-186), and obtain 


>, Dis (R)DY(R) De (R) = g Σ; PTS S51, (7-192) 
R 


which is analogous to Eq. (5-149). If we now set s = t,7 = 1, andl = k, 
and permute the factors on the left, we get in place of Eq. (5-150) the 
symmetry relations 


Σου ες Se) 


ΤᾺλ Typ 


The presence of the summations in Eq. (7-193) prevents us from going 
ahead, as we did in Section 5-9, to adjust phases and impose symmetry 
conditions on the CG-coefficients. But we can still accomplish this because 
we now have (Auv) > 1 and are not restricted to changes in phase of our 
basis functions. As we pointed out in Section 5-8 [Eq. (5-117)], we can keep 
the matrix of CG-coefficients real and orthogonal, without altering the 
representation matrices D®(R), if we take any linear combinations of 
the basis functions V7» , 


YOM — 2 Cry POM (7-194) 


where the coefficients ὅτ, τὸ form a real orthogonal matrix: 


be CryryCry ry = On ry’. (7-195) 
A 
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We now show how this additional freedom in the choice of basis functions 
can be used to impose symmetry conditions on the CG-coefficients. 
We shift the factor D{}?(R) to the right side of Eq. (7-186), obtaining 


d) 


DY} (R)S 71 = S55 eDe'a( R) Dye (R), (7-196) 
and use an equation similar to (7-190) to expand the product 


DE2(R) Di? (R). 
We get 


DE (RSP Ft = DSP ESE DELR)S Tt. (7-97) 


The last factor on the right can be brought to the left side, giving 
ΡΤ ( ΘΝ St at = Se TS ED (ΠΗ). ὀ ἀ(Ἃ1-198) 
From Eq. (7-198) we see that the matrix M with 


My = SDPEWSTERT (7-199) 
satisfies the equation 
DY (RM = ΜΠ (ΠΕ), (7-200) 
so that . 
DM = MD. (7-200a) 


From Schur’s lemmas, M is the null matrix if D” and D® are inequivalent 
(u  €), and it is a multiple of the unit matrix if μ = ε. We can therefore 
write the expression in Eq. (7-199) as 


ATL BV OETE AV Mr (λμὴν 
S ea ps εἷ 5 ι τῷ Ἢ MrT, ben δ᾽ι. (7-201) 
μ 


In Eq. (7-201) we have inserted the factor containing the dimensions of 
the representations to simplify later equations. The matrix ΟΝ is a 
square matrix since (μνλ) = (Avy). The superscripts indicate that the 
matrix m will depend on ἃ, μ, v and on the fact that we have interchanged 
the first and second columns in the CG-coefficients. 


We shift the secorid factor from the left side of Eq. (7-201): 


SOTA μ ᾿ ᾿ Set λ a 
ee Σ ) (λμὴΡν» ™ 7 “8.0 
Vn ὑῶ νη, 


Ty 


Equation (7-202), with the fixed matrix m“” defined by Eq. (7-201), is 
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valid for all s, 7, 7. We multiply Eq. (7-202) by the similar equation for 
Sth #7 /4/n, and find 
bax = >, mye, Mr, (7-203) 


Tp 


Since the CG-coefficients are real, the matrix m°”” is a real orthogonal 


matrix and can be used to transform the basis of a representation (cf. 
Eq. 7-194). 

The entire derivation can be repeated, shifting DW (R) to the right in 
Eq. (7-186). If we do this, we obtain the equations 


ey «- 
AT) HV CETTE HX Mr App 
S " l js - ioe τῷ Merry δὲν δ᾽.» (7--2018) 
ATV BP —~s VTyp pr 
S s lj λμν S ie ls 
— TT p a (7-202a) 
V 7.Ὰλ Tp V ny 
ὰμν λμν 
μ μ 
ὄτχτ᾽, το MryryMr\ryp- (7-203a) 


Typ 


We consider first the case where ἃ ~ μ ~ v. Assume that we are given 
the CG-coefficients for some choice of basis. Then Eq. (7-201) provides 


us with a matrix mee which we use to transform the basis functions 


A 
Σὺ mye VE! > WY for all j. (7-204) 


Tp 


This transformation induces the transformation 


Σὺ mS > SPS ~~ forall 7), 5,1, (7-204a) 


Ty 


so that, with this new basis, Eq. (7-202) becomes 


(7-205) 


arn 
We can independently use the matrix m™” defined by Eq. (7-201a) to 
transform the basis functions ¥!’’”. The new CG-coefficients will then 
satisfy the equations 


8 ἰ 9718 
= (7-205a) 


Since we have assumed μ ~ ν ~ X, the order of the factors yoy” , etec., 
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in the product functions is irrelevant. We can therefore make 


ATV HY AT, V 
S's 11} S 


— 8. ἰ 7) 
HT) NV HTX UA 
VIX BN __ VT, AB 
SaaS δ κα. 8. 7" 


Equations (7-205), (7-205a) and (7-2050) replace Eq. (5-151), which was 
derived for simply reducible groups in Section 5-9. 

We must now examine the special cases. First suppose’ ~ μα = v. We 
can still carry out the first basis transformation of Eq. (7-204a) and obtain 


Sos = δ} εἴ ἱ ᾿ (7--2ώ06) 

Vn νη, 
but the second basis transformation is no longer independent and would 
undo the work of the first. In fact, this second transformation 15 unneces- 
sary. Since u = ν, the symmetry of the CG-coefficients under interchange 
of the second and third columns is determined by whether the product 
functions VW are contained in [D™ Χ D™] or {D™ x D™}. So our 
first step should be to assign the components ¥$*™ to the symmetrized or 
antisymmetrized square of D™. Then 


Sree — δι GAGE (7-206a) 


where 6,, = +1 if the w2™ are contained in the symmetrized product, 
and 6,, = —1 if they are contained in the antisymmetrized product. 
The matrix m°” should be defined after this adjustment. Since ἃ = uy, 
the order of the factors in the product ψί ψῥ is irrelevant, so we can set 


SOTA AH GHATS. (7-206b) 


Combining Eqs. (7-206), (7-206a) and (7—206b), we obtain the complete 
set of symmetry relations: 


AT) B ATA BH BT) NB HT) uD 

as ae Sete. Gy ate be 
= 0 oS eee -- 

VM» Vn νη, V Ny 
Ay UT) BX 
δι ὅτ Sj 
j js 

= §,,—_*4 = 5,,__*. (7-206c) 

Vy νη, 


Finally we consider the case where ἃ = μ = v. We have 


G7 ** — 8, SPT, (7-207) 
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where 6,, = +1 if the product functions w™ are contained in the 
symmetrized square, and 6,, = —1 if they are contained in the anti- 
symmetrized square. For this case, the linear equations (7-191) for the 
CG-coefficients become 


DY? (BR) DY ΟΡ Δ) FI = SP Tk (7-191a) 
or 
[A tskes(R) — δὲς δὴ δε δὴν ἢ 1 = 0. (7-191b) 


The coefficients in Eq. (7-191b) are symmetric under the simultaneous 
interchange ὁ © 7,s © j. Thus if S*7**} is a solution, so is S‘}*}}. The 
sum and difference of these two πο are also solutions, and at most 


one of them is zero. So we can certainly make 

Se Sen aa | (7-207) 
where €,, = +1. Combining Eqs. (7-207) and (7-207a), we get the set 
of symmetry relations 


ATA AA - ATA AA ATR AA 
S's jl 855 Lj = 67S; sl 


= €7) ὅτλ S ΝΣ " ᾿ = Or), So s ΞΞ €r) 67 sp : Η (7-207b) 


These symmetries of the Clebsch-Gordan coefficients exist for any group 
having only integer (real) representations. 

For the symmetric group we shall use the Young-Yamanouchi orthog- 
onal representation of Section 7-7. The basis functions for this representa- 
tion will be denoted by [Az], where ἃ denotes the partition and 7 is the 
Yamanouchi symbol (Y-symbol) labeling the rows of the representation 
(A). If several independent functions belonging to the same row of (A) 
appear in an argument, we distinguish them by primes on the Y-symbol. 

There are some special cases for which we can easily determine the CG- 
coefficients. First, we know that (A) X (uw) contains the identity repre- 
sentation once if and only if (A) = (uw). The expansion of the completely 
symmetric function in terms of products [Az][\j]’ is almost obvious. The 
basis functions are the components in the unitary vector space of the 
representation, and the scalar product of a vector with itself gives an 
invariant, i.e., is completely symmetric. Thus, 


1 
Ae 7-208 
[(n), 1] Var ( ) 


or 


1 
SM rN  —_ 5,, 7-209) 
1 2 /m 7 ( 
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where 7, is the dimension of the representation (A). The fact that (7-208) 
is completely symmetric is also verified directly by applying any permu- 
tation R: 

RD) [ay = D> (NIDA DFR) Di(R) 


ὦ,7.} 


= 2 ΓΑ] p> Dj R)Dii(R) 
jk 
= D7 INIA δα = Σ. DID. 
jik 7 
Secondly, we know that (A) Χ (A) contains the antisymmetric repre- 
sentation (1"). We define the basis function [Xz] to be that basis function 
of (A) whose tableau is obtained from the tableau of [Az] when we inter- 
change row and column. For example, 


124 = 136 
ἢ = 35 [xa] = 25 
6 4 


As we pointed out in Section 7-7, we can restrict ourselves to transpositions 
on successive letters. For such permutations, it is easily seen that 


Di,= D, for i#j, . (7-210) 


dD ες (7-210a) 


11 ει 


In addition, we note that the nondiagonal elements D?. (¢ σέ 7) are 
different from zero only if the Y-symbols for 7 and 7 are obtained from each 
other by a transposition of neighboring numbers in the symbol. For 
example, (23) applied to the [Az] given above (Y-symbol [821211]) gives a 
matrix element »/3/2 to the function with Y-symbol [321121]. We now 
define a diagonal matrix with diagonal elements A? as follows: 

A} = +1 depending on whether the Y-symbol 7 is obtained from the 
Y-symbol with the letters in natural order by an even or odd number of 
transpositions. The completely antisymmetric function is 


[(17), 1] >> Aids)’. _ (7-211) 
Vz Mr “a 
In terms of Clebsch-Gordan coefficients, 
1 
so be ἀν δ. (7-211a) 
ik mr t tk 


There are certain symmetries which are a special feature of the sym- 
metric group. These are derived by using an argument related to that 
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which led to (7-211) and (7-21la). We know that 
Q) x (") =), [Οὐ # ()], 


so there is a one-to-one correspondence of basis functions of (A) and (A). 
From (7—-21la) and (7—-205a), 


¥r(1") {5} 
δὲς ΝΣ tk __ 1 


1 = A Sa 
Vn mane ) V7» 
whence 
oe we λ 
See = Ae διὰ, : (7-212) 
and 
[Az] = AXA”), 1]. (7-213) 


We express the function [yi] in terms of functions from (a) X (@) [re- 
member (7—174)]: 


[v7] = » S; : alts Bk] 
S72 Ex*a*fog[BkI'((1"), UL"), 17; 


[vi] = 7 81 3 Fatal fosll any, (7-214) 
jk 
where we first use (7-213), and then note that [(1”), 1][(1"), 1] is a com- 


pletely symmetric function. The CG-coefficient can be shifted to the left 
side, giving 


[ag][BkY = AgAg Σ 503 βγῇ. (7-215) 
We also have 
[agl[Bk! = >) 51} iva, (7-215a) 


so that, comparing coefficients of the orthonormal basis functions in the 
last two equations, we find 


& B a,BarvaB 


We obtain other forms of this symmetry relation by replacing representa- 
tions by their conjugates or repeating the argument, starting from relations 
like 

[Vi] = D> 82% Masl[BRy. 


jik 
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We find the symmetry relations 


γα B Bova B 
4 a B a a B 


The symmetry relations [(7-205), (7-205a and b)] and [(7-216), 
(7-216a and b)| enable us to shorten the work of finding Clebsch-Gordan 
coefficients: If we order the partitions in descending order from (n) to 
(1”), we need only the coefficients for products (A) Χ (u) where (yu) is 
below (A) and (μ) is no lower than the self-conjugate partitions of n. 

Now we wish to see what process replaces the well-known recursion 
formulas which exist for the rotation group. In treating this problem, it is 
not necessary to indicate explicitly which set of product functions v7 
we are using. So instead of following the notation of Eq. (7-189) we can 
write the transformation of D* x D® to diagonal form as 


Dd Sta 2Dae(R)Deg(R)St eg = Dh(R) by. (7-217) 


@,€,0,9 


We need more complete designations of the rows of the various representa- 
tions, and we shall therefore use double subscripts in the CG-coefficients, 
for example, δ. ᾧ ὅ. The first letter in the pair of subscripts denotes the 
first letter in the Y-symbol, and the second letter stands for the remainder 
of the Y-symbol. In this notation, Eq. (7-217) becomes 


> SY; ἀν b¢Doo, caD er, gnStt ca gh = Dtj,n1 δηλ. (7-217a) 
ab,cd 
ef, gh 
We first restrict ourselves to permutations of the symmetric group on 
n — 1 letters, i.e., to permutations which leave the last letter unchanged. 
For such permutations, Eq. (7-77) in the present notation is 
D* ΞΕ 1). 5 (7-218) 


ab,cd bd “ac? 


where a, 15 the representation of the symmetric group on n — 1 letters 
which is obtained from ἃ by removing the last letter from line a of the 
pattern. (This is the branching rule.) Substituting expressions like (7-218) 
for all the D’s in (7-217a), we have 


Ds ὮΝ αὖ of va th On Seg ὯΝ cd gh D5; Fe aN (7 219) 
ab,cd 
ef, gh 


or 
DB ΠΡ Strnad a, = δα 84. ({-2198) 


1) ab ef bd ~ fh jl “tk “yr 
ab,d 


67,8 
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We can also write an equation like (7-217a) for the symmetric group on 
n — | letters: 


fa tA ͵ a’ ? x , [2 ’ 
> SY Σ ΡΣ, ΘΝ ἃ ἃ = Dog δυν, (7-220) 
db,fh 


where the primes are a reminder that these are partitions of n — 1, and 
the subscripts are Y-symbols with n — 1 places corresponding to the 
second subscripts in (7-217a). Shifting in (7-220), we have 


DiaDjn = ΣῚ Sp ὃ } DygSa Gh (7-220a) 


, 
Y,D:qd 


We substitute (7-220a) in (7-219a), choosing a’ = ag, 6’ = Be, and ob- 
tain 


y α B gy agBepy’ ay ea Begs α β΄ nv ἐν 
>, δ᾽, esp Bf pdda αὐ ϑει ad oh = 7 δα δι. (7-221) 
ab,d,ef,h 


Y »Dq 


We first transfer the last factor to the right side: 


tjabef-p Ὁ f “~“paq-qadh tl ad eh? 


a β " aa Be : "ag Be __ a a B , 
yo Ss DS SS. 
ὃ, ἰ 
7’ :D+q 
then we can once more shift the last factor to the right side: 


Y @ B γ᾽ α β γ΄ ἜΒΕΝ. ὙΣΟΩΟΎ a β γ᾽ α β 
ΣΡ = Dy ΘΙ ene avn (7-222) 
b,f,p L,d,h 


We can now define a matrix 
Ύ α β >» ἃ ᾿ a ᾿ 


Then Eq. (7-222) states that 
2 M 5D 5q ὩΣ 2 DjiM ,, 
p ἶ 
or | 
MD’ = DM. (7-224) 


Applying Schur’s lemmas, we have M = Oif γ' ¥ Ύ;, and M = multiple 
of the unit matrix if Y’ = Ύς; hence, 


a β πα, Bé Y a B 
dX Sis αὐ ef Sp bf τς δος ὃ» 7 ἱ a ἡ {7185 
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or, shifting the second factor to the right side, we have 


See =|? a |S “a Be (7-226) 


ijabef ~~ α 601-29 OL 


Equation (7-226) states that the matrix K [Ὁ ἃ 8] enables us to generate the 
CG-coefficients for n from those for n — 1; thus (7-226) replaces the cor- 
responding recursion formula for the rotation group. We now investigate 
the properties of K. We write, in analogy to (7-226), 


multiply the two equations and sum over ab, ef: 


a β a β Y a B Ἴ a B 
>». δ᾽» ab ef aj αὐ ῤΛ - ΣΑΙ ἢ 8) x i a 4 


ab,ef 


ΧΣ 8: co Fags Fe Be (7-227) 


3 Of 


Applying the unitarity condition to both sides, we obtain 
_ β Ya β Y’ 
δγγ' διι' 053" = du κ]} a By κ)} 

or setting 7 = j’ and Y; = Y;, 


> κ᾽} ‘ Bl «|? ἡ ᾿ Ξο δ ee (7-228) 
ae 4 a e ὶ a [2 


It is important to note that (7--228), which is the first part of the condi- 
tion that Καὶ be a unitary matrix, refers only to those Y’s which branch from 
the same representation Y; on n — 1 symbols. To prove that K is unitary 
we must derive the second condition corresponding to (7-188a). We now 
multiply (7-226) by the similar expression 


Ya β ee ἢ 
Y @ Yi απ Be 
S , = K Ι t Ἵ ὌΝ δ' Die 


ija’b’ e’f' a 


QR 


β χρυ ") 853’, 


and sum over 7, 2, 7: 


Y @ B Y a β Yi % Be Yi Oa’ Be’ 
Σ xf} a arab a! els: δ 7] ὃ f’ 


=o Sija ab opty ἃ a’b’ δ" = aa’ Spb’ See’ Ors’ } (7-229) 


γεῖ,7 
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where we use the unitary condition (7—-188a) in the last step. Now we 


multiply both sides by sy Begy el ae and sum over J, f, b’, f’: 


Y @ β Y a β Vi % Be vy’ ag Be γ᾽ aa’ Be’; aa’ Be’ 
> κ|} a lx? a’ [Ds bt kb SF Ds δι of Sie” 7 


W257 b if’ 
Ἵ δ(γ’, 3) δ᾽)κ 


- Σ x α tah α A 
1 a € 4 QA € 


γνῖ ᾿ 
Yi=7 


| 
a 
ae 
@. 2 
2 R 
Ses 
es | 
eo el 
S. 2 
QQ 


~ 


Ξ-- ; j γ᾽ aa Beay’ aq’ Be’ 
= baa’ See 30} b ash b ff 


ὃ, 
= aa’ See’ Σ (S; Pa τ: = aa’ See’; 
bf 
that is, 


y K|? τ Bl |" οὐ A = δια’ See'- (7-230) 
4 a €é 4 a 6 


This is precisely the second condition for the unitarity of K. We thus have 
the unitary conditions (7-228) and (7-230) which are necessary to de- 
termine the matrix K. So far we have restricted ourselves to permutations 
which left the last symbol unchanged. We next apply Eq. (7-190) for the 
transposition (n,n — 1). (It is now necessary to introduce a triple sub- 
script notation: The first two subscripts are the first two letters in the 
Y-symbol and the third subscript represents the remainder of the Y- 
symbol.) Since (n, n — 1) affects only the first two places in the Y-symbol, 
only matrix elements like D%,,.a, appear. Furthermore, we know from 
(7-111) that the matrix elements for (n,n — 1) are 


Door. car = fab Sac Sta + Yad Sad Sbc; (7-231) 


where f%, is the reciprocal of the axial distance from a to ὃ, [instead of f 
we used the symbol σ in (7—111)] and g% = V1 — (f%)?. We substitute 
(7-231) in the equation 


B γγβ Ύ γα β 
> Skye dor efsDabr,carDess,gns = >, ᾿ιγι,ειυδᾶιε ear ons, (7-232) 
ab,ef k,l 
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and obtain 


D>, Stit abr ers [farfer Sac Sba Seq Syn + farger Sac Osa Sen do 


ab,ef 
+ garfer bad δι Seg O¢h + Garger Sad διε Ser δρ] 
τ > [70 bax δγι + σῇ δεῖ διε]δῆιι car ghs (7-232a) 
k,l 
or 


Skye car ghafedf gn + Styt car host cho 
+ ἴηι der ghsGachon + Styt der hosGdcGng 
= [87 Car ons + eiS tit Gar ghs- (7-232b) 
We now introduce the K’s by substituting from (7-226): 


Y @ B $e Ύ α β i %¢ 
K ‘ [δ᾽ ἂν τ ΝᾺ = fi] τὰ κ]} | Si dr a ae 


tc g 6 


Ύ α 
aly K ! | Si - Mads 


&, R 


Y a B τ gq Bh 
ΕΣ Κ ἰ d 4 Si he Δ ΤΗΣ ΠΑ 


=|" α Playset. (288) 
Once the CG-coefficients for n — 1 particles are known, Eqs. (7-233) and 
the unitary conditions on K enable one to find K and to determine the 
CG-coefficients for n particles by means of (7-226). 

The actual computation of the recursion matrix K is tedious, but it is 
much simpler than the direct calculation of the CG-coefficients. In the 
process of finding A, as soon as we reach a case where (Ya8) > 1, Eq. 
(7-233) will have (Ya8) solutions. There is no general criterion for the 
selection of the solutions. 

For low values of n, the CG-coefficients can be computed directly or, 
even more easily, from the matrix K. We shall not give any of the general 
formulas obtained for the K’s, but quote one of the simpler results. The 
inner product (n — 1,1) Χ (n — 1,1) contains (n — 1,1) once. If we 
denote the basis function having the letter ὦ in the second row of the pattern 
by f; (or F;), then 


1 


LS Ξεβξξξξ ΞΞ ΞΞΞΞ ἘΞ Ξε ξ:  Ξ: 
Vin — I)(n -- 2) 


n—l 
C — 2). — Σ]) il (7-234) 
1=2 
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Tables of the CG-coefficients can be given explicitly for low n without 
necessitating too much work. For example, the complete table for (2, 1) Χ 


(2,1) = (3) + (2,1) + (1°) is 
[211] -[211)’ [211] - [121]΄ [121] - [211] [121] - [121] 


[321] 0 1),ν 32 --1) 0 

[211]| 1/2 0 0 —1//2 

[121] 0 —1//2 —1//2 0 

[111 1/2 0 0 1//2 (7-235) 


As an example of a more complicated case, we give the table of CG- 
coefficients for 


(3, 17) X (3, 1?) = ὁ) + (4,1) + 28,2) + @, 15) 
2(27, 1) 2) yee?) 
(Table 7-5). The two sets of functions for the product (3, 2) were selected 


by taking a particular solution of the recursion equations, and can be re- 
placed by any independent pair of linear combinations. 


[cHap. 7 
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TABLE 7—5 
a = 123 b = 124 ¢ = 125 
4 3 3 
5 5 4 
aa’ ab’ αο'΄ αἀ' ae’ af ba’ bb’ be’ δά be’_—Of’ (α'͵ εὐ’ (οἰ εὐ’ 
δ 1 1 1 
[11111] ae τ Je 
(4, 1): 
1 1 1 
[21111] ἘΠ Te ao 
[12111] 2. 2 ΞΕ: sat Vi 
τ 5 ki Vn Vi Va Va 
[11123] Ἢ Ξ 5 = 2 + 
(3, 2): 
[22111] ; εἰ 5 ~ 5 
[52111} | — 5 = J = 5 
(21211] 3 = 4 : - 
21211)’ 4 = ΕΣ -- a = 
21121] = = ΞΕ ; 
(21121) A ΕΣ ; Je 
wa} - οἰ ἐπ Vi VeVi Ve 
(3, 1”): 
[32111] Σ -Σ 
[31211] -Σ 1 
[31121] - - 
[13211] ; ~; 
[13121] : 
[11321] Σ 


ce’ cf’ 
.- Κ [5 
86 72 
1 yt 
6 12 
Be wcll 
6 72 
.- ἢ 

2 
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= 135 
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TABLE 7-5 
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134 


d 


7-14] 


|S jie is νῷ [89 
ag 


=l&8 
<3 


24 


=I [HIS 
EB os 


we me 
=I joie 
ἘΞ 
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TABLE 7—6 


CHARACTER TABLES OF SYMMETRIC GROUPS 
(through n = 7) 


Partition (13) (1, 2) 
(3) 
(2, 1) 
(1°) 


Class 1 
Partition (14) 


20 15 30 20 
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(continued) 
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CHAPTER 8 
CONTINUOUS GROUPS 


8-1 Summary of results for finite groups. Up to now we have dealt 
exclusively with finite groups, i.e., groups consisting of a finite number 
of elements. The point symmetry groups which we have discussed were 
finite subgroups of the rotation-reflection group in three dimensions, and 
the representations which we have found were finite subgroups of the 
matrix groups in n dimensions. The symmetry groups of many physical 
systems consist of an infinite rather than a finite number of elements. For 
example, a crystalline lattice is unchanged by a triple infinity of transla- 
tions; the Hamiltonian of an electron in a central field is invariant under 
all rotations. Thus physical problems require that we examine the theory 
of the representations of groups with an infinite number of elements. 

But there is still another reason for considering such infinite groups. 
In determining representations of the point groups, we found a homo- 
morphic mapping of the elements of the point group H on a group of 
matrices H’ in n dimensions. But the point group H is a subgroup of the 
‘rotation-reflection group G. If we find a representation of G in terms of 
n-dimensional matrices G’, then we automatically obtain a representation 
of the subgroup H in terms of a subgroup H”’ of G’. 

Our problem is to carry over to infinite groups the theorems which we 
have derived concerning representations of finite groups. To clarify the 
problems, we first summarize our results for finite groups in a form which 
is easily extended to infinite groups. 

A finite group G of order g consists of g elements R,,..., Ay. We may 
consider the g elements of the group as a set of “points”—the group mani- 
fold. Or we can label a set of points with the integers 1 to g, and associate 
a group element with each point in this space; thus to the point labeled 
a we associate the group element R,. (In other words, the elements are 
labeled by a parameter which takes on g values.) In the product R,Rz, 
if we keep a fixed and let Ry, run through the group G, the product R, 
runs through the group. The content of the group multiplication table 15 
the fixing, for all values of a and b, of the parameter value c to which the 
product R,R, = R, belongs. We may say that the group table defines 
a function 


c = ¢(a, ὃ). (8-1) 


The parameter of the product element is a function of the parameters of 
the factors. 
279 
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We can define functions on the group manifold. Thus to each element 
R, (or to each value a of the discrete parameter) we can assign a number 
f(R.) or f(a). Our functions are then defined on g points. (EKarlier we 
called such a function a vector in our g-dimensional space.) For example, 
in our discussion of representations, the quantities D(R,) = D*(a), 
for fixed μ, 7, 7, were functions defined on the group manifold. Similarly, 
the characters x“ (14) = x(a), for given μ, yielded functions defined 
on the group manifold. The characters had the special property that the 
function had the same value on all elements belonging to the same class. 
Thus x(a) is a class function, i.e., a function such that 


x (g(a, b)) = x((b, a)) (8-2) 
for all a and b. 

In Section 3-11 we proved that every representation of a finite group 
is equivalent to a unitary representation. We were then able to show 
that any representation is fully reducible and expressible in terms of 
irreducible unitary representations. An irreducible unitary representation 
D™ of degree n, defined a set of πῶ unitary-orthogonal functions 
DY (a)(@,7 = 1,..., 7) on the group manifold. The functions defined 
by the various inequivalent irreducible representations were mutually 
orthogonal: 


| g be 651 6 
Σ; Dij?(a) DEP(a) = Bix δγι δὲν τς το ποτ τον > 1. (3-143) 


Similarly, for the characters of the inequivalent irreducible representations, 


ΣΧ Ox") Sig SoD > | (3-147) 


Also, we showed that the functions D{/(a) formed a complete set; i.e., 
any function f(a) defined on the group manifold can be expanded in terms 
of the D(a). Similarly, any class function g(a) can be expanded in terms 
of the complete set of class functions x (a). 

In the derivation of the above theorems, two steps depended on the 
fact that we were dealing with a finite group. First, the sum over the 
group meant the addition of a finite number of quantities. When we deal 
with infinite or continuous groups, we must understand how to replace the 
finite sum by an infinite sum or an integral. Secondly, in the derivation 
of the orthogonality theorems (3-139) and in Section 3-11 [Eq. (38-101)] 
we made use of the result that if (10) is a function defined on the group 
manifold, then 3 


SAR) = FSR), (8-3) 
R R 
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where S is any element of the group. This statement, which was evident 
from the group table of the finite group, must somehow be translated to 
apply to infinite or continuous groups if we are to establish the orthog- 
onality theorems. 


8-2 Infinite discrete groups. First we shall consider infinite discrete 
groups. The elements of the group, Ra, are labeled by a subscript a which 
runs through, say the integers 1,2,..., 0. The group manifold is the 
countable (denumerable) set of “points” Ra (or we may label the integer 
points a = 1,2,..., οὐ and assign the element FR, to the point a). We 
could also label our elements with all integers, positive, negative, and 
zero, or with any denumerable set. (By a denumerable set we mean a set 
which can be put into one-to-one correspondence with the set of positive 
integers.) Thus the set 


Oo 1-1 2 -2... 
de: 2} ee aes etc. 
1-: Ὁ 9. 4 Jets 


achieves the correspondence between the set of all integers and the set of 
positive integers. The law of combination ἤρα = R- provides us with 
a function which determines the parameter of the product of two elements 
in terms of the parameters of the factors, that 1s, 


c = ¢(a, δ). (8-1) 
For example, the set of coordinate transformations 
δι: α' Ξξῷὸ 2 - ἢ, (8-4) 


where n is an integer, form a group. The inverse of Rp, is (Rn)~* = Rn, 
and the identity element has the parameter zero. The group is abelian: 


c= φί(α, ὃ) = φ(, α) = a+ ὁ. (8-5) 


The group consisting of all integers, with ordinary addition as the law of 
combination, is isomorphic to this transformation group. 

The discrete infinite groups exhibit one peculiarity—-we never need 
more than one discrete parameter to label the elements. For example, 
consider the group of transformations: 


y=  -ῬΤ mM, 


yee 
“yo =ytn, 


m,n integers. (8-6) 


Written in this fashion, the identity is the element Roo; the inverse of 
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Rin 18 (Rmn)~' = R_m,—n, and the product RinnRm'n’ ἰδ Rn wan 
But the apparent dependence on two parameters is easily eliminated. The 
points of the group manifold are the lattice points in two dimensions: 


—2,1 -11 «-- 01 «- 11 21 
: T T 
—2.0 —1,0 00 —- 410 2,0 
| Tt 
~—%-1 -1,-1 —- 0-1 > 1-1 > 2-1 


But we can relabel the elements with positive integers in the following 
order: 


00°10 140 TP SA He: SS OS a eS 


eo Ae wk a ht 
1 2 3 4 #5 6 #7 8 9 10 


and re-express the law of combination in terms of our new single parameter. 
Another example is the group of transformations 


Tipe = 72, (8-7) 


where r is a positive rational number. The rational numbers can be put 
into one-to-one correspondence with the positive integers. For example, 
write the rational number r in its lowest terms as r = m/n, where m and 
n are positive integers. Then enumerate all those r’s for which m + n = 2, 
that 15, γι = 1,n = 1, r = 1; next, m+ n = 8 gives 3, 2 (we take the 
smallest m first); then, m+n = 4 gives 4, 2 (we omit any pair m,n 
which have a common factor, since r would have appeared earlier in its 
lowest terms), etc. In similar fashion, we can always express the numbering 
of a discrete infinite group in terms of the positive integers. 
Other examples of discrete infinite groups are 


v= αὶ - fn, 
n integral; 
ν΄ = y + 2n, 
eas a 
r rational, +0. 
ν΄ = ry, 


We must point out another peculiarity of these denumerable groups. 
Consider the group of transformations 


v=at+n, n integral. 


8-3] CONTINUOUS GROUPS. LIE GROUPS 283 


If we adjoin the transformation x’ = —vwz and form all products, we obtain 
the group of transformations 


y= Atr+n. 


This new group can again be labeled with the positive integers, by following 
each transformation x’ = x + n by the transformation 2’ = —z - ἢ in 
the enumeration. We may say that a discrete set is so full of holes that 
there is always room to add one, two, or even a denumerable set of elements, 
and still leave the set denumerable. We shall see that continuous groups 
are very different in this respect. 


8-3 Continuous groups. Lie groups. A group is said to be continuous 
if some generalized definition of “nearness” or continuity is Imposed on 
the elements of the group manifold. We demand that a “small change” 
in one of the factors of a product produce a small change in the product. 
In its most general form, which we shall not discuss, this leads to the 
definition of a topological group, i.e., one for which the group manifold 
forms a topological space. We shall restrict ourselves to the simpler case 
where the elements of the group manifold can be labeled by a finite set of 
continuously varying parameters or a set of functions. For example, the 
set of transformations 


a =ar+b (8-8) 


forms a group. The two parameters a and ὃ vary continuously from — o 
to +00, and we say that the group is a two-parameter continuous group. 
In general, an r-parameter continuous group has its elements labeled by r 
continuously varying real parameters a;,...,@,, so that the elements of 
the group are R(a,,...,a,-) = R(a). Groups whose elements can be 
labeled by a finite number of continuously varying parameters are said 
to be finite continuous groups. The range of variation of the parameters is 
not specified; they may vary between — o and - οὐ or be confined to some 
finite domain. If the domain of variation of the parameters is finite, the 
group manifold is said to be closed. 

For an r-parameter group, continuity is expressed in terms of distances 
in the parameter space. Two group elements R(a) and R(a’) are “near” 
to each other if the distance [5-3 (a; — αἰ) 3] }} 2 is small. If the elements 
of the group are labeled by a set of functions in some function space, the 
“nearness” of group elements is expressed in terms of the distance in the 
function space (cf. Sections 3-1 and 3-12). 

The requirements that the elements R(a) form a continuous group are 
the same as for finite groups. First there must be a set of parameter values 
αϑ such that 

R(a°)R(a) = R(a)R(a°) = R(a) (8-9) 
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for all a. R(a°) is the identity element of the group. For convenience in 
general arguments, we shall take a® = 0. Next, for any value of a, we 
can find a value @ such that | 


R(@)R(a) = R(a)R(@) = RO). (8-10) 
Then R(@) is the element inverse to R(a): 
R(@) = [R(a)}~°. (8-11) 


The product of two elements of the set must also belong to the set; given 
the parameter values a and b, we can find a set of parameter values c such 
that 

R(c) = R(b)R(a). (8-12) 


The parameters c are real functions of the real parameters a and ὁ: 
ὧς ΞΞ Or Gini Os Oty icy OF); Πρ: a (8-13) 


or, symbolically 
c = φία; ὃ). (8—13a) 


So far the requirements are the same as for finite or denumerable groups, 
but now we require in addition that the parameters of a product be 
analytic functions of the parameters of the factors; i.e., the function in 
_ Eq. (8-18) shall possess derivatives of all orders with respect to both 
arguments. Similarly, we require that the @ in Eq. (8-10) be analytic 
functions of the a. We then get an r-parameter Lie group. 

When we say that we have an r-parameter group, we imply that the 
r parameters are essential; this means that we cannot find a set of continu- 
ous parameters aj, - - - ) @m, With m < 1, which suffice to label the elements 
of the group. If this were possible, it would mean that the assignment 
of a set of values to the aj,..., @m defines the group element, so that the 
r parameters a,,...,@, which specify the same group element must be 
connected to the a’s by relations of the form 


Oy ΞΞ τίν»: sO heh ep a — Onl Qik); (8-14) 


where the w’s are some functions of the a’s. For any given set of values 
of the a’s, any solution of the equations (8-14) gives a set of a’s which 
label the same element. Thus, if the parameters are not essential, we have 
an infinite number of continuously varying values of the parameters 
a,,...,@, which correspond to one and the same group element. As a 
trivial example, consider the transformations x’ = x-+a-+b. The two 
parameters a and b are not essential, for we can find a single parameter c 
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which when varied continuously gives all the transformations of the group. 
Thus, for a given value of c, any values of a and ὃ which satisfy a + ὃ = ὁ 
give the same transformation. Hence the group is actually a one-parameter 
group. | 

We shall be interested mainly in groups of transformations, and now 
rewrite all our results in this form. An r-parameter Lie group of trans- 
formations is a group of transformations 


ΞΞ τ χρεῶν tas δ, ἐν ο Or); 2: ἘΞ Leah (8-15) 


or, symbolically, 
| = fa). (8-158) 


for which the functions f; are analytic functions of the parameters a. The 
r real parameters a; are assumed to be essential. If they are not, then, as 
we have shown above, we can find, in the neighborhood of any set of 
values a1,...,4, of the parameters, other parameter sets which give the 
same transformation. In other words, if the parameters are not essential, 
there exist parameter values a; + €1,...,@, + €,, where the e’s are 
arbitrarily small quantities which are functions of the a1, ..., αν», such that 


7; a) = fit; a+ €) (8-16) 


for all values of x. Expanding in terms of the small functions ἐμ, we have 


0 = > €;,(a) ei Ὁ + higher terms in the ἐμ Ce oer 3 
_ (8-17) 


If we let the €, approach zero, their ratios in the limit approach a set of 
functions of a, so that we may write (since the higher terms in Kq. (8-17) 
go to zero) 


du Xz (a ὅδ Ὁ ὌΝ for all x and a (2 WS wucxty Mh) (8-18) 


where the Χκία) are a set of -r functions of the a’s. The necessary and 
sufficient condition for the r parameters aj, ..., a, to be essential is that 
it shall be impossible to find r functions X;(@) which satisfy Eq. (8-18) 
for all values of 2, x, and a. 

The transformations must satisfy all the group requirements. Thus, 
given a transformation labeled by the parameter set a [Eq. (8-15a)], we 
can find a parameter set @ such that 


x! = f(a';a) = f(f(@;4);4) = “. (8-19) 
This means that Eqs. (8-15) must be solvable for the x; in terms of the z;, 
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the condition being that the Jacobian is different from zero: 


oft δ 
021 τ᾿ ὃζ. 
: >| φψέ 0. (8-20) 
Ofn fn 
OX; τ On 


If we perform in succession two transformations of the set 


1 oe (Co ae Q1,...,4r), 


al! = f(x, fie oy oe by, ey b,), 


(8-21) 


we require that the resulting transformation also be a member of the set. 
In other words, there must exist a set of parameter values Ott ν δὰ 
such that 


ay = fi(X1, soe yUny ΟἽ, sy Cr). (8-22) 
The parameters c must be functions of the parameters a and b: 
Ck = φκία;, ΝΞ ΝΣ by, ΕΣ b,). (8-23) 


We assume that the functions ¢; are analytic, and that the @ in Eq. (8-19) 
are analytic functions of the a. There must also exist a set of parameter 
values a° which corresponds to the identity transformation 


f= fea) =a. (8-24) 


In general arguments we shall take the a° equal to zero. 
The group requirements impose severe restrictions on the functions f;. 
Writing out in full the statements of Eqs. (8-21) through (8-23), we obtain 


ce -- Ee; b) τ filfile; a), a eye ὅκα; a); b), 


== ee Ὁ), 
= fi(x; φ(α; b)); (8-25) 
hence, symbolically, 
f(f(@; α);}) = F(z; (a; b)) (8-26) 


is an identity in z, a, b. 

We can consider (8-15) from another viewpoint which may clarify the 
difference between finite and infinite continuous groups. Starting with 
(8-15), we can differentiate the x’’s with respect to the z’s and obtain a 
set of equations from which the finite set of parameters a can be eliminated. 
We will then be left with a finite set of partial differential equations for 
the x’”’s which no longer contain any arbitrary elements. Furthermore, 
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the general solution of this set of partial differential equations will depend 
on just r arbitrary constants, i.e., we get back (8-15). For example, con- 
sider the continuous group 


γι 
4 > eee 
j=l 


Since the transformations are linear, all second derivatives of x; vanish, 
so our defining set of partial differential equations is 


20 

i ins oe eee eee 
and contains no arbitrary elements. If the solutions of a finite set of 
partial differential equations containing no arbitrary elements depend 
on a finite number of parameters and form a group, then we say that the 
group is a finite, continuous group. A case where these conditions are not 
satisfied, so that we get an infinite continuous group, is the following: 
Our differential equations are 


f 
ΟἹ εἰς ἐκ ΣΡ ΕἸ ΞΞΕ στο ἣν; 
OX; 
The solutions are x; = F,(z;), 1 = 1,...,n, and clearly form a group; 


but the functions F; are arbitrary so that we'cannot label the transforma- 
tions by a finite number of parameters. 


8-4 Examples of Lie groups. Before continuing this discussion, let 
us look at some examples of continuous groups: 

EXAMPLES. 

(1) x’ = az, a # 0: 


Identity element: a = 


Inverse element: @ = 


Ql μὰ 


Product element: c = ba. 


This is a one-parameter abelian group; c is an analytic function of a and ὃ. 
(2) a’ = ayx + ag, ay ¥ Ὁ: 


Identity element: αι = I, ας = 0. 
Inverse element: @, = = ay = ee, 

αι 61 
Product element: Cj, = 6141, C2 => bo —L δια. 


This is a two-parameter, nonabelian group. 
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(3) Linear group in two dimensions, GL(2): 
x’ = ayx + aey, 


y’ = a3u + ayy, 


M1 2) x ἢ 


a3 a4 


The four parameters are essential. [Prove this, using the criterion of 
Eq. (8-18).] If we consider zx, y as components of a vector r, the transfor- 
mations can be written in matrix notation: 


/ 
"παρ [ola [a calla 
y 43 ἀ4 1 
The linear group in two dimensions is isomorphic to the group of 2 Χ 2 
matrices, with matrix multiplication as the law of combination. 


ιν 


Inverse element: A = A! 
BA. 


| 


Identity element: A 


Product element: C 


The linear group in two dimensions is a four-parameter, nonabelian group. 
(4) Linear group in n dimensions, GL(n): 


a = "ij 53 = berg Τὸ Ια] ᾽ξ 0, 
j 


or, in matrix notation, 
γ' = Ar, det A ¥ 0. 


The results of Example 3 apply. The linear group in n dimensions is non- 
abelian (n > 1). The number of essential parameters is n?. The parame- 
ters can vary over an infinite range, so GL(n) is not closed. 

(5) Special linear group (unimodular group) in two dimensions SL(2): 
This group is obtained from Example 3 by requiring that the determinant 
of the transformation be unity: aja4 — ad2ga3 = 1. This restriction pro- 
vides one functional relation between the four parameters. Thus we have 
a three-parameter group. The group properties are maintained since a 
transformation with determinant unity has an inverse with determinant 
unity, and the product of two unimodular transformations is again uni- 
modular. 

(6) Unimodular group in n dimensions, SL(n): We restrict Example 4 
to transformations with determinant equal to unity. The number of es- 
sential parameters is n? — 1. 
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(7) Projective group in one dimension: 


, 4X + Ag 
4 ret 
Agx + a4 


Problem: Discuss the group of Example 7, and find the parameters of the 
inverse and product. How many parameters are essential? 


EXAMPLES (cont.). 


(8) Orthogonal group in two dimensions, O(2): We consider only those 
transformations of Example 3 which leave x? + y? invariant: 


42 + y!® = (aye + any)? + (agx + aay)? = χα" + γ΄, 
αἴ -- αἤἢ τ-- 1, αξ- αἶ-- 1, aya2 + aga, = 0. 


The four parameters are subjected to three functional relations, so that 
we have a one-parameter group. This is the group of rotations about the 
z-axis, and can be written as 


χ' = χοοβφ — ysing, 


0 « φ « 2m, 
μ' = xsing+ y¥ cos φ, 
where ¢ is the angle of rotation about the z-axis. The group is abelian; 
the angle of the resultant of two transformations is the sum of the angles 
of the individual transformations. 

(9) Orthogonal group in three dimensions, O(3): We restrict the lin- 
ear group in three dimensions to those transformations which leave 
x? + y? + 2? invariant. This invariance condition imposes six conditions 
on the nine parameters. Thus we have a three-parameter group. 

(10) Orthogonal group in n dimensions, O(n): We restrict the transforma- 
tions of the general linear group to those which leave Σ ἐς x? invariant. 
Thus we impose n -+ (n/2)(n — 1) conditions on the n? parameters, 
which leaves us with n(n — 1)/2 essential parameters. 


So far we have considered only real transformations of real variables. 
If in Example 4 we consider the x; as complex variables and the a,; as 
complex coefficients, the number of essential (real) parameters is 2n? 
(since the real and imaginary parts of a;; are independent parameters). 


(11) Unitary group in two dimensions, U(2): 


Pes 
Ly = 041271 + 12%, 


x, a, complex det A ¥ 0. 
LQ == G21%1 + Az2%e, ai 
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We require that |x,|* + [χ 25 be invariant under the transformations of 
the group. Then 


[τι [5 + [12 = [α112ι + α1952" + laeizy + Az2%2|" = [1 + [1:2 "; 


Ια 417 + [α21|" = 1, Ια 121" + [α9.2 = 1, αχιατὰ + αοιαδ = 0. 


Thus we have four functional relations (the last relation is actually a pair) 
between the eight parameters, so the group depends on four essential real 
parameters. This result is simply the writing out of the requirement that 
the matrix be unitary, AAT = 1. 

(12) Unitary group in n dimensions, U(n): 


Ar, AAT = 1. 


The unitary condition imposes n + 2n(n — 1)/2 conditions on the 
2n” real parameters, leaving us with n? essential real parameters. Since 
the unitary conditions require that Σ᾽; |a,;|7 = 1, we see that [α;;}2 « 1 
for all ὁ and 7. Thus the parameters of U(n) are restricted to vary over 
a finite range, and the unitary group is closed. Consequently, all the sub- 
groups of the unitary group [such as the real orthogonal group O(n) and 
the unitary unimodular group] are also closed. 

(13) Group of rigid motions in three-dimensional space: 


3 
r= Σ; αὐ) τ Ai; 1= 1, 2,3, 
j=1 


where we require that Σ ἢ. (Ὁ — z{?))? be invariant. The group 
depends on six essential parameters. It is the combination of the rotation 
and translation groups in three dimensions. 

(14) If we combine the group in Example 13 with the transformations 
x, = az; and form all products, we obtain the seven-parameter similitude 
group. 

(15) If we combine the group of Example 13 with all transformations 
of reciprocal radii (see Fig. 8-1), we obtain the ten-parameter group of 


Po’) 


O(%o, Yo: 20) 


Figure 8-1 
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conformal transformations: P(x) — P’(z’), where OP(OP’) = r’; the 
center Zo, Yo, Ζο of the sphere can be any point in space, and the radius r 
of the sphere takes on all values greater than zero. 


8-5 Isomorphism. Subgroups. Mixed continuous groups. Using these 
examples, we can consider some of the concepts discussed earlier for finite 
groups. The transformations of an r-parameter continuous group are 
functions of n variables x; and r parameters az. The structure of the group 
is independent of the number of variables z;, and depends only on the 
number of parameters a; and the functions ¢ of Eq. (8-23). Two groups 
can be isomorphic even though the numbers of coordinate variables are 
different, provided that the number of parameters and the law of com- 
bination of parameters is the same in both groups. A trivial example is 
the isomorphism of the two groups: 

᾿ = a2; 
C= 'az and 


/ 


y = ay. 


Or, if we take the unimodular group in two dimensions (three parameters), 


χ' = ax + by, 
ν΄ = cx + dy, 
we can define a new variable & = x/y for which 
ξ' -- αξ - ὃ 
ΝΠ et 


and obtain the one-dimensional projective group. 
Next we look at the concepts of conjugate elements, classes, subgroups, 
and invariant subgroups. The group of Example 2, 


Ra: xv’ = a,x - Qo, 


is a two-parameter nonabelian group. Which elements of the group are 
conjugate to a given element R,? To answer this, we keep R, fixed and 
form R,R.R;! as Ry varies over the group: 


1 


Ry: wv = bx + bo, με: 2 = ΓΕ (x -- ba); 
1 


v= Ge — ba), a” = aye’ + ας = τὶ (α — ba) + ae, 


av’ = δ." + bo = by E (x — be) + a.| + be 


= «A120 + bo +- Aob, = abo. 
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So R,R,R;' is the transformation 
f= ατῦ + bo + αοθ1 = Abo. 


If we keep aj, a2 fixed and vary by, be, the coefficient of x remains equal 
to αι, while the constant term can take on all possible values. So the 
transformations 2’ = a,x -+ a2, with fixed αἱ, form a class. For each 
value of a; we obtain a class of conjugate elements. There is a continuous 
infinity of classes in the group. 

The group of translations x’ = x + ag is a one-parameter abelian sub- 
group of the above group. Since the coefficient of x is the same in all 
translations, the subgroup consists of a single class of the original group, 
and is therefore an invariant subgroup. On the other hand, the one- 
parameter abelian subgroup x’ = a ,z is not invariant. 

The unimodular group in n dimensions is an invariant subgroup of the 
linear group, since the determinant of the matrix product ASA~! is the 
same as the determinant of S. 

The unimodular group in two dimensions contains the two-parameter 


subgroup 
/ 


1 
x’ = ax + by, Ya - . 


This subgroup is not abelian and not invariant. The unimodular group 
also contains the one-parameter subgroup 


1 
‘= az, υ΄ τε τὺ, 


which is abelian but not invariant, and the one-parameter rotation group, 
which is also abelian but not invariant. 


Problem: Prove the above statements about subgroups of the unimodular 
group. 


We have already seen that subgroups can be obtained by requiring the 
invariance of some function of the coordinates. For example, by requiring 
the invariance of x? + y? we obtained from the linear group in two dimen- 
sions the subgroup of orthogonal transformations. The same result held 
for n dimensions. If, in a plane, we take the coordinates of two points, 
x, y, and &, ἡ to form the expression zn — ψξ and require this expression 
to be invariant under linear transformations, we obtain 


χη’ — γ' ξ' = (ax 4 by)(cé + dn) — (cx + dy) (até + bn) 


= (ad — be)(xn — yt) = (an — yb) if ad — be = 1. 
(8-27) 
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Thus v7 — yé is invariant under transformations with ad — be = 1, Le., 
under the unimodular group. 


Problem. Consider the linear group in four dimensions. If for any two points 
z, £, we require the invariance of the bilinear form 41£2 — xof1 + 18ξ4 — 4&3, 
we obtain a subgroup of the linear group. How many parameters characterize 
this group? Derive the general result in 2n dimensions. [This group is the 
symplectic group Sp(2n).] 


There frequently occur groups which, in addition to continuous param- 
eters, require a discrete label to characterize all their elements. Such 
groups are said to be mixed continuous groups. lor example, the group 
G: x’ = +2 -+ a (discussed earlier for the case where a was integral) is a 
mixed continuous group in one parameter if a varies continuously from 
—g@ to +o. The group manifold consists of two disconnected pieces. 
The transformations 7’ = x - a form a subgroup H, all of whose trans- 
formations can be reached by continuous variation of the parameter a 
from 0 (the identity transformation) to its final value. The transformations 
xz’ — —x + a cannot be reached continuously from the identity. They 
are the residue class obtained by taking the product of H with the inver- 
sion [: x’ = —zx. So 

ΟΞ ΗΠ: 41, 


and H is an invariant subgroup of G; the order of the factor group 1s 2. 

Similarly, the orthogonal group consists of two parts, namely of the 
transformations with determinant A equal to unity and those with 
A = —1. The first set forms a subgroup O(n) of the orthogonal group 
(proper rotations) and can be reached by a continuous path from the 
identity element. This subgroup is invariant under the full rotation group. 
We note that, for continuous groups, there is no way of crowding the 
various pieces together in order to label all elements, using only one con- 
tinuous parameter. There are no holes in the continuum into which we 
can Insert additional elements. 


8-6 One-parameter groups. Infinitesimal transformations. In Kq. 
(8-23) we have expressed the parameters c of a product of transformations 
in terms of the parameters a and ὃ of the factors. This equation must be 
solvable for a in terms of ὃ and c or, for ὃ, in terms of a and c. This requires 
that neither of the Jacobians |0¢;/0a1|, |0¢,/0b:| shall vanish. Also, 
Eq. (8-26) expresses the restrictions placed on the transformation functions 
f; if they are to form a group. As written, Eq. (8-26) is an identity in 2, 
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δα 


x’ + dx’ 
a+ da 


FIGuRE 8-2 


a,b. But it can also be expressed as an identity in x or x’, and any two 
of the three parameters a, b, c. 

The transformation x’ = f(x; a) takes all points of the space from their 
initial positions x to final positions x’. It would be more natural to con- 
sider the gradual shift of the points of the space as we vary the parameters 
continuously from their initial values a = 0. This leads us to the concept 
of infinitesimal transformations. We illustrate the method first for a 
one-parameter group in one variable x (see Fig. 8-2). Suppose that the 
transformation with parameter a takes x to xz’. The neighboring parameter 
value a + da will take the points x to points x’ + dz’ (since f is an analytic 
function of a). But we can also find a parameter value δα very close to 
zero (1.e., to the identity) which takes x’ to x’ + dz’. Thus we have two 
alternative paths from z to 2’ + dz’: 


x’ + dz’ = f(x;a + da) i (8-28) 
or 


ἃ ΞΞ flea), x’ + dx’ = f(a’; δα). (8-29) 


E;xpanding the last equation, we have 


- or 


= (ae 2) δα = u(x’) δα. (8-30) 
da a=0 
Equation (8-23) states that 
a+ da= φί(α; δα), (8-31) 
so that 
ἢ. Ξ (24:0) re (8-32) 
0b b=x0 
δα = y(a) da. (8-33) 


Substituting (8-33) in (8-30), we have 
dx’ = u(x’)p(a) da, (8-34) 


τ = ¥(a) da. (8-34a) 
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We integrate (8-34a) from a = 0 toa. The initial value of x’ is x. Calling 
the integral of 1/u(x’) the function U(x’), we have 


U(x’) — U@) = | "y(a) da. (8-35) 

0 
If we introduce new variables y = U(z) and let fo ¥(a) da = t, we have 
y —y=t. (8-36) 


But as we have seen for finite groups, a transformation of coordinates or 
introduction of new variables merely transforms all the elements of the 
group by the same transformation. Thus we have shown that a one- 
parameter continuous group is equivalent to a group of translations, and 
must be abelian. We note that the result does not apply to a mixed group, 
since our last step assumed that the element could be reached by a con- 
tinuous path from the identity. (We took the simple case of one variable, 
but the proof for a one-parameter group in any number of variables is 
easily given.) 


Problem. Carry out the proof for transformations in two variables. 


We chose to give the proof for a one-parameter group of transforma- 
tions. The results concerning the structure of the group are independent 
of the particular realization. We have thus shown that for a one-parameter 
Lie group one can always introduce a canonical parameter ὁ such that 


R(t:)R(t2) = R(t + #2), 
[R@)]—' = R(—d). (8-37) 


We now carry out the analogous expansions in the general case: 


vl = filti,..-,%njG1,-.-,Gr), t=l,...,n, (8-38) 
Ui + dx’ "τ filvi, Peg Ln} 6a1, ieee δα;); (8-38a) 
r © e's f. r 

dr’, = eee ~2+y7Un;,Q1,--+35 59] Sa, = > Ui (2’) San: (8-39) 
k=1 ϑαχ oy k=1 

αι + da; = ¢i(a1,..., Gr; 641, ..., 6a,), (8-40) 

da, = > ΕΞ ΞΟ δᾶ; = 2 Oim(@) 6am. 

ee m =0 Wins 

(8-41) 


Ata = 0, © m(0) = O73 
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Solving (8-41) for the 6a’s in terms of the da’s, we have 
6a, = >, Wx1(a) dat, (8-42) 
Ἐπὶ 


where the matrices Ψ and © satisfy 
VO= 1, ψβιειί(θ) = 842; (8-42a) 


substituting in (8-39), we get 


dx’, = a Usk (xv )Wei(a) da, (8-43) 
k,l=1 
or 
Ox’; - ; 
5g, ΣῚ Wik’ irl). (8-44) 
Ot ἀπ 


In Eq. (8-44) we may consider the 2" 5 as functions of the parameters a. 
The coordinates x are the initial values of the x’”’s for a = 0. 

If only one of the parameters is changed from zero, we have a one- 
parameter subgroup and obtain a particular infinitesimal transformation. 
Any infinitesimal transformation is a linear combination of the r inde- 
pendent infinitesimal transformations. If we examine the change of a 
function F(x) under the infinitesimal transformation (8-38), we find 


ar = > sa; = a oe 2 μει(α) δα] 


° 


41=]1 4=1 


a 


= on ( 3 wii(2) Ὥ F= Σὲ δαιχ!. (8-45) 
l=1 t=1 l=1 


The operators 


= δ 
Ke Ue) ae (8-46) 
i=1 : 


are called the infinitesimal operators of the group. The operator 
1 ἜΣ, Xp da, is close to the identity operator. When we choose the 
function F to be one of the variables ας, we find 


= Ι + Σ, x | j= @e+ Ss Uip(x) bap, 
p ρ 


so that we get back Eq. (8-39). 
We note that if we neglect higher-order terms in the infinitesimals δα, 
the infinitesimal transformations commute with one another. In fact, 
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the result of two successive infinitesimal transformations is just the sum 
of the two (provided we neglect higher terms). 

Consider as an example the group x’ = ax -+ ὃ. The identity element 
has parameters a = 1, b = 0. The infinitesimal transformations are 


a = (14+ δα) + 6b = x +2: 6a-+ 4b; dx = x: δα - δῦ. 


Thus the infinitesimal operators of the group are X, = 2(0/dx) and 
Χο. = 0/dx. We note that the commutator [X,, Xo] = XiX_q — XX, = 
—(d/dx) = -- Χο gives no new operator, but is again one of the in- 
finitesimal transformations of the group. 

As another example, take the group 


ean; 
y’ = by. 
The identity element has a = b = 1. The infinitesimal transformations 


are 
z= (1+ da)x = ++ 2: Sa, 


y = (1+ db)y=—yty: 6, 


so the infinitesimal operators of the group are 


0 ὃ 
X1 = 25) Ae Ua 


Again we note that the commutator [X 1, Χ 2] gives nothing new, 1.e., 
[X4, X 9] = 0. 


For the one-parameter group 


, 


x= az, 
heey 
a" 


the identity element has a = 1; the infinitesimal transformation is 
ye = (1+ ba)x = αὶ - 2: δα, 
ν᾽ = (1+ δα) ἶν = (1 — δαὴν = y — ψ᾿ δα, 


and the infinitesimal operator is X = x(0/dx) — y(d/dy). 
Next consider the linear group in two dimensions, 


/ 


x’ = ax - by, 
μ' = cx + dy. 
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The identity element has a = ἃ = 1 and b = c = 0. The infinitesimal 
transformations are 


z= (1+ éda)x+ dby = ax+2-ba+y- δῦ, 
yo = bcx+ (1 - δαὴν τ ἡ - : δὸ -Ἐ ψ. δά. 


The four infinitesimal operators of the group are 


δ 0 
Ay = ry X= Yn) to ee sa το τ 
If we take the commutators of the infinitesimal operators, we find 
[X1, Xe] = --ἶ., [X1, X3] = Xz, [X1, X4] = 0, 
[X 9, X 3] = X4 a Χ,, [Xo, X 4] = —Xa, [Χ 3, X 4] ad X 3. 


We see that all commutators can be expressed as linear combinations of 
the infinitesimal operators themselves. 
For the rotation group in two dimensions, 


x’ = ᾧ 008 Φ — ysin 4, 

y’ = xsing + y cos φ, 
we obtain the infinitesimal transformations by expanding in Φ around 
@ = 0: 


/ 


y = χ- δφ -᾿ ν. 


The infinitesimal operator is X = x(d/dy) — y(d/dx), the angular-mo- 
mentum operator. 

The orthogonal transformations are characterized by the statement 
that the transpose A of the matrix A of the transformation is its inverse: 


AA = τ. 


The proper rotations have determinant unity, so that the infinitesimal 
rotations have a matrix of the form 


Α4--1- 8, 


where 1 is the unit matrix and the matrix B has all its elements in the 
neighborhood of zero. The orthogonality condition requires 


1= AA= (1+ B)(14+ B) ~1+B+48B, 
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or B+ B= 0. Thus B must be a skew-symmetric matrix which has 
three independent components: 


0 6 τη 
B= |-¢ 0 El, where £7, £ are constants. 
ἡ —& 0 
The infinitesimal rotations are 
dx = yf — 2n, 
dz = zn — yé, 


and the infinitesimal operators are 


δ 0 0 0 ὃ δ 
ay a2’ Ag = 2 τ aa a SUG, oy 
the angular-momentum operators for the three coordinate directions. The 
commutators of the infinitesimal operators give the familiar equations: 


[Χζ,, X 9] = X 3, [Xo, X 3| τι- X14, [Χ3, X 4] Ξ-- X 2. 


Ce — a 


8-7 Structure constants. We now show that the property found in 
these particular examples is general: the commutators of the infinitesimal 
operators are linearly expressible in terms of the infinitesimal operators. 
We started in (8-38) from the requirement that the transformations f 
form a group with r essential parameters. This means that the τ in 
(8-39) are linearly independent. Then, using the law of combination of 
the parameters [Eq. (8-41)], we arrived at (8-44), which we repeat here, 
using x instead of 2’: 


Ox; 


aie Heer, () 
ὅδε = ῳ ()ψι(α), aan 


(8-47) 


3 ee gery 


where we introduce the convention of summing over repeated indices. 
Equation (8-47) describes the motion of the point z from its initial position 
(0) (when a = 0). If the equations (8-47) are to yield the transformation 
equations (8-37) with arbitrary initial conditions, we must have 


07x; δε; 
Oday Od, i Oa, Oa (8-48) 
or 
= 
8α, \uiebeal — ὅς; (winbeal = = Q, 
; OW xy ΝΗ ow OU sK Aa OU ix ss, ων 
υμ 2 oa) Veu day Wer da, 0. (8-48a) 
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The u;, are functions of x and, through the z’s, depend on a. So 


OUix OUje OX] ὀἕὄὀυικ 
Oday ἣΝ OX; Oay =" Ox; Ujior, (8 49) 


where we use (8-47) in the last step. Substituting in (8-48a), we have 


[Oem oe) «Othe ae = : 
wie] aa γα. + τὼν jap UI oe, Vern = 0. (8-50) 


From (8-424), ¥,0,. = 44, So that 


F ὃ 
Ujo ous — U; Jig = Ε = aes Θ, τ OnroVix 


81) 77 Ox; ϑαλ dA, 
= Cro(a)Uix(x), (8-51) 
where 
K (q) -- | ben ὄψι τ 
Οτσί(α) — Ε νοὶ Our Oro. (8 52) 


If we differentiate (8-51) with respect to a,, and apply the operator 
(0x,/Aa,)(0/dx,), which acts only on the x’s, we find 

ϑοῖσ aa | 
dap Ξε. Ὁ), (8-53) 
Since the u;,(z) are linearly independent, we conclude that the cr, are 
independent of a, and are constants. Then Eqs. (8-51) and (8-52) become 


OU; OU; 
Ujo nee in an. — Cratlix; (8—5la) 
ὄψα ὄψα. ok 2 
day δα, --- Οτσψεμψσλ. (8 52a) 


These conditions are a consequence of our requirement that (8-47) be 
integrable. The infinitesimal operators which are defined to be 


0 
X p — Σ “0 δα, (8-46) 
have the property that their commutators 
[Xp, Χο] = X pXo aa XoXp (8-54) 
satisfy 
6 ὃ 8 6 
[Xp, Χο] — Uip ax Jo ax; 7σ ax; ip Ax; 
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and using (8-5la), we have 


ὃ 
[X p, Χο] = Coothjx > — = Coo X x. (8-55) 
J 
Equation (8-55) states that all commutators are linearly expressible in 
terms of the infinitesimal operators, where the coefficients cf, are the 
structure constants of the Lie group. Clearly, 


Cpa = —Cap. (8-56) 
If we substitute (8-55) into the Jacobi identity 
[Χ,, Xe], X-] + [[Xo, Xr], Xp] + [[X7, Xp], Xo] = 0, (8-57) 


we find 


To recapitulate: Starting from the group of transformations (8-38), we 
arrived at (8-47), then at (8-5la), (8-52a), and finally at (8-56), (8-58). 
Lie proved the remarkable result that this procedure can be reversed, 1.€., 
if we have constants satisfying (8-56) and (8-58), we can find w’s and y’s 
satisfying (%-51la) and (8-52a), and we can then find functions which are 
integrals of (8-47) and form a group. 


8-8 Lie algebras. By using Eq. (8-46) we can write Eq. (8-47) in the 
form 

Ox; ΕΣ 

θαλ " 


ψα( χα, Wer(O) = Sra. (8-47a) 


Any transformation of the group can be reached by letting the parameters 
a, vary along a line 


an = §)T, A= | Caen 3 (8-59) 


where s, is a real vector. For 7 = 0 we get the identity transformation, 
while different values of 7 give different transformation operators S(T): 


x(T) = (τ) (0), S(O) = 1. (8-60) 
Substituting in Eq. (8-47a), we have 


dz; 22 Ox; day ΝΕ τὸ iS 
dr daar SWer(SpT) XX; (8-61) 


or 
dS(r) 
at 


v (0) = 8yWer(SpT)XxS(7)x (0); (8-61la) 
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so the transformation operator S(r) satisfies the differential equation 


dS(r) 
dr 


= S\Wer(SpT)XxS(T). (8-61b) 


Atr = 0, 
ds a 
ar ar — 8X x; (8-62) 


thus the operator S(r) has the Taylor expansion 


(τ) = 1. TSX x ae es ᾽ (8-63) 
that is, 
φι(Τ) = (1 + 78,.X, + ++ +)x;(0). (8-63a) 


From Eq. (8-61b) we see that the infinitesimal operator s,X, determines 
the transformation operators S(7), while Eq. (8-63) shows that S(r) de- 
termines the infinitesimal operator s,X,. 

If we now consider a second vector é, giving the infinitesimal operator 
t,X,, the corresponding transformation operators T(r) will satisfy equa- 
tions similar to (8-61) through (8-63). The product S(r)7(r) will have | 
the Taylor expansion 


(1 i TSX x a )α ἘΝ TUX ae aa .) = 1 ΞΙΞ T (Sq = ie ti) Xx + ΤῊΣ (8-64) 


Thus the product S(r)T(r) corresponds to the infinitesimal operator 
(ϑκ + ἐμ) Χ,, ie., to the sum of the infinitesimal operators corresponding 
to S(r) and T(7). The commutator of S(7) and T(r) is the transformation 
operator S~'(r)T—!(r)S(r) T(r), which has the Taylor expansion 


(1 — 78,.X_++++)(l — 7X +++) + τορχμ + °°) 
Χ (1+ 7X, +---) = 14+ 77[3,.X% OX] +--+, (8-65) 


so that the corresponding infinitesimal operator is the commutator of the 
infinitesimal operators corresponding to S(r) and T(r). [We see from 
Kq. (8-65) that the variable τῇ should be used in the differential equation 
for the commutator.] If S(7) and T(r) commute, their commutator is the 
identity operator, and the corresponding infinitesimal operators have 
[SX x, t,X y] =O, 

These results enable us to describe various properties of the Lie group 
in terms of the infinitesimal operators. If the group G is abelian so that 
all of its elements commute with one another, then 


[Xe Χχ] Ξξ 0, Ko ΤΡ t 
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or, in terms of the structure constants, 
& =0, «,r\p=—1,...,7. (8-66) 


If H is a p-parameter subgroup of G, we can select p infinitesimal operators 
corresponding to elements in the subgroup H, while the remaining r — p 
infinitesimal operators correspond to elements in G — H. Since H is a 


group, the commutators of the infinitesimal operators X,,..., Xp must 
be expressible in terms of X,,..., Xp alone, so that 
C= 0; Oa ea ey p=pt+l,...,r. (8-67) 


If the subgroup H is invariant and S is any element in H, then T ‘ST is 
also in H for any element T of the whole group 6. But then S~'T~*ST 
is also in H; so from Eq. (8-65) we see that the commutator [s,X,, ἐλ] 
must be expressible as a linear combination of the infinitesimal operators 
of H alone. Thus, for an invariant subgroup, 


&=0, j«=1,...,p; p=ptl,...,r. (8-68) 
If the group G is the direct product of H and G — H, then 


c& = 0, for k= 1,...,D; p=pt+l,...,r, 
and for k= p+1,...,7, Ὁ. ΞΞ Nn 0: (8-68a) 


The group G will be simple (have no proper invariant subgroups) if 
Eq. (8-68) cannot be satisfied for any choice of basis Xp. Similarly, the 
group G will be semisimple (have no abelian invariant subgroups) if the 
equation 

ch = 0, KN PS Nye yD; (8-68b) 


and Eq. (8-68) cannot be satisfied for any choice of basis Xp. 

The structure of an abstract Lie group is contained entirely in Eq. (8-23), 
which gives the law of combination of the real parameters a; and ὃ; of 
the factors, according to which the real parameters c; of the product are 
obtained. In the realization of the abstract Lie group as a group of trans- 
formations, the variables x; could be real or complex, so that the infinitesi- 
mal operators may be complex, but any relations which describe the group 
structure must involve only real coefficients. Thus the structure constants 
cf, must be real numbers. 

We have found that for an r-parameter transformation group there are 
r linearly independent infinitesimal operators X,. Linear combinations 
of these quantities can be formed to give an r-dimensional vector space. 
If we are considering problems concerned with the structure of the Lie 
group, we should take only linear combinations with real coefficients. 
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Thus we should consider the real vector space of quantities Σ᾿, a,X, 
where the a, are real numbers. Equation (8-55) defines ἃ “product” in 
this space, since the structure constants are real. If we now abstract from 
our particular realization of the Lie group, we conclude that the r-param- 
eter Lie group has associated with it a real r-dimensional vector space of 
quantities )/,a,X, which is closed under a multiplication defined by 
Eqs. (8-55) through (8-57) ; this is the Lie algebra of the Lie group. 

A real Lie algebra consists of quantities A, B,... from which linear 
combinations aA -++ bB with real coefficients can be formed. The product 
of the elements A and B is [A, B] and is contained in the real vector space. 
The product satisfies Eqs. (8-56) through (8-57): 


[A, B] = — [B, ΑἹ, (8—56a) 
[A, [B, ΟἹ] + [B, [C, 41] + [C, [A, Bl] = 0. (8-57a) 
All the elements A are expressible in terms of a set of r basis vectors X, as 
Av >, ap Xp (8-69) 
ρ 


If we take linear combinations of the quantities A, B with complex 
coefficients and define [A + 18, 6] to be equal to [A,C] + 7[B,C], we 
obtain the complex extension of the real Lie algebra. It may be convenient 
to work with the complex extension, but statements concerning the struc- 
ture of the Lie group should be made only on the basis of the real Lie 
algebra. | 

We can also pose the inverse problem: Given a real Lie algebra with 
preassigned structure constants cj, [which satisfy Eq. (8-59)], construct 
the Lie group which has this algebra as its Lie algebra. Stated in terms of 
transformations, the problem would be to find the finite transformations 
by integration, starting from preassigned commutation relations of the 
infinitesimal operators. We state the result without proof: To every Lie 
algebra there corresponds a Lie group; the structure constants determine 
the Lie group locally (i.e., in the neighborhood of the identity element). 

The terminology used for groups is taken over for Lie algebras. Thus a 
Lie algebra G is said to be abelian if Eq. (8-66) is satisfied. The algebra 
Hf is a subalgebra of G if Eq. (8-67) holds, and is an invariant subalgebra 
if Eq. (8-68) is valid. The Lie algebra G is the direct sum of the algebras 
H and G — H if Eq. (8-68a) holds. Similarly, the Lie algebra G is simple 
if Eq. (8-68) cannot be satisfied and semisimple if both Eqs. (8-68) and 
(8-68b) cannot be satisfied. 


8-9 Structure of Lie algebras. To deduce all possible structures of 
Lie algebras is a formidable mathematical problem. We shall only indicate 
some of the features of the procedure. 
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The problem is to find for each value of r all possible real solutions of 
Eq. (8-58), 
Cpl An Ceo Crplsg = Ὁ; (8-58) 


subject to Eq. (8-56): 
Cpa = — Cop. (8-56) 


The problem is difficult because the set of equations (8-58) is quadratic 
in the unknowns. In addition, many of the solutions will be equivalent 
to one another, for if we replace the basis X, by another basis 


ἢ ---- ApvX v, (8-70) 


with a nonsingular matrix a,,, we get a new set of structure constants δρσ 
which again satisfy Eqs. (8-56) and (8-58): 


ChoXu = [Xp, Xo] = [ApyXp, ἄδικα] 


κ μ 
ΞΞ ApvAar|X yp, X | — ApvAorCyr»X x =— CoaAynX x; 
so that 
μ K 
CoaQux = ἄρνασλῦνλ. (8-71) 


Multiplying by the inverse of the matrix a, we have 


μ K - 
Coo = ApyAgrCyrAy - (8-7 1a) 


Problem. Prove that the quantities X, defined by Eq. (8-70) satisfy Eqs. 
(8-56) and (8-58). 


For r = 1, all elements of the Lie algebra are multiples of one basis 
vector X, so all commutators vanish. The corresponding Lie group is a 
one-parameter abelian group. 

For r = 2, we have two basis elements X,, Xq and [X,, X2] = 
aX, + bX». Ifa = ὃ = 0, then [X,, Χ 2] = 0, and the algebra is abelian 
and the direct sum of the algebras generated by X, and by Xo. If, say 
a ~ 0, we can replace the basis elements by X; = aX, + bXo, X35 = 
(1/a)X» for which [X}, X53] = Xj. We see that the subalgebra generated 
by Xj is invariant and abelian, and hence the Lie algebra is not semi- 
simple. Thus forr = 2, we obtain no semisimple Lie algebras. An example 
of a Lie group of transformations corresponding to the Lie algebra with 
[X1, Xe] = Oise’ > x+a,y =y+b. It is a direct product of one- 
parameter groups and, according to Section 8-6, it can therefore always 
be expressed as a translation group in two dimensions. Clearly for an r- 
dimensional Lie algebra for which [X;, X;] = 0 for all 7, 2, the Lie group 
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is (locally) isomorphic to the r-dimensional translation group. A trans- 
formation group for which the Lie algebra has [X 1, Xo] = X, 15 2’ = 
ax + ὃ, with X,; = 0/dxand ἃς = χ(ϑ, 81). The translations x7’ = x + ὃ 
which are generated by X, form an abelian invariant subgroup. 


Problem. Integrate Eq. (8-47a) for the above case and get back the finite 
transformations of the group. 


This elementary procedure is already quite complicated for r = 3 be- 
cause Eq. (8-58) gives three quadratic relations which must be satisfied 
by the structure constants. But one can still use the following simple 
method: We set o = uw in Eq. (8-71a) and sum over yp: 


μ -- K K A, 
Cpa — ApvAxz AyrCpr —— Qpv SxrxCpr = AprvCyr; (8-72) 


the quantities c\, transform like a vector when we change basis. Since 
the matrix a,, is an arbitrary nonsingular matrix, we can always transform 
the vector εχ so that one component is equal to unity and the others 
are zero. The only case in which this is not possible is that in which αλλ 
is the null vector. Thus we can always choose our basis so that either: 
(a) cy, = 1,0, = Ο; ν ¥ 1; or (b) chy, = 0 for all ν. 

If we substitute in Eqs. (8-71a), we find that for case (a) the quadratic 
equations reduce to linear equations, giving chs; = οὗ! = C3, = 0. Com- 
bining this with the equations c’}, = Oforv = 2, 3, we find οἷς = cz. = 0. 
Thus X3 commutes with X, and Xo, and gives an abelian invariant sub- 
group; hence the Lie group is not semisimple. We obtain two structures: 


[X1, Xe] = [Xo, X3] = [ζς, Xi] = 0, (8-73) 
[Χ,, X 9| = X14, [Xo, X 3] = [Xs3, Xx 1] = 0. (8-74) 


For case (b), Eqs. (8-7la) reduce to identities. By making further real 
linear transformations one finds, aside from the structures given previously, 
only two independent types: 


[X1, Xo] = Xz, [Xo, X3] = Xi, [X3, Xi] = Xe, (8-75) 
[X1, Xo] = Xz, [Xo, X3] = —X, [X3, Xi] = —Xe. (8-76) 


Both algebras are simple. 


Problems. (1) Complete the derivation outlined here and show that there are 
only four independent structures for a real Lie algebra with r = 3. 
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(2) Show that the real Lie algebra 
[X1, ΧΩ] — X38; [Xa, Χ3] = —X1, [X3, Xi] = Χο (8-76a) 


has the same structure as Eq. (8-76). 
(3) Prove that the algebras of Eqs. (8-75) and (8-76) are simple. 


A Lie group having the structure of Eq. (8-75) is the real orthogonal 
group in three dimensions, O(3). This group leaves the quadratic form 
xg? + y? + z* invariant. The infinitesimal operators are 
Xi= 25 τυ δ’ Se πε ὦ Xs 5 ty 

(8-77) 

The group of real linear transformations which leave the quadratic form 
x? + y? — 2? invariant has the structure (8-76). The infinitesimal 
operators are 
Xi=ep tug Χο τε εξ. Xs = ge 5 

(8-78) 
This group is the two-dimensional “Lorentz group.” 

It is important to emphasize that we are considering only real Lie 
algebras. If we go to the complex extension, the algebras described by 
Eqs. (8-75) and (8-76) have the same structure. I*or example, if we re- 
place Xo by —7iX_2 and X3 by --ἰ “3, Eqs. (8-76a) are converted to (8-75). 
Correspondingly, if we replace z by iz in (8-78), we obtain the infinitesimal 
operators of Eq. (8-77). The substitution replaces the quadratic form 
ge? + y? — 22 by «Ὁ + y?2+ 2%. This introduction of an imaginary 
variable for the “time coordinate” is customary in treating Lorentz 
groups, but it can lead to erroneous conclusions about group structure. 
The parameters of the real orthogonal group O(3) are restricted to a finite 
domain, so that the group manifold is closed, while the parameters of the 
“Lorentz group” of Eq. (8-78) vary over an infinite range. 

As another example of the distinction between a real Lie algebra and its 
complex extension, we consider first the group O(4) of real orthogonal 
transformations in four dimensions. This is the group of real linear trans- 
formations which leave the quadratic form x? + y? + 252 + ¢? invariant. 
The six infinitesimal operators can be chosen as 


ὃ ὃ 0 0 ὁ 0 


BN Uae! Ag= > — ὅτι! samme τ αὐ 
δ 8 6 ὃ δ 6 
Βιτ ας -- tas ὠὰ π΄ ἐπε πο τ, 
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Evaluating the commutators, we obtain the relations 
[Ai, A2] = Az, [A2, As] = Ai, [Az, Ai] = Aa, (8-80) 
[B;, Be] = As, [Bo, B3] = Α,, [B3, Bi] = As, (8-80a) 


[Ai1, Bi] = [42,84] = [Az, Bs] = 0, (8-80b) 
[A1, Bo] = Bs, [A1, Bs] = —Ba, (8-80c) 
[Az, Bi] = —Bs, [42,838] = Bi, (8-80d) 
[A3, Bi] = Bao, [A3, Bo] = --Βι (8-80e) 


which describe the structure of the corresponding Lie algebra. If we 
make a linear transformation to the basis consisting of the quantities 


_ Ait By K, = 4:24: 


J; 9 9 (8-81) 
we find that 
(Ji, Jo] = Js, [Je, J3] = J1, [J3,Ji] = Je, (8-82) 
[Ki, Ke] = Ks, [Ke, K3] = Ay, [K3, Ki] = Ke, (8-82a) 
[J;, Κῇ = 0. (8-82b) 


Consequently Ο(4) is locally isomorphic to the direct product of two groups 
each of which is isomorphic to O(8). 

Next we consider the Lorentz group of the real transformations which 
leave the quadratic form x? + y? + 22 — ¢? invariant. The infinitesimal 
operators can be chosen as 


A= 25-95 Ap= as-is As= U5 35S 
By=2a+te, Β5 τα ψ 8 Ἔ ἐδ By= εξ tte. 
(8-83) 
The structure of the corresponding Lie algebra is given by the equations 
[Ai, Ag] = As, [Ae, As] = Ai, [As, Ai] = Ag, (8-84) 
[B1, Bo] -= ~—As, [B2, Bs] = --Αα,, [B3, Bi] = —Ao2, (8-84a) 
[A1, Bi] = [A2, Be] = [As, Bs] = 0, (8-84b) 
[A1, Be] = Bs, [A1, Bs] = —Ba, (8-84c) 
[Ao, By] = —Bs, [Ao, Bs] = By, (8-84d) 


[A3, Bi] = Ba, [A3, Bo] = —By. (8-84e) 
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If we now try the substitution (8-81), we find that the Lie algebra does 
not split into a direct sum. In fact, when we discuss the Lorentz group in 
a later chapter, we shall give a direct proof that it is simple. 


Problem. Consider the Lorentz group with two “space variables” and two 
“time variables,” i.e., the group of real transformations which leave x? + y? 
— χ2 — [2 invariant. Find the analogs of Eqs. (8-79) and (8-80) through 
(8-80e). Show that the Lie algebra is a direct sum of two Lie algebras, each 
having the structure (8-76). 


If we were permitted to make complex substitutions, the substitu- 
tion B; — 1B; would make Eqs. (8-84) through (8-84e) identical with 
Eqs. (8-80) through (8-80e). For the Lorentz group, the quantities 


= Ai — 18; (8-85) 


would satisfy Eqs. (8-82) through (8-82b). It is clear that all three real 
Lie algebras just discussed have the same complex extension, yet their 
structures are completely different. 

We also note that O(4) is closed (cf. Example 12 in Section 8-4), while 
the parameters of the Lorentz groups vary over an infinite range. 


8-10 Structure of compact semisimple Lie groups and their algebras. 
In this section we shall cite without proofs the theorems which enable one 
to find the structure of semisimple Lie groups. We have used the term 
“closed” to describe Lie groups whose parameters vary over a finite range. 
The group manifold itself (i.e., the set of elements of the Lie group) is 
then said to be compact. In general, a set M is compact if every infinite 
subset of M contains a sequence which converges to an element of ἢ. 
For example, any region of finite extension in a euclidean space is compact 
(Bolzano-Weierstrass theorem). On the other hand, a region of euclidean 
space extending to infinity is not compact since an infinite sequence of 
points p1, P2,... for which one or more of the coordinates of p; go to 
infinity does not converge. 

One can prove that a continuous function defined on a compact set 15 
bounded. (This can also be used as an alternative definition of compact- 
ness.) It is then possible to give a proper definition of integration on the 
set. If the parameters of a Lie group vary over an infinite range, it 1s easy 
to construct continuous functions of the parameters which are not bounded. 

The Lie algebra of a compact Lie group is also said to be compact. We 
found in the previous section that for r = 3, the compact group O(3) and 
the noncompact Lorentz group of Eq. (8-78) had the same complex ex- 
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tension. Again we found that the complex extensions of the real Lie 
algebras of the groups which left the forms x? + y? + 2? + #7, 27 + y? + 
2” — #7, and 27+ y? — σ᾽ — # invariant were the same, but only the 
first group was compact. These are special cases of a general result: Every 
complex semisimple Lie algebra has precisely one compact real form. 

We can associate a linear transformation with each element A of a Lie 
algebra: For any element S the commutator [A, S] is again an element 
of the algebra, so we define the operator p,4 which when applied to S 


gives a vector 
paS = [A, Δ]. (8-86) 


If we choose a particular basis in which A = a,X,,S = s,X,, we can 
find the matrix of p, in this basis: 


(paS)aXa = CypdySaXa = (pa)apspX a; 
(pA)ap = Cypdy. (8-87) 


If we now apply the operator pg corresponding to the element B, we get 
papaS = [B,[A, S]| and find 


(DBP A) 1B = CualvaduAy. (8-88) 
The trace of the transformation ΡΒΡΑ is 


tr (pep) = ChaCoaD uly = JuvbpQy, (8-89) 
where ; 
Juv = Guu = Cyalvp. (8-90) 


Equation (8-89) enables us to associate with any two elements of the 
algebra a symmetric bilinear form which we call the scalar product (A, B) 
of A and B: 

(A, B) = guvbyudy. (8-91) 


If we make the basis transformation (8-70), we find by using (8—71a) 
and (8-90) that 
Juv = ApaAypGJas = ἀμαθαρᾶβν, (8-92) 


so that g,, transforms like a symmetric tensor of rank two, while the scalar 
product (8-91) is invariant. Thus g,, acts as the metric matrix in our 
vector space. By using (8-58) we can show that the quantities 


Ow = 9rpCuv (8-93) 


are antisymmetric under any interchange of indices. 


Problem. Prove that c,,, 15 antisymmetric under any interchange of indices. 
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Since g,, is a real symmetric matrix, it can always be brought to diagonal 
form by real transformations i.e., by a change of basis [Eqs. (8-70) and 
(8-92)]. In this special basis, g,, will have the form 


Juv = ἐμ Sy, (8—93a) 
with e, = +l forp=1,...,4,& = —lforu=—k+1,...,,4,=—0 
forw=—1+1,...,7r. Ifg,,is nonsingular (det g ~ 0), no zeros will appear 


in the canonical form (8-93), and we will have k diagonal elements equal 
to +1 andr — k equal to —1. A theorem of Cartan states the following: 

The necessary and sufficient condition for a Lie algebra to be semisimple 
is that det g # 0. 

This condition can be restated in other forms. If det g = 0, the equa- 
tions g,,@y = 0 have a nontrivial solution. For this vector A we then 
have g,,a,b, = 0 for any ὃμ so that (A, B) = 0 for all B. Hence we can 
restate Cartan’s criterion as: 

The necessary and sufficient condition for a Lie algebra to be semisimple 
is that there exist no element A of the algebra which is orthogonal to the 
whole algebra [in terms of the scalar product (8~91)]. 

If the matrix σιν is negative definite, the diagonal form (8-93) will have 
all its diagonal elements equal to —1. One can prove the following: 

The necessary and sufficient condition for a semisimple Lie algebra to 
be compact is that the matrix g,, be negative definite [that is, (A, A) < 0 
for every element A of the algebra]. 

Finally we note that for a compact semisimple Lie algebra we can choose 
the basis so that σιν = —6,,. In this basis, according to Eq. (8-93), the 
structure constants οἷν are antisymmetric under any interchange of indices. 

The actual analysis of the structure of compact semisimple Lie algebras 
is beyond the scope of this book, but the summary given here should en- 
able the reader to follow the discussion in the books of Pontriagin and 
Racah. 


8-11 Linear representations of Lie groups. The linear representations 
of Lie groups are defined in the same way as those for finite groups (cf. 
Chapter 3). We associate with each element A of the group a linear 
operator D(R). The operators D(R) act on the vectors y in a euclidean 
space of finite dimension or a Hilbert space in which a positive definite 
scalar product (1, ¥2) is defined. They must satisfy the usual require- 
ments 

D(R1)D(R2) = D(RiR2), (8-94) 


D(E) = 1. | (8-94a) 


We now require that the operators D(R) be bounded operators [1.6., 
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(D(R)y, v) shall be finite for all ψ] and that (D(R)y, ¢) be a continuous 
function of the parameters of the group element A. 

We can attack the problem of finding the representations of a Lie group 
directly or we can instead consider the related problem of finding the 
representations of its Lie algebra. Here we associate with each element A 
of the algebra a linear operator D(A) in a Hilbert space and require that 


D(A + B) = D(A) + D(B), (8-95) 
D(aA) = aD(A), (8-95a) 
D([(A, B]) = D(A)D(B) — D(B)D(A) = [D(A), D(B)].  (8-95b) 


But we are really interested in finding the representations of the Lie group 
and use the representation of the algebra as an intermediate step. We 
must therefore examine the representations of the algebra and show 
that they can be extended to give a representation of the Lie group which 
satisfies the requirements stated above. 

For a one-parameter subgroup of the Lie group, we can introduce a 
canonical parameter ¢ so that 


R(t, + 2) = (δ) (2), RO) = Ὁ. (8-37) 


We shall denote the operator representative of the element R(t) by the 
same symbol and can regard (8-37) as an operator equation. If we differen- 
tiate (8-37) with respect to ἐᾷ and then set ἐξ = 0, tg = ¢, we find 


dk _ aR | : = 3 
ΩΣ ΠΣ R(t) = RR). (8-96) 
The operator | 
R rid See (8-97) 
dt Ito t0 t 


in the representation space is associated with the infinitesimal operator 
of the Lie group which generated R(é) [cef. Eq. (8-62)]. We assume that 


lim ΝΞ | 


t—0 


¥ 


exists for a set of vectors ψ which is everywhere dense in the Hilbert space, 
so that (by continuity) the operator FP is well defined. Then Eq. (8-96) is 
meaningful and can be used to express R(t) in terms of A: 


R(t) = exp (Rb). (8-98) 


If we proceed by constructing representations of the Lie algebra, we must 
require that the representatives of the elements of the Lie group [which 
can be found by using (8-98)] be bounded operators. 
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A representation of the Lie group will be unitary if the operators R(t) 
are unitary: 


(ROY, Ri)d) = , φ). (8-99) 
Differentiating with respect to ¢ and setting ¢ = 0, we find 


(Ry, ¢) + (¥, Re) = 0 
for all ¥, ¢, so 
R+Rt=0 | (8-100) 


Thus unitary operators for the group are associated with anti-Hermitian 
operators for the Lie algebra. If we let R = 7H, then 


H = Ht, R(t) = exp (Ht). (8-100a) 


For example, for O(3), the orthogonal group in three dimensions, the 
operators of a representation of the Lie algebra must satisfy Eq. (8-75): 


[Χ,, Χο] a X 3; [Χ., X 3| — X 4, (3, X 1) = Χο. (8-75) 
If we set 2X, = J,, then 
(Ji, J2] = ws, [Jo, 73] = Wi, [J3, 41] = 2. (8-101) 


If the operators J, are Hermitian, the representation of the Lie group will 
be unitary. As we shall see later, all representations of O(3) are equivalent 
to unitary representations, so for this case it is convenient to change to 
the Hermitian operators J,. 


8-12 Invariant integration. In order to define characters and derive 
the orthogonality theorems, we must establish for continuous groups some 
analog of Eq. (8-3). The essential point in the derivation of Eq. (8-3) 
was that we attached equal weights to all elements FR of the finite group. 
Thus, if we sum a function over some subset IW, the quantity Σ sn f(R) 
is obviously equal to Σ sm f(S~'R), where SI is the set of elements 
obtained from 3M by left translation with the element S. From the equation 


Dd A(R) = DU S(S*R) (8-102) 
om SO 
we find, by choosing σέ to be the whole group G, that 


> f(R) = >> f(S*R). (8-3) 
G G 


For a Lie group we must find something to replace the statement that 
the weight attached to an element A is equal to the weight attached to 
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the element BA which is obtained from A by left translation. We wish 
to associate with a set of elements in the neighborhood of A a volume 
(measure) dt 4 such that the measure αΤ ΒΑ of the set of elements which is 
obtained from these elements by left translation with B is equal to dry: 


aTBA = aT A. (8-103) 


Once this left-invariant measure is established, the analogs of Eqs. (8-102) 
and (8-3), | 


. draf(A) = fe drpaf(B1A) = Ps draf(B~'A), (8-104) 


[ draf(A) = [ draf(B~* A) (8-104a) 
G G 


follow immediately. The set of elements 1 in the neighborhood of A have 
parameter values close to those for A. If we denote the parameters of 
A by a: a4,..., Gy, the set of elements will occupy a volume in the param- 
eter space which we denote by da. When we make a left translation of this 
set with the element B having parameters ὃ, the resulting set BO will 
have parameters in the neighborhood of the values cz, = ¢x(a, ὃ) of 
Eq. (8-23). Thus the parameters of the set BON will occupy a volume dc 
in the parameter space which can be calculated from Eq. (8-23). To make 
the measure of the group elements 9% and BO the same, we choose a 
density function p(a) such that 


drm = p(a) da = p(c) dc = dram. (8-105) 


The density function p is easily found. In the neighborhood of the 
identity, we can arbitrarily fix the value of p(0). The set in the neighbor- 
hood of the identity is carried by the left translation with B into a region 
of the parameter space in the neighborhood of ὃ. From (8-23) 


δια = φκίθ; δ), (8-106) 
“. | 0¢;(a; ὃ 
db. = >) EU da, (8-107) 


l=1 


so the volume elements db and da in the parameter space are related by the 
equation 
δφιία; | 06 (a; | 
0a, a=0 0a, a=0 


db = da = J(b) da. (8-108) 


d¢i(a; a) τος δφ,(α; » | 
a=0 ‘a=0 


Oar Oa, 
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Setting 
_ pO) 7 
(b) = T(b) (8-109) 
we have 
p(b) db = p(0) da. (8-110) 


Thus the density function p(b) is determined for all ὃ by making a left 
translation with the element B. Our definition is consistent, for if we go 
from a volume element in the neighborhood of any parameter values a 
to some other parameter values c via the transformation with parameters 
δ: c = φί(α; δ), we can perform the operation in two steps, first applying 
the mverse of the transformation with parameters a (which brings us back 
to the origin) and then with parameters c which takes us to c. Since our 
definition holds for each step, it gives a consistent definition for the whole 
process. 

We give some simple examples of the calculation of the density function 
p(a). In the group 7’ = «+ a, 


c= ¢(a;b) = a+); 200) = 1, 


so the density function is a constant. In integrating a function f(a) over 
the group, we must form fdaf(a). 
Next we take the group 2’ = az: 


ee eee 29(a; 0) | ΝΕ 
c = φία; ὃ) = ab; on Lan 


The density function is p(b) = 1/b. The same result applies to the group 


ae δ: 


ae 
y = ἢ. 


In fact, we see from our argument that isomorphic groups always have 
the same density function. 
Another example is the group xz’ = a,x - a» for which 


Cy = φι(α; δ) = 6144; Co = φεί(α; δ) = be + b1a9; 
541] — δι; Oo: __ 962 __ 0: al 
ay=1 


0a] τι θα. " 0a, ὦ 
ao=0 ag=0 


= b,;; J(b) = di. 


316 CONTINUOUS GROUPS [cHaP. 8 


The density function is p(b) = 1/b?; in performing integrations, we 
form { (da, daz/a?). 

For the rotation group in two dimensions, c = α - ὃ (the parameter 
is the angle of rotation), so the density is uniform. To integrate over the 
group we form f ἀφ. 


Problem. Calculate the density function for the linear group in two dimensions. 


There is a peculiarity about our definition of the density function in 
the case of the group v’ = a,x + ας. We defined the density so that if 
c = ¢(a;b), then p(c) dc = p(a) da. In terms of group operations, our 
definition was based on left translations with a group element b. We 
found the density function 1/a?. Suppose that instead we had defined our 
density function by using right translations, 1.e., by making p(c) dc = 
p(a) da where now c = ¢(b; a). This is easily done and gives p(a) = 1/ay. 
In other words, if we define a density function so that the measure is 
invariant under left translation, it will not be invariant under right transla- 
tion. Thus, in general, we find a left-invariant measure and a right-invariant 
measure for the group, and these two measures are not the same. 

For compact groups the two measures are the same, and we can there- 
for establish a single invariant measure on the group. To prove this we 
consider a set 9M in the neighborhood of the identity. We perform a left 
translation with an element B which takes each element A of 3M into BA 
and moves the set IW into a set BO in the neighborhood of B. Next 
we make a right translation with B', bringing the element BA to 
A’ = BAB™' and the set BM to BIB. The set BB is again in 
the neighborhood of the identity, and the parameters of A’ are obtained 
from those of A by a linear transformation D(B). Thus a linear transforma- 
tion D(B) is associated with each element B of the group, and we see 
from A’ = BAB! that the matrices D(B) form a representation of the 
group. 

The two definitions of measure will coincide if the volume of parameter 
space occupied by BINB! and IM are equal. This will be the case if the 
absolute value of the determinant of D(B) is equal to unity. We now 
prove that this is the case if the group is compact: If the element B is of 
finite order so that B” = EH, then 


[D(B))”" = DB") = 1, 


and |det D(B)| = 1. If B is not of finite order, we consider the sequence of 
elements B” (n = 1,2,...). If the group is compact, this sequence of 
elements has a limit 8 which is in the group manifold. The function 
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det D(B) is a continuous function on the compact group and is therefore 
bounded, so det D(@) is finite. Also det D(8) ¥ 0 since the matrices of 
a representation are nonsingular. If [det D(B)| > 1, the sequence 


idet D(B”)| = |det D(B)|”, (8-111) 


which should approach det D(8), will actually tend toward infinity. If 
ldet D(B)| < 1, the sequence (8-111) will tend to zero and not to 
\det D(8)|. Thus for a compact group, |det D(B)| = 1. 


8-13 Irreducible representations of Lie groups and Lie algebras. The 
Casimir operator. If we restrict ourselves to compact Lie groups, the 
invariant integration established in the preceding section enables us to 
carry over all the theorems which were derived in Chapter 3 for finite 
groups. The integral of a continuous function over the compact group is 
well defined, and we can repeat the proof of Section 3-11 to prove that 
every representation of a compact group is equivalent to a unitary repre- 
sentation. The proof of the orthogonality relations and the theorems con- 
cerning characters also go through as before. One can finally prove that 
every representation of a compact group is fully reducible to a sum of 
irreducible representations, all of which have finite dimensions, and that 
the regular representation contains all irreducible representations. 

For groups which are not compact, difficulties arise. For example, the 
translation group x’ = x + a has the representation 


ses ᾿ ἢ (8-112) 


which is clearly reducible, but does not decompose into a sum of repre- 
sentations. This same difficulty will arise if the Lie group contains an 
invariant abelian subgroup. For semisimple Lie groups one can prove that 
every representation of finite degree is fully reducible. 

In the process of finding the irreducible representations of a semisimple 
Lie algebra, a theorem of Casimir is extremely useful. For such algebras, 
the metric matrix σιν of Eq. (8-90) is nonsingular and has an inverse g””, 


σ᾽ ἴσον = δμν; (8-113) 


which is clearly also a symmetric matrix. If we denote the operators cor- 
responding to the basis elements of the algebra by X,, the Casimir operator 
is defined as 


OC Sg XX é (8-114) 
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If we take the commutator of C with any operator of the representation, 
we find 


[C, ΧΙ] = ΟἿ, Χο, Xz] 

= gf X[Xo, Xr] + 9? [Xp, Χ Χο 
gece ΧΙ, ΧΑ + gc X Xo 
gone X pXn + GP cerXnX— 
= gf “cr [X Xx + XX]. 


From Eq. (8-93) we find 


Ce, ΞΞ ἡ ὄνος; (8-115) 
so that 
(C, Xe] = ον CvorlXpXn + XX. 
Since ὥστ = —Coypr; the factor in front of the brackets is antisymmetric 


under interchange of p and X. The bracket is symmetric in p and 4, so 
the product must be zero, 
IC, Xz] = 0, (8-116) 


and the operator C therefore commutes with all operators of the repre- 
sentation. 

If we now consider an irreducible representation, the operator (Οὐ com- 
mutes with all operators of the representation and, by Schur’s lemma, 
is a multiple of the unit operator. Thus the operator C has a fixed numerical 
value in a given irreducible representation, and its value can be used to 
characterize the irreducible representation. 

For compact groups g°’ = — 6°’ in a suitable basis, so that the Casimir 
operator becomes 


C=) Χ;. (8-117) 
ρ 


For the rotation group O(8) with the operators J, of Eq. (8-101), the 
Casimir operator 1s 
C=Ji+J34+ J3, (8-118) 


1.6., the square of the “total angular momentum.” It commutes with 
J1, J2, J3, and its value characterizes the irreducible representation. 

In general, more operators are required to characterize an irreducible 
representation completely. For example, for the group O(4) of Eqs. (8-82), 
the two operators 


F = Συζ, G = 1K? (8-119) 
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commute with all the operators. In terms of the operators A,, B,, 


Ρ-- ΣΑΙ 0B, G= DA,B,. (8-120) 


Problems. (1) Construct the Casimir operator for the group defined by 
Eq. (8-76). 

(2) Find the analogs of F and G in Eq. (8-120) for the Lorentz group defined 
by Eq. (8-83) and for the group which leaves τὸ + y? — z? — [2 invariant. 


The number of operators required to give a complete set is equal to 
the rank of the algebra, which is defined as follows: For any element A, 
we look for all independent solutions of the equation 


[A, X] = 0. (8-121) 


This equation always has at least the one solution X = A. We now vary 
the element A to reduce the number of independent solutions of (8-121) 
toa minimum. This minimum number ὦ is called the rank of the algebra, 
and / operators of the Casimir type are required to characterize an ir- 
reducible representation. 


8-14 Multiple-valued representations. Universal covering group. In 
defining representations of continuous groups, we required the matrix ele- 
ments of the representation to be continuous functions on the group mani- 
fold. Among the continuous functions defined on the group G, there may 
be functions which are multiple-valued. Thus the possibility of multiple- 
valued representations arises. A representation of G will be called an 
m-valued representation if m different operators D,(R),..., D,(R) are 
associated with each element of the group, and all these operators must 
be retained if the representation is to be continuous. 

We could of course have associated several operators with each element 
of a finite or discrete group, but the absence of any continuity requirement 
would permit us to split them into sets with a single operator for each 
group element. 

For a continuous group we consider a continuous function f(R) defined 
on the group. (In particular, f(#) may be a matrix element of a repre- 
sentation.) We now move from the point R along some curve on the 
group manifold: We associate with each value of a real variable 7 a point 
g(r) on the group manifold where g(r) is a continuous function of τ. For 
τ = 0, g(0) = R, so our curve starts from R. We now consider closed 
curves, i.e., curves for which g(1) = R. We look at the values of f[g(7)] 
along the closed curve. It may happen that, as 7 goes from 0 to 1, the con- 
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tinuously varying function f does not return to its original value. We now 
take all possible closed curves g(7). If, on our return to Ff, we find m 
different values of the function f, we say that the function f is m-valued. 

It is clear that we can always select the function f so that it 15 single- 
valued, since we can choose f(R) = 1 for all &. What we are interested 
in is the maximum possible multivaluedness of continuous functions on 
the group. This number is a property of the group manifold or, for a Lie 
group, of the parameter space. If the closed curve g(7) can be varied con- 
tinuously so that it contracts to the point #, the continuous function f 
must return to its original value. If this is the case for all closed curves 
on the group, the group manifold is simply connected, and every con- 
tinuous function on the group must be single-valued. 

The closed curve g(r) can be contracted continuously to the point κ᾽ if 
there is a sequence of curves g(r, A) where g is a continuous function of 
the variables τ and ἃ such that g(7, 0) = g(r) and g(7, 1) = R. Similarly, 
two curves g;(T) and go(r) can be continuously deformed into each other 
if σι(τ) = g(r, 0) and go(r) = g(r, 1). If there are m closed curves which 
cannot be deformed into one another, the manifold is m-connected, and 
m-valued continuous functions can exist. 

We shall have to examine the connectivity of individual continuous 

groups when we study them in detail. Here we give a few simple examples 
to illustrate the preceding definitions. The rotation group in two dimen- 
sions is parametrized by the angle of rotation ¢, so the group manifold 
consists of the points on a circle, i.e., a two-dimensional sphere. The 
function f(¢) = e”*, with J a real number, is a continuous function on the 
group. If 1 is an integer, the function f is single-valued; if / is a rational 
number = s/t in its lowest terms, f is ¢-valued; if / is irrational, the func- 
tion f is infinitely multivalued. The space consisting of the points on a 
circle is infinitely connected: Curves like ¢ = g(r) = τί! — τὴ) are closed 
curves which can be contracted to a point. The curve ¢ = ρ(Τ) = 217 
is a single closed loop and cannot be deformed continuously to a point. 
The sequence of closed curves ¢ = g,(7) = 2ΠΉΤ are closed curves of 
-n loops and cannot be deformed into one another. 
As another example, we show that the n-dimensional euclidean space 
is simply connected. Any closed curve starting from the origin can be 
written asr = r(r), where r is the vector from the origin to a point on the 
curve and r(0) = r(1) = 0. The family of curves r(7, 4) = (1 — A)r(7) 
deforms the closed curve continuously from r(r) for ἃ = 0 to the point 
τ = Oford = 1. Wealso note that the removal of individual points from 
the space does not change the connectivity (provided the dimension of the 
space is greater than one). 

If we can set up a one-to-one continuous correspondence between the 
points of two spaces, they have the same connectivity: If the points R’ 


Ppa: 
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are given in terms of the points R by the function R’ = h(R), then a 
curve R = g(r) determines a corresponding curve R’ = Alg(7)]. 


Problem. Show that for n > 2, the n-dimensional sphere )(7_, x? = 1 is 
simply connected. [Hint: Use the stereographic projection to set up a one-to- 
one correspondence with the (n — 1)-dimensional euclidean space.] 


If the group manifold is m-connected, we may expect that some of the 
irreducible representations will be m-valued. The orthogonality theorems 
and the properties of characters were derived on the tacit assumption 
that we were dealing with single-valued functions, and they will not be 
valid if some of the representations are multiple-valued. On the other 
hand, these multiple-valued representations cannot simply be ignored 
since they are important for many physical problems. This difficulty is 
overcome by considering the universal covering group. It can be shown 
that for any multiply connected group G there exists a simply connected 
group G (the universal covering group of @) such that G can be mapped 
homomorphically on G: The group G contains a discrete invariant subgroup 
N such that G is isomorphic to G/N. 

For example, if @ is the two-dimensional rotation group, G is the group 
of the real numbers zx, with addition as the law of combination. All the 
numbers x are shifted by multiples of 27 to bring them into the interval 
0 — 2π. The homomorphism isz > ¢ = x — 2a[r/27], τὸ <4 < ow, 
0 < ¢ < 27, where [x/27] is the largest integer contained in x/27. The 
functions 6119 will be single-valued functions on G. 

Every irreducible representation of the group G (whether single-valued 
or multiple-valued) is a single-valued representation of G. To find all 
the irreducible representations of the group G, we study the group G. 
For the simply connected group G all representations are single-valued, 
so that the orthogonality and completeness theorems are valid. 


CHAPTER 9 
AXIAL AND SPHERICAL SYMMETRY 


Two of the most important symmetries which occur in physical problems 
are axial and spherical symmetry. To treat such problems we must find 
the representations of the real orthogonal group in two and three dimen- 
sions. 


9-1 The rotation group in two dimensions. We consider the group 
of rotations about a fixed axis (z-axis) 1.6., the two-dimensional pure rota- 
tion group: C,. The transformations are labeled by a single continuous 
parameter ¢, the angle of rotation measured from, say the z-axis: 


x’ = xrcosgd — ysin φ, 


y = xrsing + y cos ¢. (9-1) 


As we showed in Chapter 8, this group is abelian, the volume element is 
ἀφ, and the infinitesimal operator is J, = 2(0/dy) — y(d/dx) = 0/d¢. 
Since the group is abelian, all irreducible representations are one-dimen- 
sional, so that the matrices are the same as the characters. Thus for any 
two angles ¢, and ¢o, the characters must satisfy 


X(1 + b2) = X(b1)X(G2). (9-2) 


If we require the representation to be continuous, the solution must be 


of the form 
x™ (φ) — etm (9-3) 


If, in addition, we want the representation to be single-valued, we must 
have X(27r) = x(0), so that m = 0, 1, 2, etc. [If we admit 2-, 3-,...- 
valued representations, then we could also obtain x(¢) = e*#/?, e*me/s. 
etc. All these representations are admissible for the two-dimensional 
rotation group. However if we start from some three-dimensional physical 
problem and go to the subgroup of rotations in two dimensions, only the 
one- and two-valued representations will occur.] These results also follow 
from the customary quantum-mechanical method using the infinitesimal 
operator 0/d¢. Since the representation is one-dimensional, we must have 
0x/dd = dX, so (9-3) results. 
The orthogonality theorem takes the form 


PF db x®™ (gx) = Qt nm) (9-4) 
0 


922 
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and we see from the theory of Fourier expansions that the characters of 
the single-valued representations form a complete set; there are no other 
inequivalent irreducible representations which are single-valued. The 
basis function for the representation D‘“™ is y” = e—*"*. Every single- 
valued (periodic) function can be expanded in terms of these basis 
functions. We note that the characters of D®™ and D‘~™ are complex 
conjugates. We should therefore (cf. p. 118) combine these into a two- 
dimensional representation. 

If we consider a linear molecule in the approximation where the nuclei 
are kept fixed on the axis of the molecule, the electrons move in the axially 
symmetric field of the nuclei. The electronic states of the molecule are 
classified according to the irreducible representations of the axial sym- 
metry group. States with the quantum number A = |m| = 0 are called 
D-states; those with A = 1 are called H-states; A = 2 gives A-states, etc. 
The field produced by the nuclei is not only axially symmetric but is also 
invariant under reflection (συ) in any plane passing through the axis of 
the molecule. Thus the symmetry group of physical interest is the group 
C..». This group can be obtained from @,, by adjoining the reflection in 
the xz-plane, συ. (Note that our procedure is identical with that used in 
Chapter 4.) The reflection changes the sign of ¢, so that 


cet =e. oe" =]e™. (9-5) 


Thus, for A σέ 0, the representations D™ and D‘™ are combined into a 
two-dimensional irreducible representation. The group is no longer abelian. 
The rotations with ¢ and —@¢ form a class. For A # 0, the matrices of 
the A-representation are (using basis functions 6: 749) 


tAg 
coe ὦ], of ΟῸ ρὼ 


6 


The matrices for other reflections can be obtained by transforming by a 
suitable rotation. Since all vertical reflection planes are equivalent (they 
can be brought into coincidence by a rotation), the reflections are all in 
the same class and have the same character. Also, from (9-6) we see that 
x(¢) = 2cos Ad. For A = 0, the reflection does not change the form 
of the basis function, but since (o,)” is the identity, συ can only multiply 
the basis function by +1. Thus the one-dimensional 2-representation of 
C.. gives rise to two one-dimensional representations of Co», ΣΤ and Σ΄, 
which are invariant under rotation and even and odd, respectively, under 
reflection. The character table is given in Table 9-1. 

If the linear molecule is symmetric about its mass center (for example, 
if we have a homonuclear diatomic molecule), then the potential acting 
on the electrons is also invariant under reflection in the plane which 
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TABLE 9-1] 
Cu. E ΟὍΟ(φ) συ 
Ay, 2+: 2347 + y?; 2? 1 1 1 
Ag,2-: R, 1 1 --Ἰ 
Fi, Il: (2, y); (ως, yz); (Rz, Ry) | 2 2cosd 0 
2 2cos2¢ 0 


fa, A: (a? a uF, ry) 


passes through the mass center and is perpendicular to the axis of the 
molecule (o,). We then obtain the symmetry group D.,. Since the 
original group contains the rotation through 180° about the vertical axis, 
the addition of a reflection in the horizontal plane leads to the inversion. 
We may write Daz = Cay X ©; or Deh = Cay + L[-Cay. The character 
table for Ds; (Table 9-2) is then easily obtained from Table 9-1. The 
notation g or u is used for states which are even or odd under inversion. 
The elements /C(¢) are rotation reflections S(¢); the elements Jc, are 
rotations through 180° about horizontal axes. 

In Tables 9-1 and 9-2 we have assigned the components of the electric 
dipole and quadrupole moments to the various irreducible representations. 
In order to assign the components of an axial vector we consider the proto- 
type, the cross product. The z-component Ff, is ry’ — x’y« sin (φ' — φ). 
From the second form, we see that #, is invariant under rotations about 
the z-axis, and changes sign upon reflection in a vertical plane. From the 
first form we see that it 15 invariant under inversion. The y- and zx-com- 


TABLE 9-2 

Deh E C(@) ὅν». id IC(¢) συ 
pri xo? -ἴ ys 2° 1 1 1 1 1 1 
Σ᾽ 2 1 1 1-1 - —1 
>a ae 1 1 —1 1 1 —] 
Da Bie 1 1 —1 —1 -Ἰ 1 
II,: (ὦ, Ry); (xz, yz) 2 2cos@ 0 2 2 cos 4 0 
Wy: (2, y) 2 2cos@ 0 —2 ~—2cos¢ 0 
ss (x — y”, ry) 2 2cos 2¢ 0 2 2 cos 2h 0 
Ay: 2 2cos26 0 —2 —2cos2h 0 
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ponents R,, R, are xz’ — zx’ and ye’ — zy’. They involve the basis 
functions e+** and are therefore coupled to each other by rotation about 
the z-axis or reflection in the vertica] axis. Since they contain products 
of two coordinates, they are invariant under inversion. It is on this basis 
that the assignments are made to the table. 

The selection rules for the various types of transitions can now be cal- 
culated by the procedure used in Chapter 4. 


Problem. Find the selection rules for electric and magnetic dipole and electric 
quadrupole transitions for the symmetry groups Ceo, and Dyn. 


9-2 The rotation group in three dimensions. As we saw in the previous 
chapter, the group O(3) of real-orthogonal transformations in three dimen- 
sions is a three-parameter group. It consists of all transformations with 
real coefficients which leave x? + y? + 2? invariant. The matrix A of 
an orthogonal transformation must satisfy 


AA = 1, (9-7) 


where A is the transpose of the matrix A(A;; = A ji). Note that a real 
orthogonal matrix is unitary. Since the determinant of the transposed 
matrix, det A, is the same as the determinant of A, we obtain from (9-7): 


(det A)? = 1 ΟΓ᾽ detA= 1. (9-8) 


We shall first restrict ourselves to the proper orthogonal transformations 
O+(3) for which det A = +1. (These correspond to pure rotations.) We 
consider the problem of finding eigenvalues and eigenvectors for the 
matrix A. We try to find a vector u and a constant ἃ such that the effect 
of the transformation A on u is merely multiplication by 4, leaving its 
direction unchanged: 


3 
Au= dM, δὴ Awuj= du (= 1,2, 8). (9-9) 


1 


The condition that these equations have a nonvanishing solution is the 
eigenvalue equation, det (A — Al) = 0, which when written out is a 
cubic equation in ἃ with real coefficients (since A is a real matrix). The 
roots (eigenvalues) are therefore either real or occur in pairs of complex 
conjugates. Furthermore, since A is unitary, 


(u,u) = (Au, Au) = (Au, du) = [Al?(u, w), 
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so that |A! = 1. Thus for any real orthogonal transformation with de- 
terminant -++1, the eigenvalues are 


χ = 1, x (2) ase e*? n 6% _ ga (0 « φ « 1). (9-10) 


We shall label the corresponding eigenvectors as μ ἢ), u\, εἰ, The first 
of these satisfies the equation Au‘ = u?, so that it is completely un- 
affected by the transformation, and therefore will correspond to the 
direction of the axis of rotation. The eigenvectors are mutually unitary- 


orthogonal: 


Cre ear (9-11) 
Since Au? = uy, : 
Au” = AAu? = (ἢ, 
whence 
(A -- Aju” = 0, 
or 


(412 — Agi)uy? + (Aig — Agi)ug’ = 0, 
(Aoi — Aig)u{” + (Ao3 — Aga)ug’ = 0, 
(As; — Aig)uf? + (435 — Ags)uy” = 0. (9-12) 


Solving these equations, we find 


us: us? : us? = (Ae3 — Aza): (431 — 413): (412 — Aas). (9-13) 


Problem. Prove that a proper orthogonal transformation (real or complex) 
in an odd-dimensional space always possesses an axis (1.6., a line whose points 
are left unchanged. 


Equation (9-13) determines the direction of the axis of rotation in terms 
of the coefficients of the transformation. The eigenvector u‘? can always 
be chosen to be a real vector. The angle ¢ can also be determined from the 
matrix A, since the sum of the eigenvalues is the trace of A: 


Ait t+ Aoe + ἐς = 1lte*+e—%=14+2cos¢. (9-14) 


Since 
. * * * ° * 
sage) ety?) Au? = Ay? = em ty® 


it follows that 
ub? = 4 , (9-15) 


If we choose the (complex) vectors u‘?, u\, u‘® as coordinate vectors, 
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the matrix A becomes the diagonal matrix 


1 0 0 
A—|j0 e® 0]- (9-16) 
00 e 


The matrix which transforms A to the diagonal form A can be found as 
follows: Start from the eigenvalue equation 


>> Au? = Pu = Σ uPA 83x). (9-17) 
7 j 


Define the matrices U and A: 
{1} ΞΞ ul, Aj, = ae δ᾽κ. (9-18) 


Thus A is just the diagonal matrix of (9-16), while U is a matrix whose 
columns are the components of the eigenvectors. From (9-11) we see that 
U is a unitary matrix. Introducing the definitions (9-18) in (9-17), we 
have AU = UA, and multiplying by the inverse of U (it has an inverse 
since it is unitary) yields U-'AU = A. So the matrix U;, brings A to 
the diagonal form A. Our new coordinate vectors u‘)’, u, wu are complex. 
Since we are interested in transformations of real coordinates, 1t 1s con- 
venient to go over to real coordinate vectors. (Of course, this means that 
now our transformation matrix will no longer be diagonal.) This can be 
done by means of the unitary matrix V, 


1 OQ 0 
Gas. ES 
y= V2 /3\? (9-19) 
0 1 =t 
V2 V2 
and V—'!AV is 
1 0 0 1 O 0 1 0 0 
11 i 1 ἢ 
0 — --οΟ ΤῸ ὁ 0 0 — - 
J2 V2 J/2 V2 
- 1 1 - 
0 — ----Ἰ[0 0 δ NO: Se .--: 
ν2 Aa J/2 V2 
0 0 


1 
= ἶ cos¢@ - βίη φ[ -ο R, (9-20) 
0 sing cos φ 
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which we recognize as a rotation about the first axis through the angle ¢; 
thus the parameter ¢ which appears in the eigenvalues is the angle of 
rotation. The matrix A was transformed to the final form by the trans- 
formation UV. From (9-19), 


1 1 
ui? a ω + uf?) —= (uP? — u®) 
i 1 
UV =] uy? —= (uP + us?) — (PY — ὦ}. (9-21) 
V2 V2 
1 1 
(1) (2) (3) (2) (3) 
U —— (ug” + ug”) —= Cus” — uz”) 
ΝΣ ν2 


Thus UV is the product of two unitary transformations and is therefore 
unitary. Furthermore, from (9-21) and (9-15) we see that UV is real, 
so that UV is a real orthogonal matrix. Hence we have shown that any 
real matrix with angle ¢ can be transformed into any other matrix with 
the same @¢ by a real orthogonal transformation (i.e., by a rotation). 
Rotations through the same angle about any axis are equivalent and 
belong to the same class. | 

The direction of the axis of rotation and the angle ¢ provide us with 
three parameters for characterizing the rotation. We can take as 
parameters the components u\¢, usd, us’ of the vector whose length 
is @ and whose direction is that of the axis of rotation. The param- 
eters of the rotation group are thus the points inside a sphere of radius 7 
about the origin. To each point inside this sphere there corresponds the 
rotation, through an angle equal to the distance from the origin, about the 
direction of the radius vector drawn from the origin. We fix the sense of 
rotation according to the right-hand rule. These parameters give a unique 
assignment except for ¢ = a. Two diametrically opposite points give 
the same rotation. Hence we must picture the sphere as being sewed onto 
itself, so that the points at opposite ends of a diameter coincide. 

The density function for group integration can be calculated in the 
manner discussed in the previous chapter. Our parameters are the three 
cartesian coordinates of points inside a sphere of radius a or polar co- 
ordinates inside this sphere. The range of variation of the parameters is 
finite, so that the definitions of density by left and right translations are 
necessarily the same. The parameters of the identity are 0, 0, 0. If we 
consider the parameters &, 7, ¢ in the neighborhood of the identity, the 
matrix of the rotation corresponding to these infinitesimal values of the 


parameters is 
1 -f 4 
S= ἕ 1 —é|. (9-22) 
=f & ἢ 
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We now wish to find the parameters of the rotation which results from 
following this infinitesimal rotation with a rotation through some angle ¢. 
Then we will determine the Jacobian of the new parameters in terms of the 
ἕξ, ἡ, ¢ and obtain the density function. Since all directions of rotation are 
equivalent, it is clear that the density function can depend only on ¢. We 
may therefore choose our rotation in the simple form of & in (9-20). 
Then RS is 
1 = n 

ccos¢+ nsing cosd?— ~Esingd —EéEcosd — sing]. (9-23) 

Csing — ncos@ sing+ Ecos@? —Esing+ 008 Φ 
Since £ 7, ¢ are small, we retain only first powers throughout. We use 
(9-14) to find the angle ¢’ of the product transformation, 


1+ 2cos¢’ = 1+ 2cos¢ — 2ésin φ; φ' -- φ- ἕ, (9-24) 
and (9-13) to find the axis of rotation, 
μα΄ = - 2ξοοβ φ — 2sin 9; us? = ¢sin φ — η( + cos 4); 
ug? = —ynsing — ¢(1+ cos φ). (9-25) 


The vector u‘?’ must be normalized to unity. Its length in (9-25) (to 
first order) is 2ξ cos ¢ + 2 sin ¢, so our normalized u‘” has components 


(1 Ὁ cos φ) Dio NE COS) 


ee ον 
1, 3° 9 sin Φ 2° 2 sin Φ 


Combining this with (9-24), we find for the parameters of the product 
(to first order) 


_ £11 + cos ¢) ἡ, ζ (1 + cos φ)] 
or § 4] 52 sin Φ | |? 2 sing 


The Jacobian of the transformation is 


1 0 0 
zyalo 9{{Ξ3 9059) —¢ Ν ¢” 
2 sing 2 ~ 2(1 — cos φ) 
0 Φ φ(! + cos 
2 2 sin Φ 


so that the density function p(¢) 1s 


p(¢) = = (1 — cos 4). (9-26) 
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To integrate a function over the group we must form the integral 


[φώ 3. a — ὡς 6) |f(@, 0) = 3 [a anp(o, 9(1 — 005 9), 
(9-27) 


where @ is the direction of the axis of rotation. All rotations through the 
same angle @ belong to the same class. Thus, if we are dealing with a 
class function and, in particular, the character of a representation, our 


integral is just ν 
Sir [ ἀφχ(φ)(1 — cos φ). (9-272) 
0 


The total “volume” of the group 15 Sirf, ἀφ(! — cos¢) = 817. The 
orthogonality theorem for the characters of irreducible representations of 
the rotation group can be written as 


1 ἀφᾷ -- cos $)x™ (¢)x™(¢) = dup. (9-28) 

We stated in Chapter 8 that the group ΟἽ (3) is simple. One can visualize 
this result by the following pictorial method: The parameter space is the 
interior of a sphere of radius 7. Equal and opposite vectors from the origin 
correspond to inverse rotations. If O+(3) contains a proper invariant 
subgroup, this subgroup must contain some rotation other than the 
identity, e.g., the rotation indicated as 1 in Fig. 9-1. But if an invariant 
subgroup contains the rotation 1, it must also contain all transforms of 1, 
i.e., all the vectors on the sphere represented by the broken line. Thus the 
invariant subgroup contains the vector 2 (which is inverse to 1) and 
also a neighborhood of 2. If we take the product of 1 with the vectors on 
the dashed sphere in the neighborhood of 2, we obtain elements of the 
subgroup which are arbitrarily close to the identity (the origin of the 
sphere). Their transforms will fill out a small sphere around the origin. 
By taking successive products we fill out the whole sphere, so the invariant 
subgroup coincides with OT(3). 

The connectivity of O*(3) can also be found in this pictorial fashion. 
To determine the connectivity of the parameter space we must find the 
number of types of closed paths which cannot be continuously deformed 
into one another. Closed curves of the first type can be contracted to a 
point, as shown in Fig. 9-2. (We draw all the curves as plane curves to 
avoid confusion.) The second type of closed curve is exemplified by a line 
along the diameter of the sphere (see Fig. 9-3). The points P, P’ are the 
same point, so this is a closed curve. If we try to deform the curve con- 
tinuously, any movement of one “end” to the point Q shifts the “other 
end” to the coincident point Q’ which is diametrically opposite to Q. All 
other closed curves coincide with these types (are homotopic to them). 
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For example, a closed curve which has two places where jumps to antipodal 
points occur can always be contracted to a point, as shown in Fig. 9-4. 
Similarly one sees that all closed curves with an odd number of antipodal 
jumps are homotopic, and all closed curves with an even number are 
homotopic. Thus the group manifold is doubly connected, and we can 
have (at most) double-valued representations. 

In the preceding discussion, we chose our parameters to give a one-to- 
one correspondence to the rotations. However, for most considerations 
this is not necessary, and other parameters are more convenient. The 
transformation (rotation) which takes the points in three-dimensional 
space from their initial to their final positions can be described conveniently 
in terms of the Euler angles a, 8, Y. In Fig. 9-5 the coordinate axes OX 
OY, OZ are fixed permanently. The transformation is described as the 
result of three successive, simple operations: 

(1) Perform a rotation through angle Y about the Z-axis (7 is positive 
if the points on the positive X-axis move toward the positive Y-axis, and 
can vary between +7). As a result of this rotation, the points originally 
on the line OY are brought to the line of nodes OL. 

(2) Rotate through an angle 6 about the line OL, so that points on 
OZ move toward OM as shown in the figure; 6 varies between 0 and π. 
As a result of this operation, points originally on OZ are brought to the 
line OZ’. 

(3) Rotate through a about the line OZ’. The sign convention is the 
same as in step 1, and again —7 < a < τ. 

The assignment of parameters to rotations is not unique; thus for 8B = 0 
we have a rotation about the Z-axis through the angle a + 7. 

We denote the transformation by the symbol R(a, 8, Y). Now we show 
that it can also be described in terms of rotations about OY and OZ. 
The first step was a rotation about OZ which we call R,. The second 
rotation through angle β about the line OL will be denoted by Rj. This 
rotation is the transform of a rotation Rg through angle @ about OY; in 
fact Rg = R,RsR7' so that RgR, = R,Rz. Similarly, if Ri represents 
the rotation through angle a about OZ’, and R, the rotation through 
angle a about OZ, we find R.RsR, = R,RsR,. Thus an alternative 
description of R(a, B, Y) is: 

(1) Rotate about OZ through a. (2) Rotate about OY through 8. 
(3) Rotate about OZ through vy. As usual, we associate with the trans- 
formation R, x’ = Rx, an operator Og such that Orf(r) = 1(Π 11), 
whence 


Ora,8,yf(x) = f[R(—Y, —B, —a)az]. (9-29) 


Problem. Find the matrix of the transformation R(a, B, ). 


9-3] CONTINUOUS SINGLE-VALUED REPRESENTATIONS 333 


9-3 Continuous single-valued representations of the three-dimensional 
rotation group. The continuous single-valued representations of the 
rotation group are actually well known to us in a different guise. Consider 
the Laplace equation 

Vy = 0. (9-30) 


The Laplacian is invariant under rotations, so that if y is a solution, 
then Opry is also a solution. We consider the solutions y which are homo- 
geneous polynomials of degree / in x, y, z. Since the rotation F is a linear 
transformation of z, y, z, Or will again be a homogeneous polynomial 
of degree 1. Thus homogeneous polynomials of degree / which satisfy 
Laplace’s equation are transformed among themselves by rotations and 
therefore give a basis for a representation of the rotation group. To find 
the degree of the representation based on polynomials of degree /, we must 
determine the number of independent polynomials. The most general 
polynomial of degree ἰ in x, y, z can be written as 


P= ps can(x + ty)*(x — iy)’2*™. (9-31) 


If this polynomial is to satisfy the Laplace equation V?P = 0, then 


0 - Σ᾽ Cap[4ab(x + iy)? (4 -- ΠΡ lg 8 
a,b 
Ὁ ((-- α -- δ)( -- ἃ -- ὃ -- 1) -Ξ iy)*@ -- εὐδεῖ -ο--Ὁ--3], 
and the coefficients must satisfy the recursion formula 


4(a + 1)(0 + 1)ea41,b41 a= δ)(ἰ — a — ὃ — I )ea, = 0. 
(9-32) 


From (9-32) we see that coefficients ca, with a fixed difference a — b 
between subscripts are related to one another and can all be expressed in 
terms of a single coefficient of this type. Since a — ὃ can take on all 
values from —I to +1, there are 2] + 1 independent homogeneous [th- 
degree polynomial solutions of the Laplace equation. vee expressed in 
polar coordinates r, 6, ¢, the [th-degree polynomial is r’ times a function 
of 6 and ¢. These angle functions are the familiar spherical harmonics 
which we shall choose in the form γ᾽ (0, 6) = (1/\/27)P,(@)e*”* 
(m = —l,...,+), and, for m > Ὁ, 


Ni, d't+™ sin?! 9 


ἶ — 
Pom(@) = Pm(@) = sip Sin” 8 (eos ait 


(9-33) 
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where Νί, = {{{ — m)!/ + m)'[Q1 + 1)/2}}/? is a normalization 
factor chosen so that 


[ " (PL)? sin 9.9 = 1. (9-332) 
The following are normalized spherical harmonics P7,(1 = 0,.. . , 4): 
Po = 1; 
Po = Vi cos 8, Pi = V3sin 6; 
Ρὲ = V2 (8 cos” 6 — 4), P? = ν3 sin 6 cos 8, 


Pe ae 
4 
P) = VE (δ cos® 6 — 2 cos 0), P= V2 (ξ cos? 6 — 4) sin 8, 
P3 = - ~ sin” 6 cos 8, P3 = ve sin® 06; 
Po = V2 (3 cos* 6 — 42 cos? 6 + 3), 
Ρᾷ Ξε 3 ΜΕ (7 cos® 6 — ξ. 608 θ) sin θ, 
ΡΖ = ed (7 cos? 6 — 1) sin? 9, P3 = 3 cos θ sin® 8, 
Pi = 3 γ sin* 6. 
16 
From (9-33) we see that 
Pi=Ni, PL=0 for m0. (9-34) 


For a given J, the spherical harmonics give the basis for a (21 + 1)-dimen- 
sional representation D” of the rotation group. The rows of the repre- 
sentation are labeled by the index m, from —l to +l. We shall use the 
Kuler angles as parameters to characterize rotations and write the elements 
of the rotation group as R(a, β, Y). Thus R(a, 0, 0) is a rotation through 
angle a about the Z-axis. These special rotations leave 6 unchanged and 
replace ¢ by φ + a. Hence, using Eq. (9-29), we have 


Pi, am P7,(6) im(o—a —ima 
ORn,0,0) Ym Ξ- μῶν Ὁ: He oi oe 6 OnE): ὡς 6 Y!. 
(9-35) 
In general, 


On(a,8,1y)Ym(8, >) = >> Ynr(8, φ) Derm(a, B, Ὑ), (9-36) 
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where D®.,,(a, 8, Y) is the matrix of R(a, 8, Y) in the representation D” 
based on the spherical harmonics of order 7. From (9-35) and (9-36) we 
see that the matrices representing rotations about the Z-axis are diagonal: 


(lL) —ima 
Din'm(@; 0, 0) = ὃ Om’m) 
ete 


ε 99. α 


D(a, 0,0) = a : (9-37) 


tla 


6 


We wish to prove that the representations D“ defined above are irreduci- 
ble. To do this we need only show that any matrix which commutes with 
all matrices of the representation is necessarily a multiple of the unit 
matrix. This can be done by considering the diagonal matrices (9-37) 
and the matrix of R(0, 8,0) which is a rotation through angle 8 about 
the Y-axis. Consider the points in the Z7X-plane; for such points the 
azimuth φ is zero. The rotation R(0, 6, 0) takes the point 0, 0 to the point 
¢+ 6,0. Thus, again using (9-29), we obtain 


On.0.8,0Pn(8) = P(8 — B) = >> Pm'(6) Din'm(0, 8,0). (9-38) 


If we set θ = O, we get 


Pin(—B) = ΣΣ Drr'm(0, β, 0) (0). (9-39) 


m’ 


Using Eq. (9-34), we find 
PL(—B) = γί, 8, 0)No. (9-40) 


Since, in general, P!,(—8) is not zero, we conclude that the elements in the 
(m = 0)-row of the matrix D” (0, 8, 0) are different from zero. 
If the matrix A commutes with D(a, 0, 0) of (9-37), then 


[4 D(a, 0, 0)}mm = (D(a, 0,0) Almm'3 Amme δὴν = us, Or 


hence A must be a diagonal matrix, Amm’' = ἄρ dmm'. If A commutes 
with D” (0, 8, 0), then 


[A D0, B, O)lor = [D°?(0, β, 0)Aloz forall &, 
or 
ag D§2(0, β, 0) = D§x(0, B, θ)ακ. 


Since D9(0, 8,0) ¥ 0, ἀρ = α» for all k, all diagonal elements of A are 
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the same, and A is a multiple of the unit matrix. Thus each of the repre- 
sentations ἢ (1 = 0,1, 2,...) is irreducible. Furthermore, their dimen- 
sions are different, so they are not equivalent. 

Since the character of a rotation depends only on the angle of rotation 
and not on the direction of the rotation axis, we can find the characters 
from the simple form of (9-37). We see from (9-37) that 


sin (ἰ + 3)¢ 
sin @/2 


(9-41) 


U 
Xo) = Σὺ εἰ’ = 14 2cose +--+ + 2cosld = 


M==—l 


We verify that the orthogonality theorem (9-28) is satisfied: 


Ἵ do(1 — cos φ) 
0 


Tv 


sin ({ + 3)¢ sin (7 + 3) 
sin? ¢/2 


= a αφ sin (1 + $)¢sin (1 + ξ)φ = δι. (9-42) 


We now show that the representations D” form a complete set; i.e., 
there can be no other independent irreducible representations which are 
continuous and single-valued, for the character of such a representation, 
X(p), would have to be orthogonal to all x (¢), 


| do@(1 — cos φ᾽ χ' )(φ)χ(φ) =. for all J; 
0 
or, if differences are taken for successive I’s, 


[ " dd(1 -- cos φ)χι Ἐ Ὁ (φ) — χι (φ)χ(φ) = 0 forall 1. 
0 


But χί ) (φ) = 1, and χ ἘΠ) (φ) — x(6) = 2 οοβ ἰῴ, so we would have 
Ἷ αἀφί(] — cos φ)Χ(φ)] cos ἰφ = 0 for all l. Thus all Fourier coefficients 
of (1 — cos φ)χ(φ) would have to vanish. Since the functions cos ἰῴ 
form a complete set in the interval 0 to 7, we conclude that x(¢) would 
be zero. Summarizing, we have shown that the representations D, 
D”,..., ete., constitute a complete set of (single-valued) irreducible 
representations. Any single-valued representation can be expressed as a 
sum of the D”. For later discussion we may also note that 


D(a, 8, Ὑ) = D(0, 0, Ὑγ) DO, B, 0) D(a, 0, 0); 
Doma, B, Ὑ) = οὐ ™DY.,(0, B, Oe", (9-43) 


and we need only find D®).,(0, 8, 0) to obtain the complete matrix. 
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We also note the relation of the spherical harmonics γ᾽! to the co- 
efficients of the representation: 


O R(6,0,7) Yn(8, >) =e a Yin'(8, >) De nl, 6, Y) — Y,,(0, =), 


where the first equation is (9-36), and the second is obtained by means of 
(9-29). From (9-33) and (9-34), 


yc, ἘΞ ΕΣ τ 1 ea imy ae eet τε 1. 


21+ 1 5 
Ar Om- 


So we have 


» Yin'(8, 6) Dv'm(#, 8,7) = 


Multiplying by D?"(¢, 6, Ὑ) and summing over m, we find 


pee τι YEG, 4) = D2"(¢, 8, 0). (9-44) 


9-4 Splitting of atomic levels in crystalline fields (single-valued repre- 
sentations). Before going on to discuss the double-valued representations 
of the rotation group, we wish to make some application of our results 
to the splitting of atomic levels in crystalline fields. (Later we shall 
work out the same problem for two-valued representations.) First we 
note that the Hamiltonian of an electron in the central field of an atom is 
Invariant not only under all rotations, but also under inversion in the 
origin. In other words, the symmetry group of the electron in an atom is 
the group O(3) obtained by adjoining the inversion J to the group of pure 
rotations. Since 12 = E, the matrix representative of J can be only plus 
or minus the identity matrix. Just as in Chapter 4, each representation 
of the pure rotation group gives rise to two representations of the full 
rotation-reflection group; in place of D we now have the two repre- 
sentations D“* and D“~: 


D° (TR(a, B, Ὑ)) = D°P(R(a, B, Y)) = D“~(R(@, B, )) 
= —D"“”(IR(a, B, Y)). (9-45) 


The representations D“* in which the matrix of J is +1 are called positive 
representations, while the D“~ in which the matrix of 1 is —1 are 
called negative representations. Similarly, levels belonging to D“*?(D@~) 
are said to be positive (negative) levels. So the single-valued representa- 
tions of the full rotation group are: 0*, 0~; 1*, 17; 27, 27; ete. 
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TABLE 9-3 
l= 0 il 2 3 4 5 
xM(Ce) | 1 —I1 
x(C'3) | 1 0 --1 
xO(C4) | 1 1 - 1 
KOO) 2 Wb ee 24 


Each level of the free atom will belong to one of the irreducible repre- 
sentations of the full rotation group (if there is no accidental degeneracy). 
If the atom is put into a crystal, the electrons will be perturbed by the 
crystalline field, i.e., by the electric field which is produced at the position 
of the atom by all the other atoms in the crystal. This electric field will 
have the symmetry of one of the crystal point groups. Thus we are faced 
with a perturbation problem like those treated earlier in Chapter 6. 

In the present case, the levels of the unperturbed system are classified 
according to the representations of the full rotation group; e.g., a level 
belonging to the /*-representation will be (21 + 1)-fold degenerate. When 
the atom is placed in a crystal, the degenerate level will split into terms 
belonging to the various irreducible representations of the crystal point 
group. Just as in Chapter 6, we first find the characters of the elements 
of the crystal point group in the /*-representation. Then by using 
Eq. (8-150) we find the number of times each irreducible representation 
of the crystal point group is contained in the /*-representation, and thus 
determine how the level splits in the crystalline field. 

Since the crystal point groups can contain rotations only through angles 
equal to 7, 27/3, 7/2, and 7/3, we first compute x” (¢) for these elements, 
using Eq. (9-41). Since 


mC (2) _ sin (1+ ξ)πλη). 


n sin (πη) 


we see that 1 = n repeats the result for 1 = 0, so that we need to tabulate 


the characters only for Ὁ < 1 < n. The results are given in Table 9-3. 


We also note that 


x (2) ἘΣ xl) (2) oar πε. ' (9-46) 


where m is any integer. : 
First we consider a crystal group consisting of pure rotations only; 
as an example we choose the octahedral group O. From Table 4-19 we 
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TABLE 9-4 
Characters of classes of O in 
the (21 + 1)-dimensional Resolution of D™ into irre- Number 
representation D® of the ducible representations of O of terms 
rotation group 
1 E C3 Οἱ Co C4 
0 1 1 1 1 1 Αι 1 
1 8 —1 —I] 1 Fy 1 
2 ὃ —Il 1 1 —l Ε- Fe 2 
a: Ὑ 1 —1 -—1 —Il Α9- Fy + Fe 3 
4 9 0 1 1 1 AV tHE+ Fit Fo 4 
511 -Ὃἡ —1 -- 1 E+ 2Fi+ Fe 4 
6 13 1 1 1 —l Αι - Ag+ E+ Fi + 2Fe2 6 
12 25 1 1 1 1124. - Aot+ 2H + 3Fi1 + 32 11 


see that O contains the classes 
E; Cs(8);  C4(3);. Ος5(6);, C46). 


The elements ΟἿ and C2 are not equivalent within the group O; however, 
in the full rotation group they are equivalent since they are rotations 
through the same angle 7. We use Table 9-3 to find the characters of these 
elements in the representation D” and then use Eq. (3-150) to find the 
representations of O into which D“™ is split (Table 9-4). We note that 
the table exhibits a number of general properties. Since the group.O 
contains rotations C's, C3, C4, whose least common multiple is 12, we see 
from Table 9-3 that for 1 = 12 the characters of all rotations will be +1. 
In addition, the identity will have the character x‘'? (1) = 25. Thus 
for 1 = 12, the characters are the sum of two sets: (1) all characters equal 
to +1, i.e., the identity representation, and (2) x(#) = 24 = order of 
the group O, all other characters zero; this is the regular representation 
which we denote by reg. As shown in Section 3-17, each irreducible repre- 
sentation is contained in the regular representation a number of times 
equal to its dimension. So for the group O, reg = 4, + Ag + 2H + 
3F, + 3Fs, and Do” = A, + reg. 

Similarly, for 1 = 12m, we obtain the regular representation m times, 
plus the identity representation. For k < 12, 


Dent) — m (reg) + D™., | (9-47) 
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Also from Eq. (9-46), we see that since 12 is a multiple of 2, 3, and 4, 


m? (2) 4 xGtHd (2) =0, xB) 4+ x9!) = 24, 


so that 
DD + DU) —= reg. (9-48) 


For this reason we needed to tabulate the results in Table 9-4 through 
1 = 5 only; for example, for 1 = 10, 2419 + D® = reg, so 2410 = 
A, + Ae+ 2H 4+ 2F, + 312. Another interesting result is that no 
representation can appear more times in D™(l < 12) than it does in the 
regular representation. This result follows from Eq. (9-48) and the fact 
that the sums of representations have only positive coefficients. 

The levels belonging to the various D” are usually denoted as S, P, D, 
etc., for 1 = 0, 1, 2, etc. We see from Table 9-4 that, under the sym- 
metry group O, P-levels are not split. (This is physically evident, since 
x, y, and z are equivalent under cubic symmetry.) For 1 > 2, all terms 
are split by the crystalline field. | 

So far we have not considered inversions. If we take the full rotation- 
reflection group, our representations are ΟἿ, 07, etc. Since O does not 
contain the inversion J, D“*? will be split in the same way. 

Suppose now that we consider the group Ομ = O X @; (cubic holohedral 
symmetry). In Ομ, each representation of O is split into two representa- 
tions according to how we assign X(J) = +1. All the results of Table 
9-4 can still be used for this case. We need only assign all positive (nega- 
tive) states of the rotation-reflection group to positive (negative) repre- 
sentations of the crystal point group. For example, in Oj, 


DEY =A LAF Lee pO ajz 4+ Fs. 


We can now outline the general procedure. If the crystal group contains 
the inversion J, we need only consider the invariant subgroup which does 
not contain J, and then assign positive (negative) states of the full rotation 
group to positive (negative) representations of the crystal group. Thus, 
if we are considering the splitting of levels by a crystalline field of sym- 
metry 7, = T X ©;, we need only study the group 7’. Since in the full 
rotation group all axes are two-sided, the elements C3 and ΟΣ of T have 
the same character in D™. The results are given in Table 9-5. Note that 
in 7 the representation FE is actually the sum of two one-dimensional 
representations and therefore appears only once in the regular representa- 
tion. Again we have an equation analogous to Eq. (9-48). For the group T, 


D + D&- = reg. (9-49) 
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TABLE 9-5 

Characters of classes 

of T in the (21 + 1)- Resolution of D® into Number 
dimensional represen- | irreducible representations of 

tation D® of the of T terms 
rotation group 

lL E Ce C3 C8 
0 1 1 1 1 Α 1 
1 3 —I1 0 0 F 1 
2 5 1 - —1 E+F 2 
38 7 —!1 1 1 A-+ 2F 3 
4 9 1 O 0 A+ H+ 2F 4 
5 11 —1 —1 —1 E+ 3F 4 
6 13 1 1 1|/2A+ E+ 3F = A- reg 6 


Comparing the table for 7 with that for O, we see that the results for T 
could have been obtained from those for O by identifying A, and Ag, 
and F 1 and F ΡΝ 

Finally, as indicated in Table 4-19, the group Τα is isomorphic to the 
group O, so that our results for O can be applied to it. We have now 
found the splitting of atomic levels in all crystals of the regular system 
(cf. Section 2-9). 

Next we consider the hexagonal system (system VI in Section 2-9). 
The holohedral group is Dg, = Dg X C;, so we need only tabulate for 
D.. (The isomorphic groups Θρυ and Ds, will have the same representa- 


TABLE 9-6 


Characters of classes of the 
hexagonal group Dg in the Resolution of D® into irreducible Number 


(20 + 1)-dimensional al representations of the hexagonal group of 
sentation D™ of the terms 


rotation group 


0 1 1 1 1 1 1 Αι 1 
1 3 —-l1 0 2 —1 —Il 42 -Ὁ Ei 2 
2 5 1 —-l 1 1 1 Ai+ £,+ Ee 3 
3 7 —1 1 —1 -Γ —-l1 Ae+ Bi+ Bot £F14+ Ee 5 
4 9 1 0 —2 1 1 Ai+ Bi + Bo+ Ei -+ 2E2 6 
5 11 -—1t -—1 —-1 --} --ὶ Ag2+ B, + Be+ 2k, + 2} 7 
6 13 1 1 1 1 1) 24,;+ Ag+ Bi t+ Bot 2h; + 22 = Ait reg 9 
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TABLE 9-7 
Characters of classes of the 
tetragonal group D4in the | Resolution of D® into irreducible repre- Number 
(21 + 1)-dimensional repre- of 


: sentations of the tetragonal 
sentation D® of the Bos si terms 


rotation group 


baa | 


E Ci Ca Ceo Co 


01 1 1 1 1 Αι 1 
13 -- 1 -Ὃἡ -Ἱ Ae+H# 2 
2 5 1 -- 1 1 Ait+th+Be+E#H 4 
3 7 —-l -—-1 -- —1 Ag+ Bi + Bo+ 2Ε 5 
4 9 1 1 1 1 | 241-Ὁ 42- Bi + Bo+ 2Ε = Ait reg 7 


tions.) The elements Cé, C2, C2’ are all rotations through the angle 7 
and are all in the same class in the full rotation group; ΟΣ is a rotation 
through 27/3. The results are given in Table 9-6. The groups Cg, = 
ὃς X ©; and ὧς need no special treatment; since they are abelian, each 
(21 + 1)-dimensional representation of the rotation-reflection group splits 
into 21 + 1 simple one-dimensional representations. 

Next, we consider the tetragonal system (system V of Section 2-9). 
The holohedral group is Da, = D4 X C;. We treat D4 (our results will 
also apply to the isomorphic groups C4, and Degg) and obtain Table 9-7. 
The groups C4, = C4 X ©; and Cy, are abelian, so each level splits into 
simple levels. 

Finally, in the rhombic system (system III of Section 2-9), we consider 
the abelian group V; each term splits completely into 2/ + 1 simple terms. 

The reader should now be able to treat special groups by the procedure 
which we have outlined. 


Problem. Construct a table to show how levels of the full rotation-reflection 
group split in a field with symmetry D3a. 


9-5 Construction of crystal eigenfunctions. In Chapter 6 we also 
considered the problem of finding proper zero-order wave functions for 
the perturbed problem. The same problem arises here, and is completely 
solvable by symmetry considerations so long as no representation appears 
more than once in the resolution of D”. If the same irreducible repre- 
sentation of the crystal group appears m times in the resolution of D”, 
we must solve a secular equation of order m in order to find the proper 
zero-order wave functions. We illustrate the procedure for finding proper 
zero-order functions for an electron in crystalline fields of various sym- 
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metries. (Some of this work is a repetition of the assignment of dipole 
and quadrupole moments to representations of the crystal group.) 
We choose the free-atom wave functions in the real form 


V2 P2(6) 1. 


Then all reflections merely multiply the function by +1. A rotation 
through π᾿ about the X-axis changes ¢ into —¢, and θ into 7 — θ; we 
see from the definition of P'.(@) that this operation multiplies Pi, by 
(— Deo 

Pr(w — 6) = (—1)'""Pm(6). (9-50) 


It leaves cos m@ unchanged and multiplies sin m@ by (—1)”. In any 
case, the rotation through aw about the X-axis does not couple different 
wave functions. 

We consider first the tetragonal groups as exemplified by D4. All 
elements of the group can be generated from the 4-fold rotation C', about 
the Z-axis and the 2-fold rotation C2 about the X-axis. As we saw above, 
Ος does not couple different wave functions. The rotation C4 does not 
affect 6, but it replaces °°° m@ by ἐδ m(¢ + 7/2). Thus, for m even, 
it can at most produce a change of sign, while for m odd, it transforms 
cos m@ and sin m¢ into each other. 

The function P) is invariant under C4, while Οὐχ multiplies it by (—1)’; 
so ἢ belongs to the representation A, (cf. Table 4-16) for even 1, and 
to A» for odd J. The same result applies to /2 2 Pa, cos ἀμφ (u = 1, 2,...) 
since cos ἀμ(φ + 2/2)-= οοβ ἀμφ. The function /2 2 P,, sin ἄμφ 15 Ales 
unaffected by C4; Cz multiplies it by (—1)'*?, so it belongs to Ag for even 
land to A, for odd J. Proceeding in this way, we obtain Table 9-8 listing 


TABLE 9-8 


EIGENFUNCTIONS FOR IRREDUCIBLE REPRESENTATIONS 
OF THE TETRAGONAL GROUP 


Representation Eigenfunctions 

odd 1 even | 

Ag Ay Po; /2 Pa, cos ἀμφ 

Aj Ap | V2 Pa, sin 4u@ | 

By Bo | V2 Pin42 cos (4u + 2)¢ 
Bo By | V2 Pay+2sin (4u + 2) 


E E | V2 Piast gin Ομ + DO 
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the assignments of wave functions to the various representations of the 
tetragonal group. Using the table, we give the eigenfunctions explicitly 
for the first few values of ἰ: 

1=0. Ai: Po ἰΞ- 1. 42: Po 


E:V2PiS ¢ 


Pao, Ages 1= 3. . Ag: Po 
Bo: V2 ΡΞ cos 2¢ Bi: V2 P3 cos 2¢ 
Bi: V2 ΡΣ sin 2¢ Ba: V2 P3 sin 2 
ΒΕ: V2 PPO 6 V2 Pisin? 


V2 PEE 8φ 
[= ἃ. Αι: P5, 1/2 Pi cos 4φ 
Ao: V2 Pisin 4φ 
Bo: V2 P3 cos 2¢ 
By: V2 ΡΞ sin 2¢ 
BE: V2Ptay 6, ΜῈ ΡῈ gin 3¢ (9-51) 


For 1 < 3, each irreducible representation appears only once in the 
resolution, so that we have obtained the proper zero-order wave functions. 
For 1 = 3, D® contains the representation EH twice. The proper zero- 
order functions for 4.9, B,, and Bz are those tabulated, but for # we must 
now solve the secular equation. Note that only cos ¢ and cos 3¢ (sin φ 
and sin 3¢) are coupled to each other since they belong to the same row 
of the representation. We shall leave the solution of the secular equation 
as a problem. 


Problem. Solve the secular equation and find the zero-order functions for 
the H-levels formed for! = 3. 


Our main result is that the proper zero-order functions are no longer 
given by symmetry considerations, but depend in detail on the nature of 
the perturbing field. Similarly, for 1 = 4, we would have to solve a secular 
equation for the A,-term and the #-term. 

Next, we find the zero-order functions in a crystal having hexagonal 
symmetry, as exemplified by the group Ds. The argument is similar to 
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TABLE 9-9 


EIGENFUNCTIONS FOR IRREDUCIBLE REPRESENTATIONS 
OF THE HEXAGONAL GROUP 


Representation EKigenfunctions 

odd / even | 

453 Ay | Po; V2 Po, cos θμφ 

Ay Ao | V2 Péy sin bud 

By Bo | V2 Péu+3 cos (64 + 3)¢ 
Bo By | V2 Péy+3 sin (64 + 3)¢ 
Ep Ea | V2 Poise sin Ou + 2)Φ 
By Ey | V2 Péxitsin (64 + DO 


that used for the tetragonal group. Now cos m¢ and sin m@ are coupled 
unless m is a multiple of 3. The table of assignments (cf. Table 4-17) is 
given in Table 9-9. Again, we give the functions for the first few values of 1: 


L-= Ὁ. Αι: P? a Ag: P} 
Ei: V2PiG Φ 
b= 2. AGP, l= 3. Ao: Ρὸ 
Es: V2 P3 24 Bi: V2 P3 cos 3¢ 
; 9 peg 
By: ΜῈ PEO 6 Bo: V2 P3 sin 3¢ 


S 
Eg: —— 


1= 4. Ay: Po 
Bo: V2 Ρξ cos 3¢ 
Bi: V2 Ρξ sin 3¢ 
Ba: VEPISE26, VIPER 46 
Ey: V2 PAG. φ (9-52) 
For ἰ = 4, we would have to solve the secular equation for the /2-levels. 


The angular distribution of the charge density for a degenerate state 
is found by taking the sum of the squares of the absolute values of the 
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wave functions belonging to the various values of m which are degenerate 
with one another, so that the charge density is the sum of all the spherical 
harmonics belonging to the given lJ, and is therefore spherically symmetric. 
In the crystalline field the levels belonging to a given / are separated from 
one another, so that the charge distribution is no longer spherically sym- 
metric. The asymmetry of the charge distribution will be related to the 
crystal structure. For the tetragonal group the crystal symmetry first 
makes itself felt in the P-state. For the A >-level, the charge is concentrated 
along the Z-(principal) axis, since the density varies as cos”6; for the 
E-level the density varies as sin?@ and the charge is concentrated in the 
XY-plane. In the free atom these two states would be degenerate with 
each other, but the nonequivalence of Z with X and Y in the crystal lifts 
the degeneracy. Starting from a D-state, we get the levels By and By, 
with charge densities varying as sin* θ cos? 2¢ and sin‘ @sin? 2φ, re- 
spectively. In both cases the charge is concentrated in the equatorial 
plane, but for Bz the density is high along the crystal axes X and Y, while 
for B, it is high along the lines φ = 45° and 135°. Similar considerations 
apply to the charge density under hexagonal symmetry. The hexagonal 
pattern is first shown clearly in the levels resulting from an F-state of the 
free atom. The wave functions of the B,- and Bo-levels are both concen- 
trated in the hexagonal base planes; but for B, the density varies as 
cos? 3¢ and is high for ¢ = m7/3, while the density for Bs, varies as 
sin? 3¢ and is shifted through 30° relative to the pattern for B,. 

Finally we consider the case of cubic symmetry (group O). The es- 
sential feature of this symmetry is the equivalence of x, y,’and z. The 
procedure for finding the zero-order functions belonging to various ir- 
reducible representations is the following: For a given J, express the 
functions r'P,,(6) 9095 m@ as polynomials in 2, y, z. Perform all possible 
permutations of xz, y, and z. Polynomials which are transformed into one 
another by these permutations belong to the same irreducible representa- 
tion. For 1 = 0, we have P2 = 1, belonging to the identity representation 
A,. Forl = 1, (P-state), rP§ = z is transformed into z and y by permu- 
tations of the coordinates, so the P-level is not split by the crystalline 
field. To decide whether this set belongs to F,; or F»9, we consider the 
effect of the operation C4, a rotation through 7/2 about the Z-axis, which 
changes x into y, y into —z, z into z; the character is 1, so the functions 
belong to F;. Forl = 2, we start with r?P2(6) = ἢ (822 — 4). Permu- 
tations generate 4(3z” — 1) and 4(3y? — 1), which can both be expressed 
as linear combinations of r*P2 cos 2¢ and r?P3: 


32° — 1 = 3sin? 6cos?¢@ — 1 = 2 sin? 6+ 3 sin? θ cos 2¢ — 1 


= ὃ βίη @ cos 26 — (3 cos? 6 — 3). 


9-5] 


Term 


De 


Ps 


F; 


Fe 


Gs 


Ge 
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Representation 


[2 


Ag 


Fy 


Fo 


Αι 


TABLE 9-10 


Crystal eigenfunction 


(27)1 = Po 
(2Y)2 = /2 ΡΞ cos 2φ 


(21 = V2 PZ sin 2¢ 
(2e)o = \/2 Pi cos } 
(203 = V2 Pising 


(38) = V2 Po sin 2¢ 


(38)1 = Po 
(38)9 = ν 2 P3 cos 36 — V2 Pi cos φ) 
(38)3 = V/2(\/E ΡΒ sin 36 + V2 Pi sin φ) 


I 


(36)1 = /2 P3 cos 2 
(B62 = νι P3 cos 36 + VE Pi cos φ) 
(363 = νιν P3 sin 36 — V3 Pisin φ) 


(4a) = V5 Po + ν 1 ΡᾺ cos 4φ 


(4γ)1 = /2 Ps cos 2φ 
(4γ). = Vs P6 — V5 Pi cos 4φ 


(48), = “ἃ P4 sin 4¢ 
(46)2 = Jt Pi cos @ — VJ P3 cos 3¢ 
(48)3 = V2 Pisin g + VE Po sin 36 


(41 = V2 Pgsin 2¢ 
(46€)2 = Jt Pi cos @ + Vt P3 cos 38h 
(4€.3 = V2 Pising — VE P3sin 3¢ 
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Similarly, if we start from r?P7{ cos ¢@ « zz, permutations generate xy and 
uz which are proportional to 


sin’ θ sin 26(= P3sin2¢) and sin @cos @sing (= P? sin φ), 


respectively. Applying C4, we find C4(zy) = —ay, C4(xz) = yz, C4(yz) = 
— vz, so the character of C4 is —1, and the functions belong to Fo. 

We have tabulated the zero-order functions through | = 4 (Table 9- 
10). The notation for the crystal terms and eigenfunctions is that of Bethe. 

The charge density again shows the influence of the crystal structure, 
even in zero order. Thus a D-electron of an atom in a cubic crystal will 
be in either of the crystal states EZ or F2, depending on which has the 
lower energy. If it is in the H-state, its charge density will have the 
angular distribution 

(Po)? + 2(P3)” cos? 26 = $(2 cos? 6 — 4)? + 415. sin* θ cos” 2¢. 

This charge density will have its maximum value along the 4-fold crystal 
axes. It will be zero along the 3-fold axes (cos @ = 1/\/3, φ = 77/4). On 
the other hand, if the electron is in the F2-state, its charge density must 
be the complement of that for the EH-state (since their sum must be 
spherically symmetric), so the electron in the F-state will have zero 
charge density along the coordinate directions and a maximum along 
the 3-fold axes. 


Problems. (1) Find the zero-order crystal wave functions for 1 = 3 under 
cubic symmetry. 

(2) Describe the charge density for the cubic crystal states resulting from an 
F-state of the free atom. 


9-6 Two-valued representations of the rotation group. The unitary 
unimodular group in two dimensions. The representations D™ of the 
rotation group are, as we have shown, a complete set if we require our 
matrices to be single-valued functions of the group parameters. But we 
know that there are systems of functions whose transformation properties 
under rotation are different from those of the spherical harmonics which 
formed the bases for the representations D™. Our representations were 
obtained by considering functions of the space coordinates x, y, z. We 
often deal with physical systems which have additional internal degrees 
of freedom (spin). Under a space rotation the coordinates of the physical 
system change, but in addition the transformation affects the internal 
coordinates. If we rotate through an angle 6¢ about the Z-axis, any func- 
tion y of the coordinates and the internal variables undergoes an infini- 
tesimal change ὃψ (proportional to 6¢). Thus 


ὃψ = ww 49, (9-53) 
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where J, is the Hermitian infinitesimal operator for rotation about the 
Z-axis. Similarly, we introduce infinitesimal operators Jz, J, corresponding 
to rotations about the other coordinate directions. The commutation 
relations for the J, are given by Eq. (8-101). As is shown in texts on 
quantum mechanics, these commutation relations have the consequence 
that the eigenvalues of J, are a set of numbers running from —J to +7 
in unit steps, and that 7 must be integral or half-integral. The representa- 
tions which we have discussed so far correspond to integral 7 (integral 
angular momentum). We now wish to consider the other case where the 
number of basis functions of the irreducible representation 1s even. We 
start from the simplest case of 7 = 4 since, as we saw when we discussed 
coupled systems, we can derive all other cases by taking product repre- 
sentations. 

We consider a representation in terms of a pair of complex variables 
u,v. Under space rotations these functions are transformed into linear 
combinations of u and v: 


u’ = au + θυ, vy’ = cu+ dp. (9-54) 
The coefficients of the transformation will depend on the particular 
rotation being considered. From the physical point of view, we want the 
probability density |u|? + |v|? to be invariant, so we are interested only 
in unitary transformations. Secondly, we note that if we take two pairs 
of functions v1, 01; U2, ve Which are both transformed according to (9-54), 
the function ujv2 — wed, is merely multiplied by (ad — bc) as a result 
of the transformation. Thus u,v2 — ἰοῦ] forms the basis for a one- 
dimensional representation of the rotation group which must coincide 
with the representation D‘® which we derived earlier. Since the basis 
function of D™ is invariant under space rotations, we see that we must 
require ad — be = 1. Weare dealing with the group of unitary unimodular 
transformations in two dimensions, the group U2. [Another symbol for 
this group is SU(2).] For such transformations, 
aa* + bb* = 1, cc* + dd* = 1, 
(9-55) 
a*c + δα = 0, ad — be = 1. 
Solving the last equation for d and substituting in the others, we find 
d= —, = be = 1; c= — ἢ, d=a". 


We are led to consider the group U2 of transformations, 


u’ = au - θυ 


ees (aa* + bb* = 1), (9-56) 
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which has three independent real parameters. Now we must find the ir- 
reducible representations of the unitary group and then show how the 
representations of Uz enable us to obtain representations of the rotation 
group. 

The matrices (9-56) already provide us with one representation of U9; 
1.e., the representation in terms of the matrices of 4.5 themselves. We 
can construct other representations by taking symmetric product repre- 
sentations of this representation with itself. The symmetric products 
u*, uv, υ (= 21,22, 13), being homogeneous polynomials in u and 2», 
are transformed among themselves by the transformations (9-56). From 
(9-56), by taking products, we find 


x = ax + 2abxo Ἢ 0715, 
x5 —ab*x; + (aa* — bb*)xo + a*brz, (9-57) 


χῇ = b**x, — 2α 92. + a* zz. 


We now rewrite these equations in terms of x, + 23, 2: 
χὶ — x3 = (a? — b**)x, + 2(ab + a*b*)z_ + (6? — a**)z5 
= (a? — b** + Bb? — a**)\(x, + 23) + 2(αὖ + a*b*)xo 
+ ξ(α" — b*? — b? + a**) (a, — 23), 
vy + 2h = ξ(α" + αὖ + BD? + b**) (21 + 23) + 2(ab — αἴ). 
+ ξ(αῦ — αἴ + b*? — ναι — 29), 
xo = 3(a*b — ab*)(x; + x3) + (aa* — bb*)xe 
— $(a*b + ab*)(x1 — 23). (9-58) 


Now let x = (1/2)(a1 — 23), y = (1,32 (αι + x3), 2 = 22; then 


CS 5 (a? — b** — δ" + αὖ) 

+ : (αἴ -- b** + b? - a**)y + (ab + a*b*)z, 
y= ~5@ + b** — b* — αὖ 

+ ; (a* + b** + δ᾽ + a**)y — i(ab — a*d*)z, 
2’ = —(a*b + ab*)x + i(a*b — ab*)y + (aa* — bb*)z. (9-59) 


We have succeeded in associating with each matrix of U2 a transforma- 


9-6] TWO-VALUED REPRESENTATIONS 301 


tion of the variables z, y, z. Moreover, we see that the coefficients in 
(9-59) are all real. If we square, add, and use Eq. (9-55), we find that 
g/2 4+ y/% + 2/2 -Ξ 4? + y? + 2”; hence (9-59) is a real orthogonal trans- 
formation of z, y, z, (with determinant unity) and therefore a pure rotation. 
Thus, if we are given a unitary unimodular transformation (9-56), we can 
use (9-59) to find a three-dimensional rotation associated with it. We 
now show that all rotations are associated with unitary transformations 
in this way. The rotations are characterized by the Euler angles a, 8, Ύ. 
If we choose a unitary transformation with a = e*”/?, ὃ = 0, Eq. (9-59) 
reduces to 


x’ = xcosa — ysina, μ' = xsina+ y cosa, χ' =z, (9-60) 


i.e., to the rotation R(a, 0, 0) through angle a about the Z-axis: 


pial 0 cosa —Sina O 
|- sin a cosa 0}. (9-61) 


0 0 1 
If we choose a = cos 8/2, ὃ = sin 8/2, Eq. (9-59) reduces to 


2’ = zcoss — ὦ 51ὴ β, χ' = zsin8-+ zxcosB8, y’ = y, (9-62) 


i.e., to the rotation R(0, 8, 0) through angle 8 about the Y-axis: 


cos Ρ sin cosB 0 sin B 
— 0 1 0 |: (9-63) 
—sin Ρ cos 5 —sinB Ὁ coss 


Thus we can associate the general rotation 
R(a, 8, Y) = R(7, 0, 0) RO, β, 0) R(a, 0, 0) 


with the unitary transformation 


οἷν] 2 0 cos , sin : οἷα! ἢ 0 
—ty/2 —ta/2 : (9-64) 
O 6 . £B β 0 e 
—sin = cos = 
2 
or 

δὸς ξ UDA οἴῃ δ pil 3) -τα) 
Ἢ ἘΝ Ὁ R(a, 8,0). (9-65) 

—sin Ξ eft! 2)(α--Ὑ} cos 5 ες (12) (Ἐν) 
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We have achieved a homomorphic mapping of the unitary group U2 
onto the rotation group. We must now determine how many elements 
of Ue, are mapped into the identity of the rotation group. From (9-65) 
we see that the two unitary matrices 


and 


are mapped into the identity element of the rotation group. These two — 
elements therefore form an invariant subgroup of Ue, and their products 
with any element of Uz are mapped into the same element of the rotation 
group. So each element of the rotation group is associated with a pair of 
elements of the unitary group which differ merely in a change of sign of all 
their coefficients. The group manifold of Ue is in one-to-one correspondence 
with the points | 


jal? + |b]? = 1 (9-56) 


of the surface of a sphere in a four-dimensional space. Since the sphere 
is simply connected (cf. the problem in Section 8-14), the group manifold 
of U2 is simply connected. Uz has only single-valued representations 
(cf. Section 8-14), and is the universal covering group of 07(3). 

Ii we obtain a representation of the group Us, the matrices of this 
representation will be associated with the corresponding element of the 
rotation group. Since the square of the element [—} _9] of the unitary 
group is [ὁ 9], its representative in any representation must be plus or 
minus the identity matrix, i.e., D(—1) = +D(1) for any representation 
of the unitary group. If the representation has D(—1) = D(1), then 
D(—u) = D(u) for any element u of the unitary group, so that a single 
matrix is associated with each element of the rotation group. Such single- 
valued representations of the rotation group must coincide with the D” 
which we found earlier. If on the other hand, in a representation of the 
unitary group, D(—1) = —D(1), then D(—u)= — D(u) for each element 
u of the unitary group, and each rotation has two matrices associated 
with it. These two-valued representations of the rotation group are not 
proper representations, and the orthogonality theorems which we derived 
earlier cannot be applied to them. As we shall see later, in treating a 
double-valued representation of the rotation group we actually go over 
to the unitary group (for which the representation is single-valued) and 
treat it instead. 
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Our first task is to find all irreducible representations of the unitary 
group. The technique for constructing the representations consists again 
in forming symmetric products, as we did for the special case at the start 
of this section. Starting from u, v and transforming according to (9-56), 
we consider the set of products 

ut, 57 ἵν, σοι. μυ37 1 9: (9-66) 
or 
yr tmyi—™ Se 
lS a OS a a a, 80 
Vg + ἡ! — m)! 


_ where 7 is integral or half-integral. (The factors in (9-67) have been chosen 
to make the representations unitary.) Jor a fixed 7, the homogeneous 
polynomials ἔνι are transformed among themselves by the linear trans- 
formations (9-56). They are therefore the basis for a (27 + eras 
representation of the unitary group. Tor example, for 7 = 3, we have 
fio = U, f-iyo = ῦ, and our two-dimensional representation of me 
unitary group 18 ve set of matrices (9-56). Tor 7 = 1, we have fy = μ 
fo = w, f-1 = v” , and we obtain the fired nicesioual eoorecente ion 
(9-57). We shall label the representations of the unitary group as D(a, b), 
where a and ὃ are the coefficients in (9-56) which characterize the group 
elements (aa* - bb* = 1). To find the matrices of the representation, 
we apply the transformation (9-56), (a, δ), to fm: 

ROD f= Ph ra) ™ (C48) 

ν Ὁ + m)\(j — m)! 


Expanding by the binomial theorem, we have 


1 (7 +m)! 
R(a, b)fm = FS a DS se RO GT FD ATE 
a 2, VG -Ὁ m)\(j — m)! wij + m — p)! 


x (au)? t"*(bv)" G eeu) 


em 7 (ako) 


> VG + mG — πὴ! 
7: 


- alas - κι -- vb 
Rats γι μ)}μ1() m vy) tp! 


x gah ay ae ee δ (9-69) 
We need not indicate the upper bounds on yp and », since the factorials in 


the denominator annihilate the result when we go outside the proper 
range. We now express the right-haid side in terms of the functions ἔζη. 
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Let y= 7 —p—~m’; then 2) --τϑῖαμ --τν Ξ 7-- νύ, μ-ὴν Ξε -- ηἱ, 
and 


= [Ὁ + mj — m)'G + mG — ην}}} 
R(a, Dihm = Do bm Gm Ga =a 


ΕΠ ΕΝ ὌΝ eo (Ὁ 
x ΧΩ Aye Ὁ “b"(—b*)” mre >> fin’ Dra'm(Q, b), 
m’ 


(9-70) 


or 


D (yb) — [Ὁ -Ὁ τ) 0 -- mIG + mG = my? ὁ 
one » (7+ m — μ)ὶ)μ!() — ην — p)\(m’ — m+ p)! 


Χ a Sey (9-71) 
We note that the basis functions f,, are independent and that 


eye 


Dll? = DO ig = Gp (e+ I, 72) 


so that Σ᾽» |fm|? is invariant under the unitary transformations, and our 
representations are unitary. 

The explicit form (9-71) for the matrices D®,,(a, b) is quite compli- 
cated. For the special case of m’ = j, the factor (7 — m’ — μ)! in the 
denominator makes all terms vanish except the one for μ = Ὁ: 


Dia, Ὁ) = fat, (9-73) 


From (9-73) we see that the matrix coefficients D(a, b) are, in general, 
different from zero. 

For the special case a = e*/?,b = Ο, only the term with μ = Ὁ remains 
in (9-71), and we find 


Using the special matrices (9-73) and (9-74), we can show that the 
representations D(a, b) are irreducible. The method is the same as the 
one used for the representations D” of the rotation group. If a matrix A 
commutes with the diagonal matrix D(e*/?,0), it must have only 
diagonal elements: Am'm = Gm 6m'm. If A commutes with the general 
unitary matrix D(a, b), then, taking the (jm)-component of the products 
AD and DA, we have a; DY? = D2? am for all γι. From Eq. (9-73), 
ΣΝ ~ 0, 850 a, = a; for all m. Thus we have shown that a matrix which 
commutes with all matrices of the representation must be a multiple of 
the unit matrix. Therefore the representations D(a, δ) are irreducible. 
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For different 2, the dimensions of the representations D® differ, and 
hence they are not equivalent to one another. 

In order to find the characters in the various representations D(a, ὃ), 
we note that every unitary unimodular matrix can be brought to diagonal 
form by a unitary unimodular transformation, and that its eigenvalues 
are a pair of complex conjugate numbers. Thus every unitary unimodular 
matrix is equivalent to one of the form 


2.515 0 
0 ental? ᾿ 


and has the same character as 


Pls 0 


in any representation. From Eq. (9-74), we have 


j A 
Dei? 0) = δ᾽ ima _ Sin(j + 3)a : 
gee oS sin e/2 19:05) 


where a ranges between 0 and 27. 

The representations D” (a, b) form a complete set of irreducible repre- 
sentations of 1.5. The character of any other representation would (when 
multiplied by the density function of the group) have to be orthogonal to 
all the characters (9-75). But by taking differences we find 


, Οἱ 
xO (et? 0) = 1, Χο 2: Ξ 2 cos δ᾽ x) _ χίθὺ. 2 cos a, 


ΧΟ... ΧΟ) 9 ΕΣ , ete. 
These functions form a complete set in the range 0 to 27, so there can be 
no independent representation. 

The representations D(a, b) of the unitary group provide us with 
representations of the rotation group. Using Eqs. (9-65) and (9-70), 


we have 


Dia'm(ar, B, Y) πῶς Din (cos Pe ocean sin E μεθα Ὁ) 


i a aaa 


() +m — p)lul(g — m’ — μ)!ύπ' — m+ p)! 


i. τὰ β 27-Ἐπι-την --ῶμ Λ΄ β m'’—m+2p 
Me Le COS 5 sin 5 . 


(9-76) 


| 


306 AXIAL AND SPHERICAL SYMMETRY [cHaP. 9 


If desired, we can eliminate the factor (—1)™—” in (9-71) and (9-76) 
by going over to equivalent representations by transforming with the 
matrix 6m'm(—1)™. 

The characters of the elements of the rotation group can be obtained 
from the special form (9-75) with a = ¢@and B = Y = 0: 


pay _ SO jime _ sin(7 + 3)¢ 

xX (φ) ΞΞ δῦ = ~sind/2 (9-77) . 
lor integral j, the characters coincide with those of the representations 
D" obtained earlier, so that the D™ for integer 7 are the same as the D™. 
For half-integral 7, each rotation has two matrices + D” (a, B, Y) associated 
with it in the representation. It is important to keep in mind that the 
representations D‘” are always single-valued representations of the unitary 
group. The double-valuedness of the representations of the rotation 
group for half-integral 7 arises because two unitary matrices whose repre- 
sentatives differ in sign are associated with each rotation. This double- 
valuedness is inherent. If R and S are two rotations, we can write only 


D?(R)D?(S) = +D(RS), 7 = 3,8 εἰς, (9-78) 


and cannot choose the sign uniquely. As an example consider the group 
consisting of the identity H and the rotation C2 through angle 7 about 
the Z-axis. The identity 1 is associated with the two unitary matrices 
[ὁ 1] and [~4 —{], while C2 is associated with [} Ὁ] and [ὁ °] according 
to Eq. (9-61). If we choose as our representatives 


D(E) = ἱ a, pCa = i be 

then 
D(E)D(C2) = ἐ = A = D(BC2) = D(C2), 

but 


== 


; ι} = —D(C2) = —D(E). (9.78) 


D(C2)D(C2) = 

The + sign in (9-78) is essential and cannot be eliminated by arbitrary 
assignment. 

If we now consider the rotation-reflection group, we adjoin the inversion 

1 to the rotation group. The corresponding process in the unitary group 

can be executed only by considering it as an abstract group to which we 

adjoin an element ὁ such that 7? is the identity element of the unitary 

group and 7 commutes with all the elements of the unitary group. In any 

representation of the unitary group, the matrix representing 7 is neces- 
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sarily either plus or minus the unit matrix, so that the same is true for 7. 
Note that the association i — J is the one case where a member of the 
rotation-reflection group is associated with a single element of the (aug- 
mented) unitary group. For integral 7, we obtain the same results as 
before: The rotation R has the representative D\”(R); if 1(1) has the repre- 
sentative (1), then D (RI) has the representative D‘’(R); if 7(Z) has 
the representative (—1) then D (RI) has the representative —D‘’(R), 
in agreement with our earlier discussion of positive and negative repre- 
sentations. However, for half-integral 2, the representative of # is the 
pair +D(R), so that for either choice of the representative of 1 we 
obtain D? (RI) = +D(R). 


9-7 Splitting of atomic levels in crystalline fields. Double-valued 
representations of the crystal point groups. Now we must consider the 
same perturbation problem that we examined for integral representations. 
How does a level of the atom split when the symmetry is lowered to that 
of one of the crystal point groups? We cannot proceed as we did before 
because the orthogonality theorems apply only to single-valued repre- 
sentations. We must first find the two-valued representations of the crystal 
groups, just as we have found the two-valued representations of the full 
rotation group. 

The method usually presented for finding the two-valued representa- 
tions of the crystal groups is quite artificial. We shall try to make it 
plausible. When we wish to find the two-valued representations of the 
group C2 [Eq. (9-78)], we consider the group C3 of four unitary matrices, 1.e., 


Ε C2 
ν΄ Ν, f ™ 


E R C5 CoR 
1.0 —1l 0 2 0 --, 0 
F i F oi ᾿ τ F i ree 


and find its representations. Any representation in which the element δ 
has the same character as E will be a single-valued representation of the 
proup Cy. If the character of R is the negative of the character of H, then 
we are dealing with a double-valued representation of the group C2. To 
obtain all representations of C2, we need only find the representations of 
the group C4 of unitary matrices given in (9-79). This method for finding 
the representations of the point group is correct, but has the disadvantage 
that we lose the intuitively valuable picture of the elements as geometrical 
operations. Hence we try formally to consider the group of four operations 
(9-79) as a set of geometrical transformations. From (9-79) we note that 
C2 = R; successive rotations through 7m about a given axis do not give 
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the identity. We formally add to the ordinary rotation group an element 
& which corresponds to rotation through 27 about an axis, and take all 
possible products of R with the elements of the rotation group. We then 
obtain what is called the double group corresponding to the original ro- 
tation group. | 

As another example take the group 222. This group is abelian and con- 
tains the four elements C,, C,, Cz, E in four classes. In order to find all 
representations of D>» (integral and half-integral) we must go over to the 
subgroup of U2 which is associated with D2. This subgroup D3 can be 
found from (9-61) and (9-63): 


E Cy Cy C3 

iN ‘oN iN i™ 
E R C, μὲ Cy, C,R Cz. ΟΕ 
1 0][--1 0 i O|f—7 o] | [0 "| 0 al k | 0 ai 
010 -Ἱ 0 --ἰ] 0 ὦ —1 011 0 i 0Ι1-ἐ 0 


We note that the group Ds is not abelian: 


—i 07 _fi 07] 
ὴ || = Ge, C0. = [5 Oo |=. 


cc, =| 
Also C2 = CG; — ΟΣ = R, so successive rotations through 27 about any 
axis give the element R, which we now interpret as a rotation through 
angle 27. From (9-80) we also verify that R? = E. Thus we may look 
upon the double group Ds as a group of rotations in which we return to 
the identity only after rotation through 47. We shall now derive all repre- 
sentations of the double groups corresponding to the various point groups. 
To find all the representations of the groups Θ,, we go over to the double 
groups ©, containing 2n elements C,,C%,...,Cx = R, CaR, C2R,..., 
CLR = C2" = E. The double groups ΘΖ are cyclic abelian groups gen- 
erated by an element C, which now has period 2n. Since the group is 
abelian, ©, has 2n one-dimensional representations. The basis functions 
for the various representations of C;, are 


ig/2 ib (316/2 
1. 6 ὙΦ" 


e€ ᾿ 6 bi eiin—1/2)¢ (9-81) 


Applying C,, to any one of these basis functions, we find 
Cem «--. ge 2rimin ime (9-82) 


For integral m, Cre’"* = e*”* so that we obtain the single-valued repre- 
sentations tabulated in Chapter 4. For half-integral m, we have ΟἹ εῖπιφ = 
—e’™”* vielding double-valued representations of Cn. 
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For @3, the basis functions 1 and οἷ give the single-valued representa- 
tions, while for the functions e*/? and e~*/? we find 


Coeti#!2 — et DOM __ sp jg ttdl2, 


The (complex-conjugate) double-valued representations are 


δ. |E R Cz CoR 
= Sey (9-83) 
E’ | 1 1 1 a 


2h, 2 a 


We use a prime to denote a double-valued representation. We note a 
general property: in a single-valued representation any element S and 
the element SR have the same character, while in any two-valued repre- 
sentation their characters have opposite signs. Thus the characters of 
the two-valued representations are automatically orthogonal to those of 
the single-valued representations. The groups €3, Θά, and Cg can be 
treated in this same way. 


Problem. Find the double-valued representations of the group C3. 


In considering the single-valued representations of the point groups, 
we discussed the two-sidedness of axes. If a 2-fold axis (rotation U2) 
existed perpendicular to the n-fold axis, then Ce and ΟΡ were in the 
same class because UsC*’Us! = [70 "7, = C"™—* Similarly, if a reflec- 
tion plane passed through the n-fold axis, we obtained the same result. 
(This reduces to the previous case since σὺ = [U2 and o,C'o,' = 
1U,C* IU, = Cr, because J commutes with all elements of the group.) 
In the double groups the inverse of U2 is not U2 but rather U2R, so that 
the element equivalent to ΟἹ is U2CkU2R = c?-*R. In the groups Dp, 
the Z-axis was two-sided, so that C*® and Οὐ were in the same class. 
Now when we consider the double group D,, the elements C* and Cx *R 
are in one class, while Οὐ and C;R are in another. So, in general, the 
double group has twice as many elements in twice as many classes. The 
number of classes is not doubled in one special case: if n is even, the 
rotation through 7, ΟἿ 2 forms a class by itself in D,, and also gives a 
single class ΟἿΣ C?/"R in the double group D,. The presence of a 2-fold 
axis with even n makes the number of classes in the double group less than 
twice the number of classes in the original group. 

We take first the group D5, which we discussed earlier. All axes are 
two-sided, so the double group D3 has eight elements in 5 classes: 


He Re ΟΣ CYC Rs CC. 
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There are five irreducible representations of D3, and Σ ὃ. , n2 -- 8. Of 
these representations, we have previously found the single-valued ones 
which assign the same matrix to κα and R. There were four such representa- 
tions, all one-dimensional. Thus we are left with one new double-valued 
representation whose dimension is 2: 27 + 17 + 17+ 17+ 12=8 Its 
matrices are those in (9-80). The characters are 


ὃ, Cy C, 
ΡΞ ΙΕ R C,R C,R C.R (9-84) 


EB’ |}2 -ἢὸ 0 0 0 


We note another general property of two-valued representations. Since 
D(SR) = —D(S), it follows that x(SR) = —x(S); so if S and SR are 
in the same class, x(S) must be zero. This will occur for any rotation 
through 7 about a two-sided axis. The basis functions of the two-dimen- 
sional representation E’ are e+**/?, 

The group D3 had 6 elements in 3 classes. The double group Dj has 
12 elements in 6 classes: 


E; R; Cs,C3R; C3,C3R; C.(3); C,R(3). 


Because the group does not contain a rotation through a about the two- 
sided Z-axis, we double both the number of elements and the number of 
classes, and obtain three new (double-valued) representations of order 
1.1 Ὁ, 

In a one-dimensional representation x(C3) = [x(C3)]?, but since ΟΣ and 
C'3R are in the same class, x(C3) = —x(C3), so that we must have 
x(C3) = —1. Also, since ΟΣ = R and x(#) = —1, x(C,) = +7, giving 
us our two.complex conjugate one-dimensional representations. Since we 
have only one two-dimensional representation, its characters must be real. 
Thus for Cz, the matrix must have each of the eigenvalues 7, —7 once, 
yielding x(Cz) = 0. Since C3 = R, the eigenvalues of C3 are —1, 
e~'"/3: in a real representation the pair of eigenvalues e+**/* must appear, 
giving X(C3) = e™/3 + e 7/3 — 1 The characters of the two-valued 
representations of D3 are: 


Cx 05 
D, | E R C3R C3R C,(3) C,R(3) 
Bs | 1 —1 —1 1 1 —1 
ΤΠ =, ς΄ Ὁ. «ΞΘ ὶ (9-85) 


Es 2 a2 Το, -==1 0 0 
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An alternative method is to use Eq. (3-173). If we label the classes. 
of D3 in the order of (9-85), then 


“ἢ = (C3 + C2R)? = ΟΣ - C3R? + 2C3R 
= (3 +C3R + 2E = κι, + 2K, 
whence 6534 = 1 and c331 = 2. Using Eq. (3-173), we find 


AxX2 = X,(2X4 + 2X). 


Since X4 = —X3 and xX, = n, we have 4x3 = n(—2x3 + 2n). Forn = 1, 
4x2 +. 2x3 = 2, and X3 = —1 or }. Since 4 is excluded (in a one-dimen- 
sional representation X must be a root of unity) we have X3 = —1 in both 


one-dimensional representations. For n = 2, 4x3 + 4X3 = 8, 80 Χ = 1 

or —2. The value —2 is excluded since the sum of the squares of the 

characters would exceed the order of the group. Thus we obtain our 

results by this alternative method, which we now apply to D4 and Dg. 
The double group D4 has 16 elements in 7 classes: 


Ci 
C2R 


οἷ 
O4R 


C4 
CR 


C'2(2) 
C,R(2) 


C'9(2) 
Co R(2) 


Ε 


while D, had 8 elements in 5 classes. We have two two-dimensional 
double-valued representations. Since all axes are two-sided, we have 
Xs = Xg = X7 = O. Also, 


KR? = (Cy + C3R)? = ΟΣ + CUR? + 2C7R = Ks + 2K, 


so 6585 = 1, €331 = 2. Since Χρ = 0, we have for n = 2, x3 = 2, 
X3 = +v2, giving us our two representations. 
Similarly in Dj we have 24 elements in 9 classes: 
C6 
Cer 


Cé 
CER 


Ce 
C3R 


Cé 
C2R 


C8 
ΟΕ 


C'2(3) 
C,R(3) 


C'o/(3) 
Co (3) 


i 


while ᾿ς had 12 elements in 6 classes. Since there are three two-valued 
representations and n? + τ + πῇ = 12, all have n = 2. Again X7 = 
Xe Xo: = 0, 
K2 = Keg + 2K,: so for n = 2, XG =Xg+2. But Xs = —Xz4, so 
x? +X, = 2and X4 = 1 or —2. 
KgkK4 = K7 ++ K3: since X7 = 0, we obtain for n = 25 X3X4 = X38; 
hence X4 = 1 unless X3 = 0. 
xe = K,+2K,;: so xg —=X,+2. For x, = 1, X3 = Ἔν; for 
X3 Ξ- Q, X4 = —2. 
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We thus obtain the three representations which are given in our final 
tables (Table 9—11la through ἢ). 
The double group 7” has 24 elements in 7 classes: 


E| R|C3(4) |CsR(4) | €3(4) | C2R(4) | C2(3), CoRO), 


TABLE 9-11 


CHARACTER TABLES FOR Two-VALUED REPRESENTATIONS 
OF THE CRYSTAL ΡΟΙΝΤ GROUPS 


C; Cc; Cz 
D2|E R C,R C,R CLR 


EF’ |2 -2 0 O 00 
(a) 


Cz; C8 
Di |E R C3R C3R C,(3) C,R(3) 


: 1-1 --ΓὌῸὉ i 1 - 
BY ae βαὴ 1 - 
Ee [2 - 2 ᾿ sy 0 0 


Ce Οἱ C2(2) Ο:) οἵ 
Di|E R CiR C4R C2R(2) Cx ΕΩ) ΟἿΕ 


A Oo 9 ) 0 0 0 
OO. Ae Ὁ 2 0 0 0 
(c) 


Coe Οὐ Ce οὐ CR Ce(3) Ου (9) 
Dé|E R CéR CER CoR CBR CER C2R(3) Co R(3) 


ἘΠ. ὃ τ V3 f =4/2) <1 Ὁ 0 0 
BoD 229. jana 1 V3 —1 O 0 0 
EF; |2 —2 0 —2 0 2 O 0 0 


(d) (cont.) 
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TABLE 9-11 (cont.) 


C'2(3), 
T \|E ΗΚ σ:( ΟΞ: C3(4) C3R(4) ΟΕ) 
Be 32 -2 1 = i ] 0 
2 —2 € —e€ ΠΕΡῚ εἶ 
G 2-2 εἶ; SS ε 
(6) 


C3(4) οἴ α Οἷ8 C4(8) Οδ(θ) 
ΟΕ R C3R(4) C3R(4) ΟἾ πᾷ), C4R(3) ΟἾΚ() C2R(6) 
Bi, |2 —2 i -1 /2 —V2 0 0 
Eo|2 —2 1 | - 2 ν 2 0 0 
δ ἃ: εὖ -:-Ὁ 1 0 0 0 0 
(f) 


while 7’ had 12 elements in 4 classes, and we have therefore three new 
two-dimensional representations. Since complex representations occur 
in pairs, at least one of the representations must have real characters. 
If C3 is to have a real character in a two-dimensional representation, we 
must choose the eigenvalues e*/? and e—*/?, so x(C3) = 1. (If we choose 
—1 twice, the sum of the squares of the characters will exceed the order 
of the group.) C2 is brought to diagonal form together with Οὐ; hence 
x(C2) = e?t/3 4 e—?r/3 — 1 and the characters are 2; —2; 1; —1; 
—1;1;0. Now the simplest way to obtain the other two representations 
is to take the product of the representation just found with the one- 
dimensional representations which have the characters 1; 1; €; €; εὖ; €7; 
1 and 1; 1; €?; εἷ; €; €; 1, respectively. We then obtain the sets of char- 
acters 2; —2; ε; —e; —e7; e?; 0 and 2; —2; e?; —e?; —e; €; 0. 


Problem. Find the characters of the two-valued representations of T’ by using 
Eq. (3-173). 
The double group O’ has 48 elements in 8 classes: 


C4(3) 
ΟΣ ΚΑ) 


C4(3) 
C4R(3) 


C3(4) 
C3R(4) 


C'3(4) 
C2 R(4) 


C'4(3) 
Ci R(3) 


C'2(6) 


E | 
CR(6) 
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while O had 24 elements in 5 classes, so there are three two-valued repre- , 
sentations, and n? + n3+ πῇ = 24. Two of the representations are 
two-dimensional, the other is four-dimensional. Since there is only one 
four-dimensional representation, its characters must be real. In any 
representation, X7 = Xg = 0; χε = —X5 and X4 = - χε. Im an ir- 
reducible representation, the sum of the squares of the characters must 
equal the order of the group, so 47 + (—4)? + 16x? + 12x? = 48, or 
4x3 + 3x3 = 4. If C4 is brought to diagonal form, the 4 diagonal elements 
must be chosen from the eigenvalues e+’"/* and e+3**/4. The only way 
to get a real character without violating the last equation is to ensure 
that all four eigenvalues appear, in which case x(C,) = χε = 0. Then 
we must have x} = 1,X3 = +1. But C3 has the eigenvalues —1, e="7/?: 
the four elements of the matrix of C3 must be chosen from these in such a 
way as to give a real trace. If we choose the pair 6: τ 3 twice, then X3 is too 
large to satisfy the condition given above. We must choose —1, —1, e#’7/3, 
which yields ΧΩ = —1. So we get the set of characters 4; —4; —1;1;0;0; 
0; 0. To obtain the two-dimensional representations, we make use of the 
theorem according to which their characters must be orthogonal to the 
character of the four-dimensional representation just obtained. Since they 
have X(#) == 2, X(R) = —2, we find 4-2 + (—4)(—2) — 16x3 = 0, so 
X3 = 1. Next we set the sum of the squares of the characters equal to the 
order of the group, i.e., 4 + 4 + 16 + 12x? = 48 so that χε = +V/2. 

The two-valued representations of the point groups are collected in 
Table 9-11 for convenient reference. 

We can now solve the problem of splitting of levels in a crystalline field 
for the case where the level belongs to a two-valued representation of the 
rotation group. First it is clear that only two-valued representations of 
the crystal group will appear in the resolution, since single- and double- 
valued representations always have orthogonal characters. We use 
Eq. (9-77) to find the characters of the elements of the double group in 
the half-integral representations D™. In the tetragonal double group Dj, 
we have from (9-77): 


Angle 
@=0: Xi = 2+ 1, Χο = —X)3 
og= π: Xs = Xg = X7 = O; 
V2 for 7=%4 (mod 4), 
b= 5: xs = 2G 4 Bre _ 0 for 75 8,1 (mod 4), 
—V/2 for j7=8 (mod 4); 


X4 = —X3. (9-86) 
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Characters of classes of D4 in the | Resolution of D® into irre- 


TABLE 9-12 


(2) + 1)-dimensional representa- ducible representations of Date 

tion of the rotation group D4 

7 Ky K3 

4 2 /2 Ε΄ 1 

3 4 0 {32 2 

8 6 —/2 sh + 285 3 

1 8 0 Bi + 2823 4 

4+ 5’ 8X +2)’ +1 same as | 2λ(Ε1 + Eb) + terms for j’ | j +3 

for 7’ 


Since x, and X3 are the only independent characters, we need record only 
these two in carrying out the resolution. The results obtained by means 


of (9-86) and 


Table 9—-11(c) are given in Table 9-12. 


For the hexagonal group D6, the characters of the classes in the half- 
integral representations D™ are: 


Angle 
o:= 0; 
d= τ: 
T 
Oa 
27 
ee 


Xi = 27+], Xe = —X1; 


Xo = Xe == Xo = 0; 


V3 for 75 ξ, 8 (mod 6), 

_ sin(g + πῶ. -_ 5 11 
3 sin 1/6 π 9 for J 2 Σ (mod 6), 
—V/3 for 7=$,3 (mod 6); 


1 for 7=%4 (mod 3), 
3 (mod 3), 
0 for j=8 (mod3); 


— sin(g + 3)27/8 νος 
ae sin 7/3 =—l for j=3 


X5 = —Xz, Xe = —Xz4. 
(9-87) 


In performing the resolution, we need only record X,, Xs, X4. Again using 


the character 


table for δέ [Table 9-11(d)], we obtain the results listed 


in Table 9-13. 
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TABLE 9-13 
Characters of classes of Dg in Numb 
the (27 + 1)-dimensional Resolution of D™ into irreducible a Pe 
representation of the representations of Dé Ν 
: terms 
rotation group 
j Ky Ko Kg 
4 2 V3 1 E\ 1 
3 4 V3 —1 1+ £3 2 
3 6 0 0 Εἰ + Eb + EB 3 
Ζ 8 -νῷ 1 1+ 285 -Ὁ Ες 4 
3 10 -V3 —1 1 + 285 + 283 5 
11 12 0 0 2K, + 215 + 288 6 
6A + 7’ 27+ 1 sameas for j’| 2\(E4 + H+ Ε5) + terms forj’ | j + 4 


For the reduction to the cubic double group O’, the characters are: 


Angle 
o= 0: X4 
og = στ: χη 
2 
¢ = πὴ X3 
φΦ = 5 > XS 
X4 


27) + I, 
χε = 0; 


sin (7 + $)27/3 
sin 1/3 7 


sin (7 + 3)a/2 
sin 7/4 


X2g = —X1; 


1 for 

1. for 

0 for 

/2 for 

0 for 
—/2 for 


Xg = —Xs. 


The reduction table is given in Table 9-14. 


7Ξ: (mod 3), 

j=#% (mod 3), 

j= (mod 3); 

j = 3 (mod 4), 

j = 3,4 (mod 4), 

j3=83 (mod 4); 
(9-88) 


Problem. Carry out the resolution of the two-valued representations of the 
rotation group for the crystal symmetries D3 and 7’. 
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TABLE 9-14 
Characters of classes of O’ in . 
the (27 + 1)-dimensional Resolution of D into irre- Number of 
representation of the ducible representations of O’ terms 
rotation group 
j Ki Ke K3 
4 2 1 v2 Εἰ 1 
3 ἃ εἰ 0 Gq’ 1 
ξ 0" --ν2 E> + @ 2 
Ζ 0 ΡΒ Ὁ 8 
2 10 —-1 v2 4 + 2G" 3 
A 122 «0 0 (+ Bb + ὦ 4 
6+ 7 1+ Ε5-Ὲ 26’ - terms for | 4-+ number 
7 with Εἰ and E> inter- | of terms for 7 
changed 
12+ 7 2n(E4 + Eo + 2G’) + terms | 8A - number 
for 7’ of terms for 7’ 


9-8 Coupled systems. Addition of angular momenta. Clebsch-Gordan 
coefficients. When the physicist considers the problem of coupling two 
subsystems whose Hamiltonians are invariant under the rotation group, 
he proceeds by adding the “angular momenta” of the parts to give the total 
angular momentum of the system. We first wish to show the relation 
between this method, which uses the Lie algebra, and ours which uses 
the Lie group. 

As in Section 6-4, we consider two subsystems, labeled 1 and 2, for 
which the Hamiltonians of the individual systems are invariant under 
the rotation group. With any rotation R, of the first system there 15 
associated an operator Op, in the Hilbert space of system 1, and similarly 
for any rotation 8.2 of the second system we have an operator Os, in the 
Hilbert space of the second system. Corresponding to the operators Op,, 
we will obtain infinitesimal operators [1 :J12, Jiy, 412 which act on vectors 
in the Hilbert space of system 1. Similarly for system 2, we have infinitesi- 
mal operators Jo: Jez, Joy, J22. Each set of operators satisfies the com- 
mutation rules 


[ἢ γῶν af ny = td nz; [7 Νὰ 2 == td nz; (ed wees Jal -- td ny- (9-89) 
Moreover, since the operators act on functions of different variables, 


[11,12] = 0. (9-90) 
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If we consider the two uncoupled systems together, their Hamiltonian 
will be invariant under any combined rotation R,S», where R and S can 
be different rotations. The Hilbert space of the representation will be the 
product of the spaces for the subsystems (i.e., it will consist of products 
of functions for the subsystems). The operators Or,Os, acting in this 
space will give an irreducible representation of this direct product. By 
setting S equal to the identity, we can obtain the infinitesimal operators 
Ji, and by setting & equal to the identity, we obtain Jz. So for the direct 
product we have the six independent infinitesimal operators J1, Jz. When 
the systems are coupled to one another by adding terms to the Hamil- 
tonian which depend on the distance between 1 and 2, the total Hamil- 
tonian will no longer be invariant under separate rotations of 1 and 2. 
The symmetry group will be reduced from the direct product RS» to 
the group in which 1 and 2 are rotated through the same angle, R; Ro. 
Instead of the operators Or,Os, we must now consider the subgroup of 
operators Or,Or,. For this subgroup of the direct product there are only 
three infinitesimal operators, 


J=Ji+Jz. (9-91) 


The operators J; and 7. satisfy Eqs. (9-89) and (9-90), and the operators 
J necessarily satisfy Eq. (9-89). If the Hilbert spaces of 1 and 2 correspond 
to irreducible representations, our problem is to determine which. ir- 
reducible representations of J are contained in the product space. 

Similarly, if we couple r systems, we go over from the direct product 
Or,Os,°++ Or, to On,OR, +++ O R,, and from the 3r infinitesimal operators 
Ji, J2,...,Jr to the three operators 


i= (9-92) 
n=1 


As shown in Section 8-13, the numerical values of the Casimir operators 

J’,Jj,...,J? characterize the irreducible representations. For given. 

eigenvalues of J/,...,J°, one then calculates the eigenvalues of J? in the 

manner used in texts on quantum mechanics. 

The Clebsch-Gordan series for the rotation group can be easily found 
by using the characters 
j 

x (φ) ἘΠῚ De eine (9-77) 


The character of the direct product 1) 551) x D% of two irreducible repre- 
sentations 1s 


τ 7) j2 
(31: XJ) oe im,¢ imo¢e 
Mba) =. δὴ cee ye δι 


m\=—J1 Mo2==—J2 
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For the coupled systems we must consider only those group elements for 
which ¢, = ¢2 = φ, so that 


Ἂν 71 ᾿ 72 
x1 Χ 72) (φ) -- Σ᾽ eimie Ψ gin? 


my ,=—J1 m2=—J2 


72 . 
ee erwin 


m,=—j, Mg=—Je 


1 


| 


721-12 J Jitde ’ 
mee DD χοκφ). (9-93) 


J=|j,—jq| M=—J ο΄ S=lj1—Jel 


| 
| 


The Clebsch-Gordan series is therefore 


hit 
Dev x DY» Ἔξ > D”. (9-94) 


J=|j1—Ja2l 


Each irreducible representation is contained at most once in the product 
of two irreducible representations. The rotation group is simply reducible 
(cf. Section 5-8). 

One of the principal tools for physical applications is the use of the 
Clebsch-Gordan coefficients for the rotation group. These are the coefh- 
cients in the expansion of basis functions ¥4, of D“ in products vit w22, 
of basis functions of the irreducible representations D’” and D%”. We 
discussed the general problem of symmetry of CG-coefficients in Sec- 
tions 5-7 through 5-9. The general formula for the CG-coefficients for 
the rotation group (the vector-addition coefficients) has been derived in 
many ways. The method given here is probably the simplest of all. 

Instead of working with the rotation group, we consider its covering 
group, the unimodular, unitary group Uz. From our discussion in Sec- 
tion 9-6, the treatment of “415 gives all the necessary information about 
the rotation group. If the pair of variables u;, wg transform according 
to Eq. (9-56), that is, 
uu; = au, + bue 


aa* + bb* = 1), 9-56 
Us = —b*u,; +- a*us ( ) ( ) 


or, In matrix form, 
ul = mu, u= bal m= a At (9-95) 
U2 
then the set 
uit 


ee! ee ΞΞΞ- (m= —j, jt+1,...,7 —1,7) (9-67) 
V(j -Ὁ πὴ)}}Ὁ0 — m)! : 


Fm 
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forms the basis for the irreducible representation D™. We now consider 
a pair of variables 11, x2 which transform as follows: 


αἰ = a*x, + δ, χῷ = —ba, + arg; (9-96) 
ee | ea (9-96a) 

Since mim = 1, m* = 7#~!, so that 
ze’ = ἢϊ ‘2. (9-97) 


The variables x1, v2 transform according to the adjoint representation 
(complex-conjugate representation; cf. Section 5~3). In some texts the 
contravariant variables x are said to transform contragrediently to the w’s 
of Eq. (9-56), while any other variables which transform like the u’s are 
said to transform cogredtently (or covariantly). 

From Eqs. (9-56) and (9-97), 


Zu’ = Im ‘mu = ku, (9-98) 


so that Zu = xu, + Loe 15 invariant. We also notice that if we replace 
the variables (u,, we) by (ue, —u1), Eq. (9-56) changes into Eq. (9-96). 
We go from the variables (u;, wg) to the contravariant set (w2, —u,) by 
the transformation 


-- - Ea 4 st =9 pal (9-99) 
ἘΞ & ᾿ (9-100) 


If we have a second set of covariant variables (v1, v2), the product 


(v1, V2) ἘΠῚ == (Vj, V2) & | ] = dgu (9-101) 


is invariant under the transformation m. We see from Eqs. (9-99) and 
(9-100) that g serves as a metric matrix. 
We now consider functions like the ἔμ of Eq. (9-67), for 7 = j, and 


j a 72; 


Jitm, ji—m, 72-πι2 jg—me 
Di gi as a 1 V9 
my, π΄ ; - -- " m2 — - , 
V (91 + m1) !(91 — m1)! ν (22 + me2)!(J2 — me)! 
(9-102) 


For any J between |7; — jo| and 7; + je we construct the polynomial 


Ay = (uy, — τις04})}} 75 (uyay + τι95.)}} 249 (vyay + vga)? At, 
(9-103) 
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where 21, 1. are a pair of contravariant variables. The polynomial A, 
is of degree 271 in τῳ, Ue (like the y2!,); its degree in the variables 1, 
Vo IS 27 (like the p22, . Its degree in the contravariant variables x, 
tq is 2J. From Eqs. (9-98) and (9-101) we see that the quantities in 
parentheses in (9-103) are invariant under transformations of Ue so that 
A, is an invariant. If we expand the invariant A in powers of x1, 12, we 
obtain 


J 
Ay= >> ΤΆΧΑ, (9-104) 
ee 
where 
J4+M_J—M 
το ee (9-105) 
νῷ + M)\(J — Μὴ 


The coefficients Wi, are polynomials iN Uj, U2, V1, Ve. Now we compare 
Ay with the invariant quantity 


By = (uyt1 + ugee)?” 
J 
1 ἘΜ J+M, J—-M,J—M 
— | a il pe aS 
J 
= (2J)! δὴ WuXm. (9-106) 
eS 


Since the W4, of Eq. (9-104) and the W4, of Eq. (9-106) both transform 
contravariantly to the Xi, they both transform in the same way, so the 
Wi, are a basis for DY. To calculate the Wi, we expand A,, using the 
binomial theorem, 


(μευ. — μοῦ ἡ: 


Jitio—J . ὃ 
=e Sepsis 
= » (—1)* (” ae ) (aon) *—*(ugv1)", 


λ 


71--22-Ὲ 97 . 
ar 2 ei ἜΝ 
(ux, + Uete) 7215 -- δὲ 4 " Vue)? 72*"—*(ugte)", 
μ 


72--11-Ὸ } /. . 
ats Siw 2--1-0-.- 
(0x21 + ν21.}}} 711" = > (? a τς 7. τ ν τοῦ Or 2 ie 
Vp 


ν 
= aya fdi tie —J\ fai — 72- υλ (72 -- 711 +d 
ΠΣ t RYH BAY Bt) 


 πτ-τλ--μ A lo9—Jy tJ —vptr 7 lo— J —X —p— 
Χμ’ τα Ji td -ν pti + 2S μ Mot (9-107) 
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and introduce the new summation variables my = 71 — ἃ — μ, Me = 
J —j, +X— v. Then 
2 ay Pe ith Bi tea | Gs oe) 
m1,mM2,r ηι1.τ--ἃ -- mM Jo —A+ Me 


Jitm, ji—m Ja+me jo—me J+mi+me2 J—m,—m 
Χ Uy U2 V1 V9 LY X92 ; Ἶ (9-108) 


Now we use Eqs. (9-102) and (9-105) and find 


>> (ἢ) 


m1,mo,r 
x [at de = IMA — fe FN -- γι. ἘΝ 
λί(σι +J2 — J — )}] ι — A— mM)! 
ς {Gat παρ! -- ma)!Ga + me)'G2 = ma)! + Μη] — ae 
(J — jJo+trA+ m)!(J2 -- Δ + me)J — ἢ + A — me)! 


Χ WW ΧΙ ἐν. (9-109) 


Setting m, -Ἐ m2 = M, we find the coefficient οὗ X%, in Eq. (9-109): 
Wie = (71.- 7. -- IMG το 7. t+ Die — 7ι. Ὁ J)! 


x ye Chim ΨΊΣ, (9-1 10) 
my,,m2 
my +mo—=M 
where 
Cm 1,0 


= 3 (—1)* i Ἔ mi) — m1)'(Je ae me2)!(jo —~ πι2}}} 1" 
τ λιν sp gat ANG ioe ἡ) 
{J +  μγιὼ -- Μὴ}"" ] 
Ὁ Ὁ — jo trA+ m)'(J2 — ἃ -᾿ πιο) -- 71 + A -- Mz)! 
(9-111) 


The transformation from the products vi 2, to basis functions V4, is 


made unitary by introducing a normalization factor py; in Eq. (9-110), 


so that " or 
Wy = Py SS Cosmin Ws (9-112) 
721,7 Ὸ 
m,+mo=M 


is a unitary transformation with 
ἱρὴ" >» Crawl = 1. (9-113) 


γι 0} 
m,+mog=M 
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Since py; 15. ἃ number independent of M, we can evaluate it by choos- 

ing M conveniently in Eq. (9-113). We set M = J in Eq. (9-118) 

and use Eq. (9-111). The factorial (7; — δἃ — m,)! destroys all terms 
with \ > j1 — my, in Crjmo, and the factorial (J — 7; + — mg)! = 

( — {71 — m,})! destroys all terms with \ < (7. — m,). So we are 
left with the one term for \ = 7, — my, and Cn:m, becomes 


Cham, = eee AC) eee 
ΣΌΣ (J -- 7. tit — ἡ. +7)! 


| ce ete ea” 
ἊΣ πὰ ηι1}}(}. -- M2)! 


{-- 121-1 


(2)! iy 2 
ΧΙ ΞΕ a = τ ἢ] 


; Σ 1/2 
XG EMGER) Guten ἢ ous 


For this special case, 


De ἢ 


my ,m2 
m,+mg=J 


(2J)! » [πη 


~ SF — je ti — ja + 72}} misma 


iy Aimee 72 — Mo) \ji — my 
(9-115) 
This sum can be simplified by using the relation 
PO 3) " -ὸ (9-116) 
gin ΤΖ 


We interpret all factorials as T-functions. Then 


BN ον eae te ΤΟ Ὡς 
(;) ya — yt ῳἱί -- ψ - 1) 
Ξε SR eS 
sin w(x + 1) 7 y!T'(—2) 


AIG), jug Pe = 1, 
aie τ {Πα = (-1) ( y ) (9-117) 
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Using this result, we find that Eq. (9-115) becomes 


Es. 
oe. ne Joe il sida) 
m,+mo=J 


ee ae 
p< : . . 
» ( j2 σ΄ Mg ji — ™, 


™m1,m2 
(9-118) 


my 4mo=J 


Again from the binomial theorem, we obtain 


dtstate=COKE()4- ΣΟ“ 


(Lay = x (’ ΗΕ *) Fe 


C4 4 = " Σὰ; ) (3) (9-119) 


Pe Ύ 


so that 


Applying this relation to Eq. (9-118), we have 


Jitje—J cae ἘΝ 
Tat penne {2 το 


ein (J — jotg!U — Ἴι +92)! Lai toe — J 
m,+mo=J 
ge pee eel ert ! 
(J -- 22 71 )1ὦω -- 71 ΞΕ 72}}}. jx -Ἐ2ι —J 
(9-120) 


where we have again used Eq. (9-117) in the last step. From Eq. (9-113) 
we now find 


- Οἱ Ἔ τω -- jo tgs -- ji tie) - 22 — ae 
(71 +j2 +/+ 1)! 


(9-121) 
The Clebsch-Gordan coefficients are 


(Jimijeme|JM) = ροῦν: (M = m,+ mz), (9-122) 


with p, given by Eq. (9-121) and οὔ, m, given by Eq. (9-111). 
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The preceding formulas are quite complicated, but they become con- 
siderably simplified in some special cases: 
(a) J = 71 + je: Only the term with ἃ = Ὁ remains in Eq. (9-111), and 


hue ioe te - οὐ 
mim: ~~ (j1 ΕΙΣ γι4}}(7ι1 ie m1)'(Je + m2)!(J2 im ms)! 


Ὁ — f(291) (272)! 
aia QI!’ 


( 271 )( 2}. 1/2 
71 — Mm 2. — Mo 
( 2S ; 
ψ. Μ 


(b) J = ἢ. — jo: Only the term with ἃ = 795 — m2 remains in Kq. (9- 
111), and 


(Jimyjome|J = 7. + 72, M) = (9-123) 


Cinym, = (-- 75 Ἐπ ΒΕΓ ΕΝ, sd 
mm (7. + mo)!(jo2 — me)!(J + MIU — AD! 


ΠΝ [7 + 1)1(272)}. 
᾿ (27. + 1)! 


For je = 3, J = ji + ξ, 80 these two special cases give the complete 
set of coefficients. 


(9-124) 


CLEBSCH-GORDAN COEFFICIENTS FOR jo = $ 


mg = 4 mg = —43 
8 z 7. τ πὰ -Ἐ 1 jim mt+i1 
es SF l 2j1 + 1 
aa _ [71 — mi qa 
Ξ 27. +1 2.1 +1 


Complete discussions of the properties of the CG-coefficients and 
numerical tables are available. 

We found that we arrive at the complex-conjugate representation by 
making the substitution u,; — ug, ug — —u,. Under this substitution, 


:.- (- 1) Wm (9-125) 
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and the function ¥7_,, transforms according to D”*, From Eq. (9-125) 
and Eq. (5-140) we find the relation between the 37- and CG-coefficients: 


JiJ2Ja \ _ (¢__4\is—mayo; —1/2; + ΕΝ " 
po See (2758 + 1) (J1mijomel|j3, —m3). (9-126) 


From this equation and the results of Section 5-9 one can find the sym- 
metry properties of the CG-coefficients. 


CHAPTER 10 


LINEAR GROUPS IN n-DIMENSIONAL SPACE; 
IRREDUCIBLE TENSORS 


In this chapter, we define tensors with respect to any group G of linear 
transformations in n-dimensional space. The tensors of rank r form a 
vector space of n” dimensions and constitute the basis for a representation 
of the group G. By using permutation operators (Young symmetrizers), 
we can decompose this representation into irreducible representations of G. 

For certain subgroups of the general linear group GL(n), such as the 
orthogonal group O(n) and the symplectic group Sp(n), we can define a 
process of contraction of tensor indices which leads to a further reduction. 

The methods used in this chapter are closely related to the treatment of 
the symmetric group in Chapter 7. In many cases the results of Chapter 7 
will be restated in a new terminology. 


10-1 Tensors with respect to GL(n). In Section 5-1 we discussed the 
construction of product representations. Suppose that we are given a group 
G of linear transformations in an n-dimensional space RF, (where, in particu- 
lar, the group G may be a faithful representation of some abstract group). 
A vector x in the space Ff, has components 7,...,%n. The transforma- 
tions a of the group G transform x into x’: 


x = ax, LO; Cg eer 7) (10-1) 


We now consider the n” quantities x,y; (7,7 = 1,...,n) which can be 
formed by taking products of the components of two vectors x and y in Rn. 
When the transformation (10-1) is applied to vectors in R,, the set of 
quantities x,y; is subjected to the transformation 


LY Ξε ατμαγιᾶμψι. (10-2) 


We sce that the n? quantities x;y; transform according to a Χ a, the 
Kronecker square of the transformation a. 
A set of n? quantities F;;, whose law of transformation is 


Poy = OO; κι, (10-3) 


form a tensor &.. of rank two. 

The group G of transformations in the n-dimensional space R, induces 
the group of transformations a Χ a in the n-dimensional space of tensors 
§... The tensor §.. is described in a given coordinate basis by its n? com- 
ponents F;;. 

. 377 
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The n” quantities στ; formed from the components of any two vectors 
x and y of FR, are the components of a second-rank tensor. In particular 
we can choose for x the vector whose uth component is 1 while all other 
components are 0, and similarly, choose y with its vth component equal to 
1 and all other components zero. The second-rank tensor Κ΄ (ΧΥ) constructed 
from these two vectors has one nonzero component: 


(XY) ig = Sin δὴν. (10-4) 


By varying pu, v over the values 1, 2,...,7, we obtain n? independent 
second-rank tensors. All the second-rank tensors 8... are expressible as 
linear combinations of the basis tensors κ᾿ (xy). 

Again we emphasize that the tensors §.. are defined with respect to the 
group G, since the law of transformation (10-3) is determined by (10-1). 
If we choose a different group of linear transformations in n dimensions, 
we obtain a different space of second-rank tensors. 

In the same way, we can define rth-rank tensors with respect to the group 
G. When the x’s are subjected to the transformation (10-1), the n” quanti- 


ties a? ... 2 G, = 1,...,",4 = 1,...,7) formed from r vectors 


x‘) y@ x” in R, transform as follows: 

(1)? (2) (r)’ (1) (2) (r) 

ty Vig 22+ Vin ΞΞ Ais Uiggg - + + ΟΣ,1,.1,ι Ljg - +. 1], (10-5) 
The rth-rank tensor &...... is a quantity which is described by n” com- 


ponents F';,:....;, In a given coordinate basis, and which transforms like 
the product of r vectors: 


, ᾿ ---- . . . - ον . . . 
ἀπ > Gif igggsa > Cag t fide (10-6) 


In other words, the transformation a in R, induces the transformation 
aXaX--- Xa (with r factors) in the space of rth-rank tensors. 

At first we shall choose for the group G the general linear group GL(n) 
of all nonsingular linear transformations in n-dimensional space. Later in 
this chapter we shall consider some of the subgroups of GL(n). 


Problems. (1) Show that every rth-rank tensor can be expressed linearly in 
terms of products formed from r vectors in R,. 

(2) Show that the matrix elements for transformations of rth-rank tensors 
are homogeneous polynomials of degree r in the matrix elements of the trans- 
formations of the group G. 


10-2 The construction of irreducible tensors with respect to GL(n). 
We start with second-rank tensors. Section 5-2 showed that the Kronecker 
square a X ἃ 15 reducible. By permuting the indices 71, 22 of τς we ob- 
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tain the tensors (Fi,:. + Figi,) and (Fiji. — Figi,) which form the bases 
for the symmetric and antisymmetric product representations, respec- 
tively. Thus, permuting the tensor indices and taking linear combinations 
decomposes the space of second-rank tensors into two invariant subspaces. 

The process which was used in this simple case can be described as 
follows: To each permutation p of the symmetric group S»2 we associate 
an operator p which acts on second-rank tensors F’;,;,. The operator p 
applied to F gives a tensor pF, where 


12 
(DP) ipig = περ» for 9 = tea (10-7) 


The operator p acts on the subindices 1, 2. For example, consider a tensor 
Fi, for n = 4. The tensor component [784 has indices 7; = 3, 72 = 4. 
The permutation operator p for p = (12) takes 2; into ἦς and 22 into ὦ), 
that is, it takes 3 into 4 and 4 into 3: 


(pF)34 = F4z. 


Similarly, for Fo3, ἢ. = 2, 72 = 3, so that (pF)o3 = F32. For the com- 
ponent F'33, 14 ΞΞΞ 19 = 3, 50 (pF) 33 = F 33. 
The symmetric and antisymmetric tensors F';,;, + F7,:, can be written as 


(fe + PIF) az é2, 


where e is the identity operator. We obtain the decomposition of the 
space of tensors F;,;, by applying the operators (e + p). But, as we saw 
in Section 7-12, these operators are the Young symmetrizers which 
generate the irreducible representations of So. 

The operator p commutes with the transformations (10-3) in the tensor 
space: 


Nis ee πεςὶ Doses | me en, ee oi 
(pP’) :,4 — ΤῸΝ = inj κατ). 5154 


= inf Aisi Fj; 
Ta i151 Vinjo(PF’) 5105 (10-8) 
1.e., symbolically, 3 
p(a Χ a)F = (a X a)pF. (10-8a) 


The reason for this is that the product 4a;,;,@:.;, is bisymmetric: when the 
same permutation is applied to 71,72 and to 71,72, the product is unchanged. 
The transformation law for rth-rank tensors is 


/ —", . a . « - " Φ. . . 
1y4tQ2..tp — αν 71.1.12 τ ΣΝ α:,),[}χ12...}.» ; (10-6) 


which we abbreviate to 
Foy = Gy ο). (10-6a) 
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Toeach permutation p = (1 2""7-) of the symmetric group S, we associate 
an operator p which acts on the subindices of the tensor F;,;,...:,, 


DP). Pee = PGs (10-9) 


or, in abbreviated notation, 
(PP) (iy) = Fyciy. (10-9a) 
Then 
(PF’) i) = Cow = A a@pwl vv 
= Apap i) (PF) <5) 
= Aap (PF), (10-10) 


where we have used (10-9) in the second step and the fact that the tensor 
transformation is bisymmetric in the last step: 


An(iyp (7) = Diy jy Wing » + + Vip jp ΞΞ Aiyj Digg - + + Ving, = ἀ() 0)" (10-11) 


Equation (10-10) states that the permutation operators p commute with 
all bisymmetric transformations in the tensor space. Therefore those 
tensors of rank r which have a particular symmetry will be transformed 
among themselves by the transformations (10-6). The whole space of 
rth-rank tensors is therefore reducible into subspaces consisting of tensors 
of different symmetry. 

In order to obtain rth-rank tensors which have a definite symmetry type, 
we apply the Young symmetrizers (cf. Section 7-10) to the general tensor 
F,,..4, To each Young pattern [A,...Ax], with TPM = r, there 
corresponds a particular symmetry type of tensors of rank r. To indicate 
the symmetry type of a tensor we shall write its indices in the boxes of the 
Young diagram. For example, for r = 2, we write the symmetric tensors 
as 


F 
[1] 
and the antisymmetric tensors as 
F 


[4] 


For r = 3, there are three symmetry classes, 


‘Gee’ “me “wy 
[asl [2] 
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corresponding to the partitions [3], [21], and [111]. The rth-rank tensors, 
with the symmetry described by the partition [A; ...A,], have the form 


Tensors of this symmetry type are generated by applying to the general 
rth-rank tensor the Young operator Y = QP, where P is the operator for 
the horizontal permutations in the diagram and Q is the operator for the 
vertical permutations (cf. Section 7-10). Consequently the tensor F will 
be antisymmetric in all the indices which appear in the same column. Any 
tensor component for which an index appears twice in the same column is 
necessarily equal to zero. 

To illustrate the procedure for constructing tensors of given symmetry, 
we start from a general tensor G;,;,is:, and construct the tensor δ [5]: 


a) 


The Young operator for this diagram is Y = QP, with 

P = [e + (12)}fe + (34)], @ = le — (15)]16 — (24)]. 
Then 

(ΡΟ εξ σε σή κι Gea Gis 
and 


ἔΓΏ[5]-Ξ- (QPG@)izizigig = Girizigig — Cigigtrig — Οὐρὶ + Οὐρία τὺ 


isle] 


Gigiyigig — Ginigiyig — Gigiyigig + Cigigirig 
+ Gizigigig — Gigigigit — Gizyigigig + Gigigigi, 
+ Gigiyigig τ Gigigigi, — Gigiyigig + Gigigigiy. 


Problems. (1) Find the tensor Pra] [25] which is generated from the general 


tensor Gi, ieigiy- 
(2) Use the results of Section 7-10 to resolve the general tensor Gj, i.i3:, Into 
a sum of tensors of definite symmetry type. 
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Tor the general linear group GL(n), the matrix elements αὐ) are not sub- 
ject to any restrictive conditions; so the only process of reduction of the 
tensor space is the symmetrization process which we have used. The rth- 
rank tensors of a given symmetry form the basis for an irreducible repre- 
sentation of GL(n); in other words, they are zrreducible tensors with respect 
to GL(n). We shall see later that, for certain subgroups of GL(n), a further 
reduction is possible. 

Which of the symmetry types will be realized for given vaiues of n 
and r? If the Young pattern contains more than n rows, at least one 
index must be repeated in the first column, so that all the tensors of this 
symmetry type must be identically equal to zero. We can therefore 
restrict ourselves to patterns with a maximum of n rows, and write the 
partitions as [A;...Anl, with Ay ΞΈ τ: +A, =7, λὶ 2°: 2 Mm Φ O. 
If the pattern contains fewer than n rows, some of the )’s are equal to zero 
and can be omitted from the partition label. 

Furthermore, we can show that every pattern with n rows or less is 
realized, i.e., there exist nonzero tensors of all such symmetry types. 
Consider a Young pattern 7 with m < nrows. We start from a tensor G 
which (in a particular basis) has all its components equal to zero except 
for the one component 


= 1 


) 


(10- 12) 


where we have arranged the indices according to the Young pattern 7. 
When we apply the symmetrizer Y = QP for the pattern 7’, the operator 
P leaves the tensor (10-12) unchanged (except for a multiplicative factor). 
The operator Q permutes the indices in each column separately. Hence, 
except for a numerical factor, the components of the tensor F = YG are 
equal to +1 for indices obtained from those in (10-12) by an even permu- 
tation, to —1 if the arrangement is obtained by an odd permutation, and 
are zero otherwise. Thus all the irreducible subspaces for patterns with 
m < nare realized. 

The transformation properties of the general rth-rank tensor (10-6) 
were the same as those of the products of components of r vectors (10-5). 
For the symmetric and antisymmetric tensors of rank r, we can construct 
simple tensors from products of vector components. To obtain a com- 
pletely symmetric rth-rank tensor, we choose all the vectors χ in (10-5) 
to be the same vector x. We then get a symmetric tensor with components 
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%i,Vi,...2;,. Collecting all factors with the same value of the index, we 


can rewrite the components as 2729? . . . x3", where 
αι + dg tees +O, = Υ. 
For example, for r = 2, we obtain the components x? (i = 1,...,n) and 


PEt << 2, τ Ξε 1a — 1). 
An antisymmetric tensor of rank 2 can be constructed from two vectors 


x) x We construct the matrix 
ah? a? 
τ 2 
(1) (2) 
ει (10-13) 
(1) (2) 
Lio Lio 


«Ὁ a?) 


1) (2) 
1) (2) 
xs Lio 
is the (71, 72)-component of an antisymmetric tensor F ah Similarly, the 


[5 


components of a completely antisymmetric rth-rank tensor F,— can be 


The two-rowed minor 


FE 


formed from the minors of degree r of the matrix 


Ζ XY x 
xx Mal bo: : |. (10-14) 
gD a?) Pe 


For r = n, we get a tensor with one independent component, the com- 
pletely antisymmetric tensor of rank r. The transformation a in R, multi- 
plies this tensor by det a. If we restrict ourselves to subgroups containing 
only unimodular matrices, the antisymmetric tensor [x‘? ...x‘”] is in- 
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variant under all transformations and is a multiple of the unzt antisymmetric 
tensor of rank n, 


( +] if 7422 °° * tm 15 an even permuta- 
tion of 1,..., ἢ, 
ἜΤ a ed if 4122 ++**+% 1s an odd permuta- (10-15) 
tion of 1,..., ἢ, 
0 if any index is repeated. 


The tensor €;,;,...;, has the same numerical values for its components in 
any basis. 


Problems. (1) Show that the tensors [x ...x“] form a basis for the anti- 
symmetric tensors of rank r. 

(2) Show that the tensors σης .. . 2;, form a basis for the symmetric tensors 
of rank r. 


10-3. The dimensionality of the irreducible representations of GL(n). 
In this section, we shall determine the number of independent components 
of tensors of definite symmetry type. Before giving the general formula, 
we consider some simple examples. 


For r = 3, the tensors F 
that we get one independent component for each choice of 21, 72, 23, irre- 
spective of order. We select as the typical independent component the 
standard tableau for the set 71, 72, 23 (cf. Section 7-3); 1.e., we arrange the 
symbols so that ὦ “15 < 73. For example, if n = 1, there is only one 
component, Foam . For n = 2, the 7’s can equal 1 or 2, and the four 


are symmetric in all three indices, so 


independent components are 


Fagg “oom ‘oom “ooo: 


This procedure is easily extended to the completely symmetric rth-rank 
tensor for arbitrary n. We choose the independent components to cor- 
respond to standard tableaux, so that 73 < %2 “Φ --:- <7, Then 


 “11.-1 « Ὧ3- 2 <:-+-<4+7r—1 


are different integers from the set 1, 2,..., (7 + 7 — 1). The number of 
independent components is therefore equal to the number of ways of 
selecting r different integers from the set 1, 2,..., (7 - τ — 1) and is 
equal to (τ ἢ). For n = 2, r = 3, we obtain (3) = 4 components, in 
agreement with the enumeration given above. 
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For r = 3, we next consider the symmetry type Pay There are two 


standard tableaux for the partition [21] of the symmetric group Ss, a 
[1][3] 
and Π]- In the tensor ae] , we can insert any of the numbers 1, 2,...,7 


[isl 


for each of the indices 7, 72, 73. These are to be arranged in standard order: 
Τ ἡ = a<%=b < iz = c, the standard components are wag and 


Sale If some of the z’s have the same value, we can still proceed in this 


way. In the standard arrangements of any set of values for 71, ἴω, 73, the 
numbers must not decrease as we move to the right in any row, and must 
increase 85 we move down a column. (Since the tensor is antisymmetric 
in the arguments of a column, components with two equal indices in a 
column will vanish.) If all indices are different, we get two standard 
tableaux for each choice of three different numbers 21, 22, 73 from the set 
1,2,..., 7, yielding 2 - (3) independent components. If two of the indices 
are equal (say 112 or 122), we get one standard tableau (3' or 3”). We thus 
obtain n(n — 1) independent components of this type. Components 
with all three indices equal must vanish. The dimensionality of the space 
of tensors am is therefore equal to 


[a] 


2. (5) + nm — 1 = MEY. 


Finally, for the antisymmetric tensors ay there is one standard tableau 


[1] 
[3] 


for each choice of indices, and all indices must be different in a nonzero 
component. Thus the dimensionality of the space of antisymmetric tensors 
of rank 3 is (3). By the same argument, the space of antisymmetric tensors 
of rank r has dimension (7). 


Problem. Use this method to find the dimensionality of the space of tensors 
F_,—,. List a set of independent components for the cases n = 3; = 4. 
[alle 


Léa 
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A second method, which is very useful for low values of 7, is based on 
the analysis of outer products (cf. Section 7-12). The components 7; of a 
vector in #, form a tensor of rank r = 1 corresponding to the Young 
pattern [ |. In terms of outer products, the products of the components x; 
with the components y; of a second vector form the outer product [_] ® [_] 
which can be resolved into 


ΓῚ Ὁ [1-- [ΠῚ ὉΠ; (10-16) 


1.6., into the symmetric and antisymmetric tensors of rank two. The 
number of components on the left of (10-16) is n?, which is equal to 
n(n + 1)/2 + n(n — 1)/2, the sum of the dimensions of the two irre- 
ducible representations on the right. 

Next we consider the products of components of a symmetric tensor of 
rank 2 with the components of a vector: 


ΓΙῚ Ὁ [1-- [ΠΠΠΈ Ε΄ -. (10-17) 


The number of independent components on the left is n- [πίη + 1)/2]. 
On the right, the symmetric tensor of rank 3 has (1372) independent com- 
ponents. Subtracting, we find that the space of tensors Fo4 with respect 
to GL(n) has the dimensionality 


nr 
Ni21} aT 


ἘΣΕΙ͂Σ 0a eS) ES, da 


2 


which agrees with our direct computation. We use the symbol “Nj,....,) 
to denote the dimensionality of the space of tensors with the symmetry 
“Ng: aaa Ieee 

Similarly, from the outer product 


[p] Ὁ [1] = [p + 1] + [p, 1], (10-19) 
we find 
"Nip. = 2° "Nipy — “Νι,».ε1) 


=n-@+2-) — @tp. (10-20) 


The most powerful method for finding the dimensionality "Nj is to use 
a branching theorem analogous to the one for the symmetric group (cf. 
Section 7-5). We shall outline the procedure and state the results. 

The group GL(n) contains many subgroups which are isomorphic to 
GL(n — 1). For example, we obtain such a subgroup if we restrict our- 
selves to those transformations of GL(n) which leave the component xn 
unchanged.’ An irreducible representation of GL(n) will decompose into 
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a sum of irreducible representations of the subgroup GL(m — 1). Suppose 
that the irreducible representation of GL(n) corresponds to the Young 
pattern [A;... An]: 


[xix] 
[ LIX!) 


L_Ix] 


The independent components of the tensor are those which correspond to 
standard tableaux. If the index n appears in a standard tableau, it can 
occur only in the last cell of each column of the diagram, as indicated by 
the crosses in the figure. In other words, the index n can appear only in 
the overhang of each row beyond its successor. When we go to the sub- 
group GL(n — 1), the index n can be dropped from the tableau. We then 
have all the possible patterns on (n — 1) symbols which can be obtained 
from the original pattern. Thus the irreducible representation of GL(n) 
corresponding to the pattern [A; ...A,] splits into the sum of irreducible 
representations of GL(n — 1) corresponding to the patterns [Aj .. . A,—1], 
where | 


λι > MS Ao SD Bees S An-1 Φ λα 2 An. (10-21) 
Equating the dimension of the representation of GL(n) to the sum of the 
dimensions of the representations in its decomposition, we find the recur- 
sion formula 

"Noy. dal = Dy MN iudtads (10-22) 


ὔ 
Ay. -An—1 


where the sum is extended over the range given by Eq. (10-21). 
For the symmetric tensors, we have the recursion formula 


"Nin = "Ny +My te + ONG, (10-23) 
and for the antisymmetric tensors, 
"Nar = "May + Nr}. (10-24) 


The branching formula can be used to obtain the general expression for 
"Nin. The result is 


D(ly, .. «5 In) 


ΝΞ Din — 1,n — 2,...,0) 


(10-25) 


where l; = ἃ; + ἢ — 7 and D is the determinant defined in Eq. (7-23). 
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10-4 Irreducible representations of subgroups of GZ(n): SZ(n), U(n), 
SU(n). In this section we show that the irreducible representations of 
GL(n) remain irreducible when we go to certain subgroups of GL(n). 

The elements of the matrices of an irreducible representation of GL(n) in 
terms of rth-rank tensors are homogeneous polynomials of degree r in the 
elements a;; of the transformation a of Eq. (10-1). If the matrices repre- 
senting a subgroup Η are reducible, they can be brought to reduced form 
by an appropriate change of basis. This basis transformation will not 
reduce the matrices for all transformations in GL(n), since we started 
from an irreducible representation of GL(n). Under a change of basis, the 
matrix elements remain homogeneous polynomials of degree r in the a,j. 
Thus the representation will be reducible for H if a certain set of homo- 
geneous polynomials of degree r, P,(a), vanish for all a in A, but not for 
all ain GL(n). 

The group GL(n) consists of all nonsingular linear transformations with 
complex coefficients. Suppose that H is the subgroup GL’(n) of real linear 
transformations. Reducibility for GL’(n) means that the set of polynomials 
P,(a) vanishes for all real values of its arguments a;;. But from a standard 
theorem of algebra, if a set of polynomials vanishes for all real values of its 
arguments, it must vanish for all values. Therefore, if the representation 
is reducible for GL’(n), it must be reducible for GL(n). Conversely, an 
irreducible representation of GL(n) remains irreducible when we restrict 
ourselves to real transformations. 

Next we consider the unimodular group SL(n). Any matrix a of GL(n) 
can be written as a = ab, where det Ὁ = 1, by setting a = (det a)’. 
Thus, to each matrix a of GL(n) there corresponds a matrix Ὁ of SL(n). 
Suppose that the polynomials P, vanish for transformations of the uni- 
modular group: P,(b) = 0 for all Ὁ in SL(n). For any transformation a 
of GL(n), P,(a) = a’P,(b), where Ὁ isin SL(n). Consequently P,(a) = 0, 
so that reducibility for SZ(n) implies reducibility for GL(n). Conversely, 
an irreducible representation of GL(n) remains irreducible for SL(n). 


Problem. Prove that an irreducible representation of GZ(n) remains irreducible 
when we go to the subgroup of real, unimodular transformations, SL’(n). 


The same results can be obtained by considering the representations of 
the Lie algebra of GL(n). The infinitesimal matrices of GL(n) are matrices 
having all elements zero, except for a 1 at the (27)-position. The basis 
elements of the Lie algebra are the set X;; (1,72 = 1,...,), with the | 
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commutation relations 
ΙΧ: Χχῃ = 5j-X ar — bX xj. (10-26) 
The elements X;; can be represented by the differential operators 


X 33 = ia 5 (10-27) 
The Lie algebra consists of all elements δ᾽) a:;X,;.. For GL’(n), the a;,’s 
must be real, while for GZ(n) the a;;’s can take on any complex values. 
Suppose that we have a representation X;; -- D” of the basis elements 
X;; in terms of matrices 127. Then the general element of the algebra has 
the representative )a;;D”. If the representation is reducible for GL'(n), 
we can find a basis in which the matrices )-a;;D” are in reduced form for 
all real values of the a;;. In other words, if the representation is reducible 
for GL'(n), a certain set of linear forms in the a;; vanishes for all real 
values of a;;. But if this is the case, the linear forms must vanish for any 
complex values of the a;;, and the representation is reducible for GL(n). 
Conversely, if the representation is irreducible for GL(n), it must be 
irreducible for GL’(n). 


Problem. By considering the representation of the Lie algebra, prove that an 
irreducible representation of GL(n) remains irreducible for SL(n) and SL’(n). 
_ (Hint: Show that the unimodular condition gives another linear relation between 

the a;;’S.) 


The unitary group U(n) is defined by the condition UUT = 1. The 
elements in the neighborhood of the identity are U = 1+ ἐδ, where S 
is an infinitesimal matrix. From UUt = 1, we find αὶ — St = 0. Thus 
the infinitesimal matrices for U(n) are the Hermitian matrices. We choose 
as basis elements of the Lie algebra the n? matrices: 


k #7; X%?: 1 at (kj)- and (jk)-positions, all other elements = 0; 
X'“? + ἡ at (kj), —i at (jk)-position, all other elements = 0. 


k= j; XX“: 1 at (kk)-position, all other elements = 0. 
(10-28) 


The elements of the Lie algebra of U(n) are all linear combinations of the 
basis elements (10-28) with real coefficients, whereas complex coefficients 
give the Lie algebra of GL(n). By a repetition of the argument which we 
used for GL’(n), we see that an irreducible representation of GL(n) remains 
irreducible for U(n). 
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Problem. Prove that irreducible representations of GL(n) remain irreducible 
when we go to the unitary, unimodular subgroup SU(n). [Hint: Use the result 
that irreducibility for GZ(n) implies irreducibility for SL(n). Then make the 
transition from SL(n) to SU(n).] 


As a result of the preceding argument, we know that the irreducible 
representations of SL(n), U(n), and SU(n) are the representations which 
we found in Section 10-2. However, these representations may not be 
independent representations for these subgroups of GL/(n). 

The Young diagram [15] has one standard tableau, and the correspond- 
ing irreducible representation of GL(n) is one-dimensional. The tensor 
[x‘? .--x™] of Section 10-2 can serve as the basis vector for this repre- 
sentation. When we transform with the matrix a, the tensor is multiplied 
by det a. 


Problem. Prove the last statement by writing out the transformation of the 
antisymmetric tensor [x“) ... x], 


Similarly, for the pattern [25], there is only one standard tableau, 


and one independent basis element. The representation is one-dimensional. 
When we transform with the matrix a, the tensor is multiplied by (det a)?. 

In general, for the pattern [s”], the representation is one-dimensional, 
and the tensor is multiplied by (det a)* when we transform with the ma- 
trix a. 

Suppose we have a representation of GL(n) with the pattern [A;.. . λη]. 
If we add a column of n boxes to the pattern, the only set of indices in 
standard order which can be inserted in the additional column is 1, 2,... ,n. 
Thus the number of standard tableaux for the new representation, 


eS i here hae a]: 


is the same as for [AjAg...An]. The only change in the representation 
matrices is that they are multiplied by the common factor det a. Simi- 
larly, if we adjoin s columns of length n to the pattern [\, ... An], the new 
pattern [λ} + 8, Ao + .8,...,An + 8] has the same number of standard 
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tableaux as [AjAg...An]. The matrices for this new representation 
differ from those for [A; . . . An] by the factor (det 4)". 

If we are dealing with unimodular subgroups of GL(n), such as SL(n) or 
SU(n), det a = 1, and the representations corresponding to the patterns 
[Ay ..-An] and [Ay + s,...,A, τῇ 8] are equivalent. For the unimodular 
groups we need consider only those patterns which have fewer than n rows: 


[AA eee An| => [Ay vo An; λο a An; ee eg An—1 Sra An]. (10-29) 


There is a second equivalence which occurs for unimodular groups. 
The pattern [17 1] has n standard tableaux. The number of basis functions 
for this representation is precisely the same as for [1]. These two repre- 
sentations are equivalent for unimodular transformations: [17 1] = [1]. 


Problem. Show that, for unimodular transformations, [15 1] = [1]. 


We shall state the general result without proof: For unimodular trans- 
formations, 


[Aida ..- An} = [Aa — Aa, Ad — An—ay---, Aa — Ag]. (10-30) 


The pattern shown by the solid lines in the diagram is equivalent to the | 
dotted pattern which completes the rectangle. In particular, [15 1] = [1] 
and [15 7 = [1’]. 


10-5 The orthogonal group in n dimensions. Contraction. Traceless 
tensors. When we go from the linear group GL(n) to the orthogonal 
subgroup O(n), the representations in terms of tensors of a given symmetry 
will no longer be irreducible. The reason for this is that, in addition to the 
operation of symmetrization which we used for constructing irreducible 
representations of GL(n), a new operation of contraction appears which 
commutes with the orthogonal transformations. 

Suppose we consider the space of tensors of rank r, with components 
F;,i9...i Under the linear group GL(n), the only operations which com- 
mute with the Kronecker rth power of the transformation a are the permu- 
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tations of the tensor indices. In Section 10-2 we used the permutation 
operators to reduce the space of rth-rank tensors into subspaces of tensors 
of given symmetry. For orthogonal transformations, 


AijAik = αγιᾶκι = δ[κ. (10-31) 


If, for example, we set the first two indices of F,;,;,...;, equal to each other 
and sum over all values of ὦ; = 72, we obtain the (12)-trace (contraction) 
of the tensor: 
12 
Foi, = Fiiis...i, = D5, tgl i tgig...ty (10-32) 


The contraction process gives a new tensor of rank (r — 2), and the 
operation of contraction commutes with the transformation of the tensor: 


μ rere e . . Φ . . . . . 
| oar Ee Qin Viaje δυσὶν Ee ee ee (10-6) 


oat __ __ 
προς = πᾶς, = Vig ας αἴοὶς - - ας  jyjai9...3, 
— δ᾽. 72%igis ce OGM Fgh cg 
= (12, 12)’ 
= Qisis One Ding Lh 55..-57 a Pan As (10-33) 


The contraction process can be applied to any pair of indices, so that 
there are r(r — 1)/2 traces F°” (a < B;a,8 = 1,...,7r) of the rth- 
rank tensor. 

We now select, from the space of rth-rank tensors, the subspace of tensors 
for which all pair traces are zero. From Eq. (10-33) we see that this sub- 
space is invariant—the traceless rth-rank tensors are transformed among 
themselves under transformations induced by O(n). In fact, we can show 
that every tensor F;,...;, can be decomposed uniquely into a traceless 
tensor F° plus a tensor of the form 


ΡΩΝ 
Φὶ οἵ, = δι i.G ig. ri =o 


αβ r(r — 1) 
oe Saig iy renee εὐἰβ-οιΐβ αι... ὁ» (8 terms) ° (10-34) 


To show this, we consider the subspace Σ of all tensors . The condition 
that a tensor F be “orthogonal” to this subspace, 


(F,%) = Fi,..i,%i,..4,=0 forall 4, (10-35) 


means that all traces of F must vanish. [Choose the tensors ᾧ with only 
G" different from zero. Then (10-35) requires Peii,...i,G2?; = 0. 
Since the components of G” are arbitrary, we must have Piss a= 0. 
Similarly, we choose ᾧ with only G“” different from zero, and prove that 
all pair traces of F vanish.] Thus the set of traceless tensors F° forms a 
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subspace perpendicular to Σ, and the whole space is the direct sum of these 


two subspaces: | 
Py tg = Piy.ctg + | Pe (10-36) 


The space = defined by Eq. (10-34) is an invariant subspace. In fact, 
each of the terms is separately transformed into a similar term under 
orthogonal transformations: 


Ct) (12) 
ἀρ GiWisgyis' es, (Op 55453, 2) = Craig SOs, οἶς 
(12)’ 
= δὲ, 1.Gig...i,- (10-37) 


Thus the decomposition (10-36) is invariant under orthogonal transforma- 
tions. 

We illustrate the decomposition (10-36) for r = 2. For second-rank 
tensors Ff ij) 


1 1 
i Ξε τ ἔμ ΠΣ — ἔμ Ἢ 


The tensor Fi; = F;; — (1/n)F rx δὴ) has zero trace. The tensor G2) — 
(1/n) Fy, has rank r — 2 = 0. 
For r = 3, we write F;,;,13 a8 


F ivigig = Forinig + Hig δὴ, + Κὶς Siig + Li δῷ (10-39) 
and require that the tensor F° be traceless: 


(12)-trace: Fi, = nH;, + Ki, + Lis; 
(13)-trace: ἤτω = Hig + πῃ, + Lig, 
(23)-trace: Py ii = ΠΗ: -+ Κι, + nL;,. 


Solving, we find 


1 (12) (13) (23) 
Aj Fay ao — 1}. -- 5, iP 

1 (12) (13) (23) 

1 (12 (3 (23) 
Lp eee ao et gs la ee Red, 


Problem. Find the expression for the traceless part of a fourth-rank tensor 
F ;,igigig 1 terms of the components of the tensor. 
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10-6 The irreducible representations of O(n). We now note that a 
permutation of the indices takes a traceless tensor into another traceless 
tensor. Thus we can start from the subspace of traceless tensors of rank r 
and apply the Young symmetrizers to obtain traceless tensors of a given 
symmetry type. In this way, we arrive at the irreducible representations 
of O(n) 

An irreducible representation of O(n) is thus associated with a Young 
diagram [A;...An], with Ay +A, +---+ An =r. However, not all 
Young diagrams are admissible. For a whole class of diagrams, the trace- 
less tensors having the particular symmetry type are identically zero. 
The general theorem states the following: 


THEOREM. The traceless tensors corresponding to Young diagrams in 
which the sum of the lengths of the first two columns exceeds n must be 
identically zero. In other words, the tne: 


(10-41) 


with a + b > n must be of the form (10-34). 


We shall not give the general proof. Instead we give the proofs for some 
particular simple cases. We start with n = 2. The symmetric tensor F AG] 


has a + ὃ = 2. Since this number does not exceed n = 2, we can con- 
struct traceless tensors with this symmetry. The independent components 
are Fy, and Fy9. The remaining components are Fo. = —F 1, and 
Fo, = δ12. 


4 
For the pattern =, a+ ὃ = 2, so that there are traceless tensors of 
LJ 


this type. In fact, since the tensor is antisymmetric in 7 and J, its trace is 
necessarily zero. 
For r = 8, the traceless tensor F'- has independent components 
ee | 


F411, 112. The other standard components are given by 
Pir t+ Fis2= 0, Fira + [222 = 0. 


Since n = 2, the tensors for [111] are all zero. 
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The tensor F has only two independent nonzero components: 


OG 
[x] 


F,, and 12. But if we require that the tensor be traceless, we obtain the 
2 2 


equations 
0 = Fy, + Foo = Fu, 0 τῷ Fyo - Fy, = 2. 
2 2 2 2 1 2 


Thus the traceless tensors F vanish identically, in agreement with the 


[ 


general theorem (a + ὦ = 3 > 2). We also see that the same argument 
applies to the traceless tensors F—— having any number of addi- 
Be -- 1 


tional indices in the first row. For each fixed set of values of the additional 
indices, the argument given above shows that the tensor is zero if the 
(27)- and (jk)-traces are zero. 

From the general pattern (10-41), we see that the number of independent 
traces is very small. Since F is antisymmetric in ὦ, ..., ἴα, the trace on 
ἣν and J is the same (except for a possible change in sign) for all elements 
ἣν in the first column. Thus, in writing the trace conditions, we need to 
select any one index from each column. (For example, we can take traces 
only on pairs of indices in the first row of the diagram.) 

For n = 3, we consider the traceless tensors [22], with a + ὃ = 4 > 3. 
The zero-trace conditions are of two types: >> F;; = 0, with k ¥ l, and 

+ kl 


> F;; = 0. For the first type, when k and ἰ are assigned, 7 can take on 

i kk 

only a single value ~k, l, so that we obtain equations like 111: = 0, 
23 


Foo = 0, etc. For the second type, we find the equations 
13 


Foo + F33 = 0, Fy, + Fs3 = 0, αι + Foo = 0. 
11 11 22 22 33 33 


Since the tensor is antisymmetric in the arguments of a column, these 
equations can be rewritten as 


ἔμ τ Fy, = 0, Fii + Foe = 0, Και + Foe = 0, 
22 33 22 33 33 33 


for which the only solution is Fy; = Fy, = Fee = 0. Thus we find that 
22 33 33 


the traceless tensors of symmetry [22] are identically zero, in agreement 
with the general theorem. 
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Problem. For n = 3, apply this method to show that the traceless tensors of 
symmetry [31] vanish identically. 

Do the same for the traceless tensors with symmetry [221] when n = 3 and 
n = 4. What happens for n = 5? 


From the preceding general theorem, we conclude that only those 
diagrams are permissible for which the sum of the lengths of the first two 
columns is <n. The permissible diagrams can be paired into associate 
diagrams T and T’ as follows: The length of the first column in T is less 
than or equal to n/2, a < n/2, the length of the first column in T’ is 
n — a, and all other columns in T and 7’ have the same length. Since 
a-+ ὃ < n for a permissible diagram and a > ὃ, we have n—a> b 
and (n — a) +b “ ἢ, so that Τ' is a permissible diagram if 7 is. For 
example, for n = 3, the diagrams 


FE ee 11 
[ & 


[5] [5] ; ΠῚ 10] 
Τ' Τ' T Τί’ (10-42) 


are associated. (In general, [r] and [r, 1] are associated.) 
For n = 5, the diagrams 


LILI [{{{{{{1{ ΒΒ ead) ese eM ge 
[6] = L_ | [1 
[1 [611] ; 41] [411] 
᾿ “ἢ T τ’ (10-43) 
are associated. 
For n = 4, the diagrams 


ΓΓΓΓΤΓΙῚ [{{1| 


[8 Spi 
᾿ γ' (10-44) 


are associated. But for this even value of n, we can have 


i oes ee ee 


7 T 5 T’ (10-45) 


When ἢ is even, n = 2, anda = $n = », the diagrams T and T” coin- 
cide, and T' is said to be self-associate. 
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Thus, to describe the pattern 7, we can use a symbol (4, Ma, - - - » My); 
with μι > po > τ > wy, where some of the w’s may be zero. The 
pattern 7 contains μὲ + μὲ +--+ + ἐν = 7 indices, while T’ contains a 


larger number unless Τ' is self-associate. The permissible diagrams for a 
given value of n are exhausted by letting r = 0, 1, 2... and choosing all 
non-negative p’s satisfying the equation 


μι the tee ty ΞΞ 7. (10-46) 


Here n = 2v if n is even, and n = 2v + 1if nis odd. For each solution 
of Eq. (10-46) we obtain a diagram Τ' and then construct its associate 7". 
If n is odd, each diagram is obtained once. If 7 is even and the diagram T' 
actually contains y = n/2 rows, T”’ will coincide with T. 

The invariant subspaces defined by the permissible diagrams are not 
empty. By a procedure similar to that used in Section 10-2 [Eq. (10-12)], 
one can construct traceless tensors for any permissible diagram. 

So far we have considered the full orthogonal group O(n). If we restrict 
ourselves to the proper orthogonal group O(n), for which det a = +1, 
the representations corresponding to the associated diagrams T and 7" 
become equivalent. For even n, the representation corresponding to a self- 
associate pattern 7 splits into two nonequivalent irreducible repre- 
sentations. 

As a simple example, we note that for n = 3, the pattern T = [1] 
describes vectors, while JT = [11] describes skew-symmetric tensors. 
Under proper orthogonal transformations both types of quantities trans- 
form in the same way, so that Τ' and T’ are equivalent. Under improper 
transformations (inversions), the tensors for 7 = [1] change sign (polar _ 
vectors), while those for 7’ = [11] do not (axial vectors). 

For applications to physics, only the case of odd n will be of interest, 
so that the irreducible representations of OT(n) can be described com- 
pletely by the symbol (41, μὲ, . - - , μν). 

For n = 3, v = 1, so the irreducible representations of OT(3) are 
described by a single label (u,). The basis functions are the traceless 
symmetric tensors of rank μι. For GL(3), the dimensionality of [1] was 
Out?) = (Ay + 1)(y + 2)/2. The condition that the tensor be traceless 
imposes A;(A, — 1)/2 conditions. Thus the number of independent func- 
tions for (μ1) is 


(μι + 1)μι -- 2 wiles — 1) 


5 5 = 2μ: - 1. 


The basis functions are the spherical harmonics of order μι. Thus quantities 
which transform like the spherical harmonics of order μὲ are irreducible 
tensors [with respect to 0*(3)]. 
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Problem. Prove that the spherical harmonics of order J form the basis for the 
representation (1) of O+(3). 


TABLE 10-1 


IRREDUCIBLE REPRESENTATIONS OF O+(5) 


(wip2) N (μ1μ9) 


(00) 1 (22) 35 


(10) 5 (41) 154 
(20) 14 (32) 105 
(11) 10 (42) 220 
(30) 30 (33) 84 
(21) 35 (43) 231 
(40) 55 (44) 165 
(31) 


TABLE 10-2 


IRREDUCIBLE REPRESENTATIONS oF O+(7) 


᾿(μιμωμ8) (μ:μ2μ3) 


(000) (321) 
(100) (222) 
(200) (430) 
(110) (421) 
(300) (331) 
(210) (322) 
(111) (440) 
(400) ἱ (431) 
(310) (422) 
(220) (332) 
(211) (441) 
(410) (432) 
(320) (333) 
(311) (442) 
(221) (433) 
(420) (443) 
(411) (444) 
(330) 
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For n = 5, v = 2, so that the irreducible representations of O*(5) 
(Table 10-1) are characterized by two integers μι, μὲ with wy > we. The 
dimension of the representation (42) is given by the formula 


Νίμιμ2) = ἔίμι — μὲ + 1) (uty + με + 2)(2u1 + 3)(2u2 + 1). (10-47) 


For n = 7, v = 3, so the irreducible representations of 0*(7) (Table 
10-2) are characterized by three integers μὲ, Me, M3 With wy > μὰ = ps. 


10-7 Decomposition of irreducible representations of U(n) with respect 
to O'(n). In Section 10-5 we decomposed the space of tensors of rank r 
into the direct sum of two subspaces; the space of traceless tensors F° and 
the space Σ of tensors ® having the form given by (10-34). Both subspaces 
were invariant under orthogonal transformations. In Section 10-6 we ap- 
plied the Young symmetrizers to the traceless tensors Fi,..i, to obtain the 
irreducible representations of OT(n). The invariant subspace Σ of tensors 
® is not irreducible. By applying the trace operation we can resolve ©;,...:, 
into a direct sum 

ᾧ -- Fi4+ φ', (10-48) 


where F' is the subspace of = whose tensors have all their “double traces” 
equal to zero, 


for all locations of the repeated indices ὦ and k, and ®’ is a sum of terms 
of the form 


αβ, : 
δ: ον ΤῊΣ ο (10-40) 


tgif “ἱμὶν » tq —ita 1 ---1B—11B41---ty—lip ti -.-tp— lip. tr 
By an argument similar to that of Section 10-5, we can show that (10-48) 
is a decomposition of = into a direct sum of invariant subspaces F! and ®’. 


Consequently the tensors / are decomposed into the direct sum 
-- F°4 Fi4 Φ'. (10-50) 
The tensors 11 are of the form 


(a) 
Siig Fis veelqg—itatl---IB—LIB+1-+-try (10-51) 


where the tensors G°® have rank v = r — 2 and are traceless. Thus the 
irreducible representation of U(n) by rth-rank tensors contains a repre- 
sentation of OT(n) in terms of traceless tensors of rank r — 2. Again by 
applying Young symmetrizers we can obtain irreducible representations of 
O*(n). This contraction process can be continued, so that the arbitrary 
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tensor F’;,...;, can be written as a sum of terms of the form 


ὃ . 6 Pig ..-ig, (2s -- v= Υὴ), (10-52) 


fasta" taster, 
where the tensor ®;,...;, is traceless. 

If we start from rth-rank tensors of given symmetry, the process of 
repeated contraction will give the decomposition into traceless tensors of 
rank r,r — 2,r — 4,..., ete. 

Before considering the reduction process, we illustrate the use of re- 
peated contractions. We consider the completely symmetric tensors of 
rank r which can be formed from the components A; of a vector A, and let 
A;A; = A”. The possible tensors of rank 3 are 


A;Aj;An, ΑΞΑ, Syn, (10-53) 


where the factor A? must be included in the second term since we must 
have homogeneous expressions of degree 3 in the components of A. In 
addition, the second term of (10-53) is not symmetric, whereas the trace 
of A;A;A, must be symmetric in the indices. We symmetrize the second 
term, replacing it by 

A*(A; δ᾽ + Aj be; + Ax 6;;). (10-54) 
The (7j)-trace of (10-54) is (n -+ 2)A*Aj,z, and the (27)-trace of A;A jAx 18 
Α524,. Thus the traceless symmetric tensor of rank 3 is 


(n + 2)A;Aj;Ax — A?(A; ὃῃᾳ + Az deg + Ax δ). (10-55) 
For r = 4, the possible symmetric tensors formed from A are: 


PS AAA AY 
& = ΑΓ(4;4; by +- °°), 
Φ' = (A’)* (δὲν der + δὺς 550 + δὰ 85x). (10-56) 


The traceless tensor is 


F°= (n+ 2)(n4+4)F — (n4+2)@4 6 (10-57) 


Problem. Find the traceless tensor of rank 5 formed from the components of 
a vector A. Derive the general formula for arbitrary rank r. 


The decomposition of a representation [A\1, ..., An] of U(n) into repre- 
sentations (u1,...,,) of OT(n) means that the tensor F with symmetry 
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[Ay ... An] iS written as a sum of terms (10-52) where the tensor ᾧ has 
symmetry [u;...,]. Since the factors ὃ in (10-52) each have the 
symmetry [2], we may say that the tensor F with symmetry [\; ... An] is 
obtained from the tensor © with symmetry [μι ... μν] by taking its outer 
product with s tensors, each having symmetry [2]: 


lata’ 
ay ay 


[\y..-An]  iscontainedin [y,...p,] @ [2] ὦ --- @ [2]. (10-58) 
———~ --_ 
s factors 


For the special case of s = 1[Eq. (10-34)], we get those patterns (u1,..., M,) 
for which 


[Mi --- By] Ὁ [2] (10-59) 
contains [A;...A,z]. We developed the expansion of outer products in 
Section 7-12. For the special case of (10-59), the pattern (u1,..., μν) is 


obtained from the pattern [A; ...A,] by a regular removal of two boxes. 
For example, for [A] = [4], a regular removal of two boxes leaves [y’] = [2]. 
A second removal of two boxes leaves [μ΄ = [0]. Thus the representation 
[4] of U(n) is decomposed into 


[4] = (400...) + (200...) + (000...) (10-60) 


when we go to O(n). [The dots in (10-60) denote zeros, since the symbols 
(ui1,..-, My) are to contain ν terms. | 

For the representation [21] of U(n), a regular removal of two boxes 
leaves [1], so that the decomposition is 


[21] = (21) + (10). (10-61) 


For the representation [22] of U(n), a regular removal of two boxes 
leaves [2], and a second regular removal leaves [0], so that 


[22] = (22) + (20) + (00). (10-62) 


Problem. Decompose the tensors with symmetry [21] into the parts indicated 
in Eq. (10-61). 
Do the same for the tensors with symmetry [22]. 


The procedure becomes complicated for larger diagrams. Those dia- 
grams in which the sum of the lengths of the first two rows exceeds n give 
no traceless tensor, and the equivalence of associated diagrams must be 
taken into account. 
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TABLE 10-3 
DECOMPOSITION OF REPRESENTATIONS oF U(5) INTO 
REPRESENTATIONS OF 07(5) 


r | U(5) O+(5) NEI 
[A] (u1m2) 

0 [0] (00) | 1 

1 1 (10) 5 

2 [2] (20) (00) 15 

[11] (11) 10 

3 [3] (30) (10) 35 

[21] (21) (10) 40 

4 [4] (40) (20) (00) 70 

[31] (81) (20) (11) 105 

[22] (22) (20) (00) 50 

[211] (21) (11) 45 

5 [41] (41) (21) (30) (10) 224 

[32] (82) (30) (21) (10) 175 

[311] (31) (21) (11) 126 

[221] (22) (21) (10) 75 

[2111] (20) (11) 24 

6 [42] (42) (40) (31) (22) (20)? (00) 420 

[411] (41) (31) (21) (11) 280 

[33] (33) (31) (11) 175 

[321] (82) (31) (22) (21) (20) (11) 280 

[3111] (30) (21) (10) 70 

7 [43] (48) (41) (32) (30) (21) (10) 560 

[421] (42) (41) (82) (31) (22) (30) (21)? (10) 700 

[331] (33) (82) (31) (21) (11) 315 

[4111] (40) (31) (20) (11) 160 

[322] (82) (30) (22) (21) (10) 210 

[3211] (81) (22) (21) (20) (11) 175 

8 [44] (44) (42) (40) (22) (20) (00) 490 

[431] (43) (42) (88) (41) (32) (31)? (22) (21) (20) (11) 1050 

[422] (42) (32) (40) (31) (22)? (20)? (00) 560 

[4211] (41) (32) (31) (30) (21)? (11) 450 

9 | [441] (44) (48) (42) (41) (82) (22) (30) (21) (10) 980 

[432] (43) (42) (41) (33) (32)? (31) (30) (22) (21)? (10) 1120 

[4311] (42) (40) (33) (82) (31)? (22) (21) (20) (11) 720 

[4221] (41) (32) (31) (22) (30) (21)? (10) 480 

10 | [442] (44) (43) (42)? (32) (40) (31) (22)? (20)2 (00) 1176 

[4411] (48) (33) (41) (32) (31) (21) (11) 700 


[4321] (42) (41) (33) (32)? (81)? (80) (22)% (21)? (20) (11) 1024 
[4222] (40) (81) (22) (20)? (00) 200 
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TABLE 10-4 


DECOMPOSITION OF REPRESENTATIONS OF U(7) INTO 
REPRESENTATIONS OF O7(7) 


(for r < 6) 

r U(7) OT(7) ΝᾺ] 

[A] (μιμ:μ3) 
0 [0] (000) 1 
1 [1] (100) 7 
2 [2} (000) (200) 28 
[11] (110) 21 
3 [3] (100) (300) 84 
[21] (100) (210) 112 
[111] (111) 35 
4 [4] (000) (200) (400) 210 
[31] (110) (200) (810) 378 
[22] (000) (200) (220) 196 
[211] (110) (211) 210 
5 [41] (100) (210) (300) (410) 1008 
[32] (100) (210) (300) (320) 882 
[311] (111) (210) (311) 756 
[221] (100) (210) (221) 490 
[2111] (111) (211) 924 
6 [42] (000) (200)? (220) (310) (400) (420) 2646 
[411] (110) (211) (310) (411) 2100 
[338] (110) (310) (330) 1176 
[321] (110) (200) (211) (220) (310) (821) 2352 
[222] (000) (200) (220) (222) 490 
[3111] (111) (211) (311) 840 
[2211] (110) (211) (221) 588 
[21111] (111) (210) 140 


Instead of attempting the general derivation, we present tables for the 
decomposition for n = 5 and n = 7 (Tables 10-3 and 10-4). Most of the 
results can be obtained by the simple procedure given above. 


10-8 The symplectic group Sf(n). Contraction. Traceless tensors. 
The orthogonal group in n dimensions, O(n), is the group of linear trans- 
formations a which leave the scalar product 


(xy) = αν +--+ + Inyn (10-63) 
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invariant. More generally, O(n) could be defined as the group of linear 
transformations which leave invariant a positive definite symmetric 
bilinear form. By a suitable change of basis such a form can be written in 
the canonical form (10-63). 

The symplectic group in n dimensions, Sp(n), is the set of all linear 
transformations a under which a nondegenerate skew-symmetric bilinear 
form is invariant. In other words, a nondegenerate bilinear form 


{ry} = Gintiye (σὰ = —Qxi), (10-64) 


the skew product of the vectors x and y, is unchanged by the transforma- 
tions a of Sp(n). The matrix G = (σι) of Eq. (10-64) is skew-symmetric: 


G = -—G. (10-642) 


Taking the determinant of the matrices in (10-64a), we find det G = 
(—1)"det G. If n is odd, det G = 0, and the bilinear form (10 34) is 
degenerate. The symplectic group can therefore be defined only for even- 
dimensional spaces (n = 2ν, ν integral). The condition that (10-64) be 
invariant under the transformation a is 


aGa = G. (10-65) 


The coordinate basis in the n-dimensional space can always be selected 
so that the skew product (10-64) takes on a simple canonical form. We 
start with an arbitrary nonzero vector 6: in the n-dimensional space. 
Since the skew product (10-64) is nondegenerate, we can find a vector y 
such that {e,y} τέ 0. Multiplying y by a factor, we obtain a vector 61’ 
for which {e,e;'} = 1. We now have two vectors e; and 61’ satisfying 
the conditions 


{e1e;} = 0, {eye} = 0, 6161} = 1. (10-66) 


The vectors 61, 61’ are linearly independent: If Xe, + wey = 0, we find, 
by taking the skew product with 6: and 61’ in turn, that ἃ = μ = 0. 
The vectors z of R, which satisfy the two independent linear equations 


(6:2) = 0, {@1/Z} = 0, (10-67) 


form an (7 — 2)-dimensional linear subspace of R,. Every vector x of Ry, 


can be written as 
KX = 71e@; + 27yey + Z, (10-68) 


where z satisfies (10-67). In fact, using (10-66) and (10-67), we have 


Ly = {xe,'}, 11’ ΞΞ — {xe,}. 
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We repeat the argument for the (n — 2)-dimensional subspace. By in- 
duction, we conclude that we can select a symplectic coordinate basis of 


vectors @;,..., ey, ey (n = 2), so that 
{ees} = {eves} = 0, {eaes'} = —{eaes} = δ. (10-69) 
The components of a vector x in this basis are 2, ta’ (a = 1,..., v). 


Evaluating the skew product (10-64) in the basis (10-69), we find 


{xy} = (αψι' — Y1%1') + (LaYor — Yoke’) eee + (LyYo' — δ 
(10-70) 
or 
1 for t=aj= da, 
{xy} = εχ; εἰ, = 4--1 for t= a,j =a, (10-71) 
0 otherwise. 


The matrix J = (¢,;) of the canonical form (10-71) satisfies the equation 
f= +1, €:j€jk = — Org. (10-72) 


The form of the matrix (10-71) will depend on the order in which we write 
the indices a, a’: 


Ϊ 
0 1| , 
Ι l 1 
eo eee ey | 
| | : 
| 0 1: ! ἢ 
i—1 0) ! Mee 
pide be ee! 1 1 
$ | ewe ee Se ee eee -.-΄. | reer rr een en CoS 
= sea 
a a a | 
Od Toe. Ὁ “. a 
i-1 0 | 
=a rad 
cn Ree ie) eee TO vii i Ooi, ν', 1,2,...,, »',..., 2], 1’. 
indices: 
The determinant formed from the components of n vectors x‘?, ... , x™ 


can be expressed in terms of skew products. To show this we consider the 
quantity 


1 Σ 6, {x Vx BPA. GMD, (10-74) 
WIS 


9” 


where the summation extends over all permutations p of the superscripts 
(i.e., over all permutations of the vectors x‘), ..., x‘”), and 6, is the sign 
of the permutation p. Writing out the skew products in terms of 
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components by using (10-71), we find that the expression (10-74) becomes 


1) (2 ΒΞ 
τ᾽. ἐπερε ον, a τὸ αν 
Pp 
BG gc os » bth, +: -++ a5. (10-75) 
Pp 
The sum 
1 
Da a 
is zero unless the indices 71, ..., ἴῃ are all different. For any set of different 
11, +--+, %, the sum is equal to 
ὃ, " [x eae Χ 
where 6, is the sign of the permutation 7 which brings 1, 2,..., ἢ to the 
order 21, ..., tm, and [x‘? ...x™] is the determinant formed from the 
components of the vectors x‘, ..., x. The expression (10-75) is there- 
fore equal to 
(1) (n) 
een χΧ 
ee Σ᾽ δ. ες ὦ = aps Cin—tine (10-76) 
2 Vl ταν τος . 


The product €;,:, °° * €i,_7, Will be zero unless each pair of indices assumes 
the values α, a’ or a’, a. The term €11' €99’ " + + &yy’ is equal to +1. Inter- 
changing pairs of indices still gives +1, and the corresponding permutation 
7 is even, so that 6, = 1. Replacing €..’ by €a’. changes the product to —1, 
but this replacement corresponds to an odd permutation 7, with 6, = —1. 
Thus each nonzero term in the sum contributes unity. The number of such 
terms is 2”- v!, so that (10-76) is equal to [x‘? ...x], and we have the 
result 


[xP 2X (1) ἘΣ ὌΝ τ χοῦς (10-77) 


Under a linear transformation a in Rp, the determinant [x‘? ...x™] is 
multiplied by det a. But, if a is symplectic, it leaves the skew products on 
the right of (10-77) unchanged, and it must therefore leave [x‘? ... x] 
unchanged. Consequently, det a = 1 for symplectic a. The symplectic 
transformations are unimodular. There is no need to distinguish between 
proper and improper transformations, as we did for O(n). 

The procedure for obtaining irreducible representations of the symplectic 
group Sp(n) is very similar to the method used for the orthogonal group 
O(n). 
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When we go from the linear group GL(n) to its symplectic subgroup 
Sp(n) in an even-dimensional space (n = 2»), the representations of 
GL(n) in terms of tensors of a given symmetry will become reducible. In 
addition to the operations of permuting the tensor indices, we also have 
to perform an operation of contraction which commutes with the sym- 
plectic transformations. 

Consider the space of tensors of rank 7, with components F;,...;,.. For 
symplectic transformations a, using (10-65) in the canonical basis, we have 


εκιακιτα) = Εἰ). (10--78) 


From the tensor F;,;,...;,, we can construct the (12)-trace (contraction) by 
multiplying by €;,;, and summing over ὦ, and 72: 


F Πὰς = Ἐξ inane (10-79) 


The trace operation gives a tensor of rank r — 2 and commutes with the 
symplectic transformations. If a is symplectic, then 


ΤΠ λιν = αἱ ιν )2, ** ας,),[7.12...1. (10-6) 
,(12) ae 
ροῦν = Ciqigh iyigig..cip = €iyighiyj Dini igig °° Vigil i ieis..-5r 
= €j,j2%igiz* °° Vigil jyjoig..ir 
(12) 
= igig’ + Gini Mg...5r 
(12)’ 
== FA. ie (10-80) 
The contraction process (10-79) can be applied to any pair of indices, so 
that there are r(r — 1)/2 traces F@ of the rth-rank tensor. 
We select those rth-rank tensors for which all pair traces are zero. 
Equation (10-80) shows that this subspace of traceless tensors 15 invariant 


under transformations induced by Sp(n). Every tensor F;,...;, can be 
decomposed uniquely into a traceless tensor F° plus a tensor of the form 


(12) 
Byte = €ttgGig..ctp ΤΡ 
(a8) r(r — 1) 
+ Serr Oc Mage ae ern er mere ee re + pe ( - 9 terms ° 


(10-81) 


The proof is identical with the one given in Section 10-5. We get a decom- 
position of the tensor space into a direct sum of invariant subspaces: 


Vicks = ©, 4 + Fon. (10-82) 
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The invariance of the subspace 2 of tensors ® having the form (10-81) 
is proved analogously to (10-37). Each term in (10-81) is transformed into 
a similar term under symplectic transformations: 


(12) a (12) 
inj: Dinig ας, 7,.(Ἐ}}74{74...1.} = Ctyighigig ας... ὦ, 
(12)’ 


= €5,40(7és.. iy (10-83) 


The process for finding the traceless part of a tensor is similar to that 
used for O(n). For example, for r = 3, we write ἐν τρίς as 


F isigig = Fojigig + Hig€iig + Kig€igt, + Li,€cgiy: (10-84) 
The requirement that F° be traceless gives the equations 
(12)-trace: γι" = nil;, — Κὶς; — Lig, 
8) 
(31)-trace: Fi, ° = —H;,+nK;, — L;,, 


(23)-trace: Fy.” = —H;, — Ki, + nLi,. 
Solving, we find 
Η; -Ξ =, [ὦ — ΓΟ + FG? + FP, 
Ki = yp —— 5 [FP + (n — FSP + FO, 
Le = OP + PSY + (n — PE). (10.848) 


10-9 The irreducible representations of Sf(n). Decomposition of 
irreducible representations of U(n) with respect to its symplectic sub- 
group. Just as for the orthogonal group, permutation of indices takes a 
traceless tensor into another traceless tensor. If we start from the invariant 
subspace of traceless tensors F° of rank r, we can apply the Young sym- 
metrizers to decompose the space into subspaces of traceless tensors 
having a definite symmetry type. In this way we arrive at the irreducible 
representations of Sp(n). 

Each irreducible representation of Sp(n) is associated with a Young 
diagram [A;...An], with Ay + A2 +--+: +A, =r. However, not all 
diagrams are admissible. We shall prove that the traceless tensors cor- 
responding to Young diagrams in which there are more than vy = n/2 rows 
are identically equal to zero. To prove the theorem we show that the 
tensors corresponding to diagrams with more than n/2 rows must have 
the form (10-81). We need consider only the indices in the first column of 
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the diagram, so we assume that a tensor F;,...:,, is antisymmetric in the 
indices 1, ...%m, Where m > vy = n/2. As we acd in Section 10-2, 
such a eniser is a superposition of tensors of the form (10-14), [x ...x'""]. 
We add to this set the vector variables y”t?, ..., y, and soneuaet 
the determinant 


(τι) νι -Ἐ 1) 


ne ey yh (10-85) 


[x 


The components of the tensor [x‘? ... x°”’] will be the coefficients of the 
monomials yr .. - ys. From Eq. (10-77), the determinant (10-85) 
can be expressed as a sum of terms in which the vectors ee ee 
τ , y™ are paired and contracted. Since m > ν, at least one 
skew product in each term on the right of (10-77) must contain x’s, giving 
a factor Cigighio Uap , so that the term has the form (10-81). Consequently 
the tensor has zero trace if m > v. [Actually, we have proved even more: 
the number of factors on the right of (10-77), in which x’s are paired, 
must be at least equal to (m — v), so that each term on the right of (10-77) 
has at least (m — v) factors €;;.] As a result of this theorem, we can re- 
strict ourselves to patterns with at most ν rows. 

The symmetry type for the irreducible eee of Sp(n) will be 
denoted by (01...9>), where σι! 062 >-°::>0,2>0. The basis 
vectors for this irreducible representation are the traceless tensors of 
symmetry [o; . .. συ]. The dimensionality of the representation (01... dy) 
of Sp(n) is given by the formula 


Tro,tv—it+l 
N(o) = ἐάν eg σι ee 

I yv—-titl 
fy ee ee eee ee ϑενθθου, 


(ᾧ — i)(2v +2 --ἰ -- k) (10-86) 


k>t 


We tabulate some of the simpler inrecueie representations of Sp(n) 
for n = 4, 6, and 8 in Table 10-5. 

The dabapace Σ of tensors @ [Eq. (10-85)] is invariant under symplectic 
transformations, but it is not irreducible. Just as in Section 10-7, we can 
take repeated traces and decompose the tensor into a sum of terms of the 
form 

Eig ia, + - + Ciagia’ Pip, ..-ipy (285 +v=n), (10-87) 


where the tensor %,,,...,;, is traceless. 
If we start from aE tensors having a definite symmetry, the con- 
traction process will decompose the space into traceless tensors of rank r, 


r — 2,r — 4, etc., which have definite symmetry. The decomposition of 
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TABLE 10-5 


IRREDUCIBLE REPRESENTATIONS OF Sp(n) 


n=4 n= 6 n= ὃ 
(102) N(c) r  (o10203) N(o) r  (o1920304)  N(o) 


8 


0 (00) 1 0 (000) 1 0 (0000) 1 
1 (10) 4 1 (100) 6 1 (1000) 8 
2 (20) 10 2 (200) 21 2 (2000) 36 
(11) 5 (110) 14 (1100) 27 
3 (21) 16 3 (210) 64 3 (2100) 160 
4 (22) 14 (111) 14 - (1110) 48 
4 (220) 90 4 (2200) 308 
(211) 70 (2110) 315 
5 (21) 126 (1111) 42 
6 (222) 84 5 (2210) 792 
(2111) 288 
6 (2220) 825 
(2211) 792 
7 (2221) 1056 
8 (2222) 594 

a representation [A;...An] of U(n) into irreducible representations 


(a, ...0@,) of Sp(n) means that the tensor F with symmetry [\, ... Az] is 
written as a sum of terms (10-87), where the tensor @ has symmetry 
lo, ...0,]. -Since the factors €i,,i.i, in (10-87) each have the symmetry 
[11], we see that the tensor F with symmetry [\, ... An] is obtained from 
the tensor ® with symmetry [0 ...0,] by taking the outer product with 


s factors, each having the symmetry [11]: 


[Ay ... An] is contained in [o,...0,] Ὁ [11] Ὁ --- ® [11]. 
pee cre, poy reece 
s factors 


(10-88) 


For the special case of s = 1 [Eq. (10-85)], we get those patterns [71 . . . σφ] 
for which 7 
σι .. .σῳ] Ὁ [11] (10-89) 


contains [A;...An]. Again we can use the results of Section 7-12 con- 
cerning outer products. For (10-89), the pattern (¢;...¢,) is obtained 
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TABLE 10-6 


REDUCTION OF REPRESENTATIONS OF U(n) TO 
REPRESENTATIONS OF Sp(n) 


n= 6 
(o)-structure 


n=4 
[Ὰ] (o)-structure [A] 


[0] 
(1] 


[2] 
[11] 


[21] 


[22] 
[211] 


(00) 
(10) 
(20) 


(00) (11) 
(10) (21) 


(00) (11) (22) 
(20) (11) 


[A] 


[0] 
[1] 
[2] 
[11] 
[21] 
[111] 


[0] 

[1] 

[2] 
[11] 
[21] 
[111] 
[22] 
[211] 
[221] 
[2111] 
[222] 
[2211] 
[21111] 


n=8 


(000) 
(100) 

(200) 

(000) (110) 

(100) (210) 

(100) (111) 

(000) (110) (220) 

(200) (110) (211) 

(100) (210) (111) (221) 
(100) (111) (210) 

(200) (211) (222) 

(000) (110)? (220) (211) 
(200) (110) 


(o)-structure 


(0000) 
(1000) 
(2000) 
(0000) (1100) 
(1000) (2100) 
(1000) (1110) 


[22] 
[211] 
[1111] 
[221] 
[2111] 
[2292] 
[2211] 
[21111] 
[2221] 
[22111] 
[211111] 


[2222] 
[22211] 
[221111] 
[2111111] 


(0000) 
(2000) 
(0000) 
(1000) 
(1000) 
(2000) 
(0000) 


(2000) 


(1000) 
(1000) 
(1000) 
(0000) 
(2000) 
(0000) 
(2000) 


(1100) (2200) 

(1100) (2110) 

(1100) (1111) 

(2100) (1110) (2210) 

(2100) (1110) (2111) 

(2110) (2220) 

(1100)2 (2200) (2110) (1111) (2211) 
(1100) (2110) (1111) 

(2100) (1110) (2210) (2111) (2221) 
(2100) (1110)2 (2210) (2111) 

(2100) (1110) 

(1100) (2200) (1111) (2211) (2222) 
(1100) (2110)? (1111) (2220) (2211) 
(1100)2 (2200) (2110) (1111) 

(1100) 
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from [\;...An] by regular removal of an antisymmetric pair [11]. This 
step is followed by a second regular removal of a pair [11], etc. 

The pattern [11] is decomposed into (11) + (00). For the pattern [22] 
we get (22) + (11) + (00). The process becomes complicated for parti- 
tions [A .. . Ax] with more than n/2 rows. We shall not discuss the general 
procedure, but give the reduction tables for the simplest cases (Table 10-6). 


CHAPTER 11 
APPLICATIONS TO ATOMIC AND NUCLEAR PROBLEMS 


11-1 The classification of states of systems of identical particles 
according to SU(n). One of the main problems of atomic and nuclear 
physics is the determination of the energy levels of a system of identical 
(equivalent) particles. Since we cannot solve the problem for a system of 
interacting particles, we use the methods of perturbation theory. Each 
particle of the system is assumed to move in some averaged potential field. 
We determine the eigenstates for this average field and take, as basis func- 
tions for the full problem, products of the single-particle eigenfunctions. 
The perturbation then consists of any part of the single-particle field plus 
the interactions among the particles. If the particles are identical, the 
interaction operator will be symmetric in all the particles. Consequently 
its matrix elements between basis functions will depend sensitively on the 
symmetry of these functions under interchange of particles. 

To keep the argument general, we start from the assumption that we 
have solved a single-particle problem whose Hamiltonian is invariant under 
a transformation group G. The functions corresponding to a given eigen- 
value εἰ7) of the single-particle problem will form the basis for a representa- 
tion D” of the group G. If the dimension of the representation D® is ἢ, 
the n basis functions ¥1,...,Wn correspond to the same energy ΕἼ): 
Suppose that we have a system of r identical particles, and that, in zeroth 
approximation, each of the particles has energy e”’. Any product wave 
function W;,(1)¥i,(2) ... ¥:,(r) (ἐν = 1,..., 7) will correspond to the same 
energy Ὁ" Εἴ) in zeroth approximation. The perturbation will split this 
degeneracy. Since the total Hamiltonian is symmetric under interchange 
of identical particles, the proper zeroth-order functions are those linear 
combinations of product wave functions which have a definite symmetry 
type. The problem of constructing such functions was solved in. Chapter 7. 

An alternative point of view is the following: We regard the single- 
particle wave function y as a vector in the n-dimensional space spanned by 
the basis vectors ¥1,..., Wn: 


n 


y= > at, δ) lad? = 1. (11-1) 

1 i 
If the basis vectors y; are subjected to a unitary transformation so that 
ψι = τ} Ψ)» (11-2) 


we obtain another basis for the same vector space. Moreover, the unitary 
413 
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transformation can be made unimodular by taking out a phase factor e®. 
This phase factor is common to all the yj, so that it will not change any 
matrix elements. We may therefore regard the space spanned by 1, . . . Wn 
as providing us with a basis for the (faithful) representation of the unitary 
unimodular group SU(n). If we have a system of r identical particles, the 
products y;,(1) - - - ψι,(5) form the basis for a representation of SU(n) in 
terms of rth-rank tensors. Our problem is then to construct the irreducible 
representations of SU(m) in terms of rth-rank tensors of definite symmetry. 
We have solved this problem in Chapter 10. 

From the preceding argument, we see that the space of rth-rank tensors 
plays two roles: 


(1) It is the space of a representation of SU(n). 
(2) It is the space of a representation of the group G. 


When we decompose the space into subspaces of rth-rank tensors of definite 
symmetry, we find the irreducible representations of SU(n). At the same 
time, each of these subspaces provides a representation of the group G. 
One of our main problems is to decompose the irreducible representations 
of SU(n) into irreducible representations of G. 


11-2 Angular momentum analysis. Decomposition of representations 
, of SU(n) into representations of O*(3). The simplest example of the 
preceding discussion is the case where the single-particle Hamiltonian is 
invariant under the group 0*(3), the rotation group in three dimensions. 
Then the single-particle energies €” corresponding to different irreducible 
representations D‘” of O*(3) are well separated. The wave function for 
the single particle is a vector in the (27 + 1)-dimensional space of the 
irreducible representation D” spanned by the basis vectors 


The operator J; + J? + J? has the fixed value 7(7 + 1) for all vectors 
in this space, and we can choose the y; so that, say, JW; = wW;. From 
products of the y~’s, we now wish to construct irreducible tensors [with 
respect to SU(2j + 1)], and determine which representations D™ of 
O*(3) are contained in them. 

The simplest procedure is the following: The tensor of rank one cor- 
responds to the Young diagram [1]. It provides an irreducible representa- 
tion [1] of SU(2j + 1) and an irreducible representation D” of O+(3). 
Forr = 2, we get the irreducible representations [2] and [11] of SU(2j + 1). 
The analysis of these representations in terms of O*(3) is easily done by 
means of the results in Section 9-8 on Clebsch-Gordan coefficients. If we 
set 71 = J2 = j in Eq. (9-116), we have 


Ay = (μιν. — u201)77—" (uyay + Ugt2)” (υ111 = Voxe)”. (11-3) 
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If we interchange u, < 01, Ue < Ve, then A, is multiplied by (—1)”77. 
Thus, if 27 — J is even, the second-rank tensor formed from y;,¥;, is 
symmetric, while for 27 — J odd, the tensor is antisymmetric. Conse- 
quently, for integral 2, the representation [_|L_] contains 


J = 2), 2) —2,...,0, (11-4) 
[] 


while i contains 


J = 27 — 1,27 — 3,..., 1. (11-4a) 
For half-integral j, [ [{] contains 


J = 23,23 — 2,...,1, (11-5) 
[ 


while ΓῚ contains 
J = 27 — 1,27 — 3,..., 0. (11-5a) 


In particular, we note that the function having J = 0 is a symmetric 
tensor for integral j and an antisymmetric tensor for odd 7. The expansion 
of this function in terms of the y; is obtained by setting J = 0 in (11-3): 


si 
Vyao = (ων — 201)“ 


7 Σ ot (—1)7~"(uyve)? πων)" 


mt GF mG — πὴ! 


7 , Στ 
= (ἢ! Σὺ (--ηἾ ind Lm 


m=—j 


whence the normalized function for J = 0 15 


1 u ar ee 
ΜΞ SS SS —1)7 "Wy, bn 11-6 
J=0 Je,‘ )»Ψ (11-6) 


For tensors of higher rank, we illustrate the procedure first for 7 = ξ. 
Since n = 27+ 1 = 2, the Young diagrams can contain at most two 
rows. Furthermore, from Eq. (10-29), [λ1λ2] = [A1 — Az, 0]. Combining 
this with the results of Eq. (11-5), we see that [2] has J = 1, while 
[11] = [0] has -- 0. The pattern [21] is equivalent to [1], so that J = ξ. 

1 


Similarly, any pattern [a + 1, a] = [1] has J = 3. If we take the outer 
product 


ΓΙῚ Φ [1-- ΠΠΠ ἘΠ", 
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we have, on the left, products of functions with 7 = 1 andj = 4. These 
yield resultants J of ὦ and ὃ. The second pattern on the right has J = 3, 
so [3] has J = 8. Repeating the argument, 


we find that [4] has J = 2, and in general, [λ1λ2] has J = ξ(λι — Ag). 
For7 = 1, (n = 23 + 1 = 3), we already know that 


[1. at ΞΞῚ has dimension 3; 
[1], J = 2,0, has dimension 6; 


Εἰ te ἢ: has dimension 3; 
ae gst has dimension 1 since n = 3. 


Next we construct the direct product 
Heo-9+—0 


On the left we combine 2 = 1 andj’ = 1, and obtain/J = 2,1,0. On the 
right the representation [111] has J = 0, so [21] has J = 2, 1. Again, 
analyzing the outer product 


ooeO=o000+ YU 
ἡ: 2,0 1 J = 2,1 
yields J = 1, 1, 2, 3, so LJLJLJ = [8] contains J = 3,1. Taking 
CL 

[ [7 
Θ[1]- ΙΕ 
L] [] ΓΗ 
=HU+D 


we have, on the lefty = 1,7’ = 2,0, giving 1, 1, 2, 3, so that et = [31] 


contains J = 3, 2,1. From 


oon e O=oo00+H0, 


we find that LJLJ_JLJ = [4] contains J = 4, 2, 0. 


} 
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TABLE 11-1 


jaa 


Angular momenta 
Outer product SP DFG 
J =O 1 28 4 


Resolution of 
outer product 


[1] ὦ [11] l 


1 1 τὺ [21], [0] 
[1] Ὁ [2] 2.1} ὃ [3], [21] 
[1] ὦ [21] 1.2.2... * [31], [2], [1] 
3] 1.1.1. 2 0 [4], [31] 
31] 12 3 2 1 [41], [31], [2] 
32|(= [31]} 123 2 1 [42], [3], [21] 


This recursion method, using Eqs. (11-4), (11-5) and the formulas for 
resolving outer products, enables us to analyze any representation of 
SU(n = 2j + 1) into its component angular momenta J. We illustrate 
the procedure for 7 = 1. We tabulate a sequence of outer products at the 
left, their component angular momenta in the middle of the table, and 
the resolution of the outer product at the right (Table 11-1). We have 
made use of the equivalences 


[A1Ae eu An] = [Ay —s An, A2 a An) foes An—1 τΞ An] (10-29) 
and 
[A1A2 ose An] = [Ay — Ans (a An—1) ee. λι τς do], (10-30) 


with n = 27 -+ 1 = 3. By combining the results in the table, we find the 
angular momentum structure of [A]. We tabulate the results for 7 = 1, ὃ, 
2, & 3, 1 (Tables 11-2 through 11-7, see pp. 418 through 421). We re- 
strict the tables to partitions with Δι < 4 for integral j and A; < 2 for 
half-integral 7. 

In constructing the tables for higher values of 7, we must use the direct 
method for analyzing partitions [17], which is described in detail in Sec- 
tion 11-5. 


Problem. Construct the table forj = 3. 


11-3 The Pauli principle. Atomic spectra in Russell-Saunders coupling. 
Before applying the results of the preceding section to physical problems, 
we must impose one further condition. The Pauli principle states that the 
total wave function of a system of electrons must be antisymmetric under 
any interchange of the particles. The same statement holds for any system 
of identical particles having half-integral spin [i.e., particles whose internal 
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TaBLE 11-2 
ANGULAR-MOMENTUM ANALYSIS OF THE (j)’-CONFIGURATION 
j = 1, SU(3) 
N (IA) 
0 - 1 
l=? 3 
0,.2=S8D 6 
[11] = [1] 1=Pp 3 
[3] 13=PF 10 
[21] τ ΞΡ 8 
[111] = [0] 0- Κὶ 1 
[4] 0.24=SDG 15 
[31] 12,3=PDF 15 
[22] = [2] 0,2=S8S D 6 
[211] = [1] 1=P 3 
[41] 2,3,.4=PDFG 
[32] = [81] 12,3= PDF 
[311] = [2] 0,2 =S8S D 
[221] = [1] 1=P 
[42] 3,4=S8 D? FG 
[411] = [3] Loe? FF 
[38] = [3] Lls8=PF 
[321] = [21] 12=PD 
[222] = [0] 0=S8 
TABLE 11-3 | 
ANGULAR-MOMENTUM ANALYSIS OF THE (j)’-CONFIGURATION 
j = 3, SU(A) 


Ν(β}) 
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TABLE 11-4 
ANGULAR-MoMENTUM ANALYSIS OF THE (j)’-CONFIGURATION 
j = 2, SU(5) 
SPDFGHIKLMNO@Q 
Ἶ A] y2=0123456789 toni | 
0 [0] 1 : 1 
1 [1] - + J 5 
2 [2] 1-1. 1 15 
[11] - Ὁ + 1 10 
3 [9] 1.111 1 39 
[21] Ι1.2111 40 
4 [4] Eo ὦ 2 ee Ὁ Ὁ 1 sed 70 
[31] :- 29.3.2. 2-2 1 105 
[22] DO. κα 1 2 oe δ0 
[211] - 212i1éi21 45 
5 [41] 123 4 43 3 2141 224 
[32] 1 2 4 8 4 8 2 11 175 
[311] wo Be De 4.9. 8 1.} 126 
[221] 1132211 75 
[2111] go eae, 5] 24 
6 [42] 8 27 5 8 56331 1 420 
[411] 486 48 8 311 280 
β [33] - $1523 2.2. 1 175 
[321] 14666 5 3 21 280 
| [3111] eS ὦ. Ὁ ee ἃ 70 
β a [43] 1477 8 8 6 542 1 1 560 
[421] 3 610111210 9 64 2 1 700 
[381] - 5 4 7 5 6 8 811 315 
[4111] . Ὁ 8. SS Bo ὃ 1.1 160 
[322] ,. Ὅν 2 6 4 6 3 3 1. 210 
[3211] 13 45 43 21 175 
8 [44] 41648 47 834 2 2 1 490 
[431] 2 91216151512106 4 21 1050 
[422] 4 310 711 7 8 441 1 560 
[4211] 1669 8 8 5 42 1 450 
9 [441] 4 51111141112 874 3 1 1 980 
[432] 3 9141617161310 7 4 21 1120 
[4311] 2 710121211 9 64 2 1 720 
[4221] 258 99 8 6 421 480 
10 [442] 6 51512181815 99 4 4 1 1 1176 
[4411] - 7 711 911 7 7483 11 700 
[4321] 4101418 181513 95 3 1 1024 
[4222] 2153 53 8ϑΡῬ 1] 200 


a 
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TABLE 11-5 
ANGULAR-MOMENTUM ANALYSIS OF THE (j)’-CONFIGURATION 


j = ἃ, SU(6) 


lon Ὁ 


[2] 
[11] 


ΜῈ 


Oo κ"-ὶ 
adit bo ww 
He δι 


“e 


[21] 


oe 
blo 
ΝΠ 
we 


[111] 
[22] (0)?, (2)3, 8, (4)3, 5, (6)?, 8 

[211] (1)*, (2)?, (8)3, (4)?, (5), 6, 7 

[221] (5)?, (3)3, (3)4, ($)4, (3)4, (434)3, (43), IS, at 
[2111] a, (3)*, (8), (2)3, )?, 44, 13 

[222] (1)%, 2, (3), (4)?, (5), (6)2, (7)2, 9 
[2211] (0)?, 1, (2)°, (3)3, (4), (5), (6)3, 7, 8 
[21111] 1,2,3,4,5 


No 
nD 


TABLE 11-6 
ANGULAR-MoMENTUM ANALYSIS OF THE (j)’-CONFIGURATION 


j = 3, SUM), for r < 4 


. nD μι = Φ 


τ} 
21 
22 
11 
1 3 
o 4 
1 4 
4 ὃ 


1 
5 
2 
4 
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TaBLeE 11-7 
ANGULAR-MoOMENTUM ANALYSIS OF THE (7)’-CONFIGURATION 


j = ζ, SU(8), for r < 4 


— 


r [A] J N({A}) 
0 [0] 0 1 
1 [1] Ζ 8 
2 [2] 1, 8, 5,7 36 
[11] 0, 2, 4,6 28 
3 [21] 4,3, (ὅ)2, (2)8 2 3)” i Cr)", (33)", 42, 45, 2 168 
[111] 2, 5, 3; 3) Sy 18 56 
4 [22] 08, 24, 32, 45, 52, 65, 72, 83, 9, 107, 12 336 
[211] 13, 23, 35, 44, 55, 64, 74, 82, 92, 10, 11 378 
[1111] 0, 22, 42, 5, 6, 8 70 


wave functions form the basis for an irreducible representation D of 
O*(3), with 7 half-integral]. For systems of identical particles having 
integral spin, the total wave function must be symmetric under any inter- 
change. 

For many-electron atoms, we start from the single-particle orbits in 
some averaged central field. The state of a single electron is characterized 
by quantum numbers n, 1, m,, ms. The first quantum number gives the 
energy, | and m, label the basis functions of the representation D” of the 
rotation group which is provided by the orbital (external) motion, and 
m, labels the basis functions of the representation D“/” of the rotation 
group which is provided by the internal motion (spin). The perturbation 
consists of the Coulomb interaction between the electrons and of terms 
involving the electron spins. 

For light atoms, the terms containing the electron spins make a con- 
tribution to the energy which is small compared to that from the Coulomb 
repulsion. The approximation procedure which starts from this assump- 
tion is called Russell-Saunders coupling (L-S coupling). In L-S coupling, 
we treat the orbital wave functions and the spin functions of the electrons 
separately. If there are r electrons in single-particle orbits with angular 
momentum I, the product of the orbital wave functions will be an rth-rank 
tensor with respect to SU(2l + 1). Since the Coulomb repulsion is sym- 
metric in the coordinates of all the electrons, the Coulomb energy will 
depend strongly on the symmetry of the coordinate wave function. Thus 
the appropriate linear combinations are the irreducible rth-rank tensors. 
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We see that, in general, states of higher orbital symmetry will have higher 
energy: if the wave function is symmetric in a pair of particles, the Cou- 
lomb repulsion between them will be effective; if the wave function is 
antisymmetric in a pair of particles, their Coulomb repulsion will be 
reduced. 

At the same time, we must combine the internal (spin) wave functions 
of the r electrons. For a single electron, the wave functions form the basis 
for a representation of SU(2) since 7 = 4,27 +1 = 2. Forr electrons, 
we can construct rth-rank tensors of definite symmetry. 

Finally, we must multiply the space and spin wave functions to obtain 
the total wave function. But, according to the Pauli principle, the total 
wave function must be completely antisymmetric. From the results of 
Chapter 7, we know how to construct such products: the space and spin 
functions must have conjugate diagrams [ef. Eq. (7-211)]. 

For the spin wave functions we use the results of Section 11-2 for 
j = ὁ. The Young diagram contains at most two rows, \y + Ao = 7, 
and the resultant angular momentum is 


S = 3(\1 — Ag). (11-7) 
In other words, the Young diagram for r electrons with total spin S is 
[λ1}λ2] = 7 i ce = 35). (11-8) 


The dimensionality (multiplicity) of the representation is 2S + 1. 

Since the space wave function must correspond to the conjugate Young 
diagram (with rows and columns interchanged), the patterns for the 
orbital functions can have at most two boxes in any row. For the orbital 
wave functions in atomic problems we can restrict ourselves to partitions 
with A; < 2. 

We start with the configuration (p)”. Here 1] = 1. The total number 
of different orbital states available for a single particle is 21 + 1 = 3. 
The internal wave function (for s = 4) has two basis states. So six dif- 
ferent total] states are possible, and the p-shell will be filled for r = 6. All 
the results are contained in the tables of the preceding section. We use 
Βα. (11-7) for the total spin functions, and Table 11-2 for the total orbital 
wave functions. The results are given in Table 11-8. 

We need not go beyond r = 8 (halfway through the -Shell), because 
the rest of the table can be obtained by using the equivalences (10-29) 
and (10-30). For example, for r = 4, [22] = [2] with L = 2, 0; [22] has 
S = 0, so we obtain the same results as for r = 2: [2] - [1]?. 

For the configuration (d)” with 1 = 2, we use Table 11-4 for a. 
‘The shell contains 10 states. The resultant terms are given in Table 11-9. 
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TABLE 11-8 


TERMS FOR ELECTRON CONFIGURATION (p)"~ 


Orbital Spin Multiplet 
r=1 | [1 Ξὶ [1] S = 3 2P 
r=2 [2] 1, -- 20 | [38 =0 1g, 1D 

ΠΣ -Ξ 1 [2] 8 -- 1 3p 
r=3 | 2IL=2,1 | [218 - 8 2P, 2D 
[111, = 0 [3] S = 3 48 
TaBLE 11-9 


TERMS FOR ELECTRON CONFIGURATION (d)” 
Orbital i Multiplet 


2D 

1s, 1D, 16 

8Ρ, 3} 

2P, (7D)?, ΞΡ, 2G, 2H 
4p, 4F 

5D 

, (3)?, 2, (1)? 
4), 3, (2)?, (0)? 
88 


1 
2 
0 
1 
1 
2 
3 
2 
2 
1 
0 
5 
2 
3 
2 
1 
2 


[32] S 


Problems. (1) Use Table 11-6 to construct the table of terms arising from 
the configuration (f)” (J = 3). 

(2) The arguments used here can ἀπὸ be applied to the classification of 
rotational states of homonuclear diatomic molecules. Apply them to the classi- 
fication of the states of ortho- and para-hydrogen and ortho- and para-deuterium. 
Write the partition function for these molecules in their ground-electronic and 
vibrational state. 


The next step in the perturbation procedure would be to include the spin- 
dependent terms in the Hamiltonian. The product of the representations 
D’ and D* then splits into representations D’. The spin-dependent terms 
cause a splitting of the multiplets. 


11-4 Seniority in atomic spectra. For the configuration (p)", the 
symmetry pattern [A] and the angular momentum L completely char- 
acterized the state: a multiplet occurred only once for a given symmetry. 
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This was not the case for the configuration (d)”. For three particles, there 
are two *D-states with the same symmetry [21]. Many of the multiplets 
occur several times for the same [A] when r = 4, 5. It would be advan- 
tageous to have some additional quantum number for classification of the 
states. We would like to find a group G which is contained in SU(2l + 1), 
and which contains the rotation group O*(3) as a subgroup. Then a state 
would be characterized by its symmetry pattern [A] for SU(2l + 1), the 
irreducible representation of G to which it belongs, and its angular mo-. 
mentum L. Such groups G can be found, but the resulting classification 
will be useful only if the perturbation Hamiltonian commutes (or commutes 
approximately) with the transformations of G. If this is the case, the label 
of the irreducible representation of G provides us with an additional 
quantum number having physical significance. For the spectra of many- 
electron atoms, the group O*(2/ + 1) provides such a subgroup G. 

Suppose that we have a system of two electrons in the configuration (1)?. 
The orbital wave functions yi? τ: of the two electrons are vectors in the 
(21 + 1)-dimensional space of the representation D™ of the rotation group. 
The product functions ¥{”y) form the basis for a representation of the 
unitary group SU(2/ + 1) and, at the same time, form the basis for a repre- 
sentation of the rotation group O*(3). For 7 = ἰ (an unteger), Eq. (11-6) 
shows that the symmetric bilinear form (scalar product) 


] τ. a) (1) (2) 


couples the angular momenta of the two particles to give a resultant 
£=0. The three-dimensional rotations will induce linear transforma- 
tions in the tensor space, but the function ¥z_9 of (11-9) will be left 
unchanged. But there is a much larger group of transformations which 
leaves.the scalar product (11-9) invariant. The scalar product (11-9) is a 
symmetric bilinear form in the vectors of a (21 + 1)-dimensional space. 
It is therefore invariant under the orthogonal transformations O+(21 + 1), 
which we studied in Chapter 10. The process (11-9) of coupling the 
orbital functions of two electrons to give a resultant having L = 0 reduces 
the rank of the tensor ¥!y™ by 2, and is invariant under the transforma- 
tions of the group OT(21 + 1). The operation (11-9) for taking the scalar 
product is Just the contraction which we introduced in Section 10-5. 

We now see that the product functions yy serve as the representa- 
tion space for three groups: SU(2l + 1) > OT(21+ 1) > O*(3). The 
products yy can first be reduced to give the irreducible representations 
[2] and [11] of SU(21 - 1). For the functions of the representation [2], 
we can use the trace operation provided by (11-9) to decompose the space 
into two parts, a tensor of rank zero, (ψ. 1) «ψ΄ 2), and a traceless tensor of 
rank two. These parts were called ® and F° in Section 10-5. Thus the 
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representation [2] of SU(2l - 1) decomposes into representations (00) 
and (20) of O*(21 + 1). 

The scalar product (11-9) is symmetric and has L = 0. The corre- 
sponding spin function for the two electrons must be antisymmetric and 
have the symmetry [11], with S = 0. The contraction process (11-9) 
therefore consists in coupling a pair of electrons to give a 'S-state. 

The next step in the classification is to decompose the representations 
of OT(21-+ 1) into representations of the rotation group Οὐ). The 
angular-momentum analysis SU(2/ + 1) - Ot (21 + 1) > OT(3) is easily 
done: [2] contains L = 21,21 — 2,...,2,0. The subspace (00) contains 
only L = 2, so the subspace (20) contains L = 21, 21 — 2,...,2. The 
functions belonging to [11] give zero when contracted, and hence they 
belong to the representation (11) of OT(21+ 1). The possible values of 


Lare 1, = 2l — 1, 21 — 3,..., 3,1. 
For two particles, we have the classification: 
SU(2l+1) ΟΤΩΙ- 1) ΟἿ 4) 
[2] (20) Dose 21. QS Ἄν ἐν 2! 
[2] (00) L= 0; 
[11] (11) L=2i—1, 2l—3,...,3,1. (11-10) 


Next we consider a system of four electrons in the configuration (I)*. 
The operation (11-9) applied to the functions Wr yPy2yO gives terms 
of the form 


(Ye pO Win way. (11-11) 


In such terms, a 'S-state of one pair of electrons is combined with the 
second-rank tensor formed from the other pair. If we apply the trace 
operation again, we obtain terms of the form 


(YD. py. yp), (11-12) 


a combination of !S-states which is a tensor of zero rank and has L = 0. 

If we start from the irreducible representation [22] of SU(2l + 1), the 
trace operation will decompose the space into the representations (00), 
(20), and (22) of Q*(2l + 1). The functions for (00) have the form (11-12). 
Those for (20) have the form (11-11), and are the product of a traceless 
tensor in two of the particles with a *S-state of the other pair. The angular- 
momentum analysis follows from these statements and the results for two 
particles. The functions (00) must have L = 0. The functions (20) have 
L = 21,21 — 2,...,2. To find the angular momenta for (22), we use the 
fact that the subspaces (00), (20), and (22) add to give the space of the 
representation [22] of SU(21 + 1). Since the angular momenta contained 
in [22] can be found by the methods of Section 11-2, the L-values for (22) 
can be found by subtraction. 
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In this example, we note that the space of fourth-rank tensors with sym- 
metry [22] was decomposed into a part (00) consisting of tensors of rank 
v= 4 — 4 = 0, a part (20) containing tensors of rank νυ = 4 — 2 = 2, 
and a part (22) consisting of traceless tensors of rank v = 4. ‘The tensors 
(00) already occurred for zero particles (identity representation). The 
tensors (20) already occurred above for a configuration of two particles. 
The smallest number of particles for which the traceless tensor can occur is 
called its seniority. The tensors (00) have seniority υ = 0, those for (20) 
have seniority-v = 2, those for (22) have seniority νυ = 4. 

In general, the tensors of rank r corresponding to the partition 


[Ar «ον λει] 


can be decomposed into traceless tensors of type (u1,..., μι) having rank 
v <r. For even, the lowest possible seniority isv = 0, corresponding to 
the irreducible representation (00 - - -) of OT (21 + 1); for odd r, the lowest 
possible seniority is v = 1, corresponding to the irreducible representation 
(10---) of OT(21+ 1). The decomposition SU(21 + 1) — OF (21 + 1) 
can be done for each 1, by means of Section 10-7 and Tables 10-3 and 10-4. 
For the decomposition ΟἿΑΙ + 1) — O+T(3) we use the tables in Sec- 
tion 11-2. 

For the configuration (p)", 1 = 1, and ΟἿΑΙ + 1) is just the rotation 
group in three dimensions. The analysis in Table 11-8 is complete. 

For the configuration (d)", we combine the results in Tables 10-3 and 
11-9. 


Por? = 1: 
[1], 1. = 2 — (10), so (10) contains L = 2. 
For’ = 2: 


[2], L = 4, 2,0 — (20) + (00), so (20) contains L = 4, 2. 
[11], L = 3,1 — (11), so (11) contains L = 3, 1. 

For Ξε 5: 

[21], L = 5, 4, 3, 25,1 — (21) + (10). Since (10) contains L = 2, 
(21) contains L = 5, 4, 3, 2, 1. 
[1ΠΞΞῚ111- 5 6. 

By this procedure we obtain the decomposition ΟἿ (δ) — ΟἿ(8). The 
results for the (d)’-configuration are given in Table 11-10, which shows 
that the terms for the (d)’-configuration are uniquely characterized by 
[A], υ, and L. 

The same method yields Table 11-11 for the (f )’-configuration. 

For the (f)’-configuration, the addition of the seniority quantum number 
is not sufficient to characterize the terms uniquely. It is possible to find a 
subgroup of OT(7), which contains the rotation group, and thus obtain a 
further refinement of the classification, but we shall not attempt this. 
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Problems. (1) Construct Table 11-11. 

(2) For electrons in an (1)’-configuration, the symbol (1, ..., μι} can contain 
only the values μὲ = 0, 1, 2. Let a be the number of 2’s in the symbol and let 
B be the number of 1’s. Prove that 


a= 5 — §, 
. 2s, 
B = min {25 πον (11-13) 


where v is the seniority and S the spin. 


11-5 Atomic spectra in jj-coupling. In heavy atoms, when the contri- 
bution of spin-dependent interactions to the energy becomes important, 
we may obtain a better description by using jj-coupling instead of Russell- 
Saunders coupling. 

In the jj-approximation, we first combine the one-electron orbital wave 
function with the internal (spin) wave function of the electron. These 
functions form the bases for representations D” and D‘"/?) of the rotation 
group. We resolve the product D” x D‘!® into irreducible representa- 
tions D” of the rotation group (7 = 1 + 3). Because of the strong spin- 
orbit interaction, the single-particle functions with different angular mo- 
menta 7 have well-separated energies. The single-particle wave functions 
corresponding to a given energy form the basis Ψ᾽, ¥j_1, ..., W—j41, Wj 
for the representation D” of the rotation group. 

If there are r equivalent electrons in a configuration (j)", we must con- 
struct the total wave function from products yi) se ᾿ (ἦν Ξξξ --Ξ, ....,}}. 
But, since we are now considering total wave functions for the identical 
particles, the Pauli principle requires that we take only the completely 
antisymmetric tensor [17]. 

The angular-momentum analysis of the antisymmetric tensor [17] is 
straightforward, but tedious. Since the tensor is antisymmetric, the only 
nonzero components are those for which 72,, ... , 7, are all different. Since 
the index 7 on the function y; labels the row of D” to which y, belongs 
(i.e., the value of JS” in the state y$”), the sum of the (different) indices, 
ἦι + -++-+1%,, gives the row to which yj)? - -- y? belongs (i.e., the value 
of) aoe 2) in this state). To find the values of J for the con- 
figuration (7)", we simply write all possible sets of indices 71, .. . , ¢,, where 
14 > ἴω >--++ > 7,, and take the sum >t. If the largest sum is J1, the 
resolution of [D]” must contain the representation 1271 of the rotation 
group, with its 20}. + 1 basis functions having Σ ἦν = J,,J; — 1,..., 
τι. We strike these entries from the table of sums, and proceed to the 
highest remaining value of Σ᾽ ἦν. Continuing this process, we find the 
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TasuE 11-12 


ΠΟ 
reke ἐς bol τ bole Dole 


hol bol pole ΝΟ] bobo doko 


angular-momentum resolution. We illustrate the procedure with a few 
examples. 

For 7 = 8, there are four states (four values of the indices) available. 
We need only goup tor = 2. Forr = 1,J = 3. Forr = 2, we tabulate 
the possible values of 71, ἴω, and ὦ + 72 (Table 11-12). The highest value 
of Σ ἦν is 2. We strike out the entries 2, 1,0, —1, —2. This leaves the 
single entry 0. Thus the configuration (3)? contains J = 2, 0. 

For the configuration (3)", we have: 

r=1,J = 3; 

r= 2S = 4,2; 0; 

r — 3: We tabulate all possible sets of indices 71, 72, 73 and their sums 
i, + ig + i3 (Table 11-13). The highest entry is }°7, = 8, so the repre- 
sentation contains J = ὃ. We strike out the entries 3, 3, 3, ..., —%, —3- 
The highest remaining ‘entry is §, so the representation contains J = 3. 
We strike out the entries 8, 3,..., —3. The highest remaining entry is 


TABLE 11-13 
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TABLE 11-14 


Tota ANGULAR MoMENTA IN THE CONFIGURATION (j)” 
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3, and hence J = 3 is contained in the representation. Striking out 3, 


—%, —§, we exhaust the table, so the configuration (8)? contains J 


5 3 
2) 2° 

There is a simple check on the angular-momentum analysis. The tensor 
of symmetry [17] with respect to SU(2j + 1) has (751) independent com- 


ponents. (This is the number of ways of selecting the r indices 7; > 72 > 


1 
2) 
9 
2) 


-++ > 1, from the 27 + 1 values 2, 7 — 1,..., —j.) Since a representa- 
tion D™ of the rotation group has dimension 2.) + 1, we must have 
> W+)h= (¥ a . (11-14) 
J in [17] 


In the last example, 


(P= Qam- Cd) ebr)eedr) 


We tabulate the results through 7 = ὃ (Table 11-14). 


11-6] NUCLEAR STRUCTURE. ISOTOPIC SPIN 433 


Problems. (1) Prove that the largest angular momentum in the configuration 
(7) is Imax = 7/2(27 ~ r+ 1]. 

(2) Prove that, in the configuration (7)’, the angular momentum J = Jmax — 1 
cannot occur, and that the maximum multiplicity for the angular momentum 


J =Jmax— 2 isl, 


= J max 3. 18:1, 
= Jmax — 4 18 2, 
=. Jn — ὃ. 5: 
= J ne G 154. 


11-6 Nuclear structure. Isotopic spin. Perturbation procedures similar 
to those for the many-electron problem can be applied to nuclei. The 
nuclear problem is complicated by the fact that the system is built up 
from two kinds of particles, neutrons and protons. (In addition, we have 
no definite knowledge of the nuclear interaction. The comparison of cal- 
culated and observed nuclear structures provides us with information 
concerning the nuclear Hamiltonian.) The neutron and proton have 
(approximately) the same mass and spin (S = 4%), and transform into 
each other in beta-decay. The neutron is neutral, while the proton has 
charge +e, so only the protons will be subjected to Coulomb forces. 
However, the Coulomb forces are small compared to the specifically 
nuclear forces. In addition, the available experimental evidence shows 
that the specifically nuclear forces between two particles in the nucleus 
do not depend on whether the particles are neutrons or protons—the nuclear 
forces are charge-independent. It is therefore useful to regard neutron and 
proton as states of a single fundamental entity which we call a nucleon. 

The nucleon can be in either of two charge states, which we label 1/2 
and ~_1;2, corresponding to the neutron state and proton state, respec- 
tively. The operator ἐς has these states as eigenstates: 


bWij2 = 3¥1/2 (neutron), 
(11-15) 
ἐψψ..1|2 = —3¥_-1/2 (proton). 


By applying ἐς to the charge function, we determine whether it is a neutron 
or a proton state. The operator ἐς can be expressed as a 2 X 2 matrix: 


0 
ἐς ΞΞ 0 a " (11-15a) 


To account for the beta transformations between the neutron and proton 
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states, we must have operators of the form 


0 1 0 0 
(; i) 4 6. (11-15b) 


The operators (11-15a and b) give an algebra which is formally identical 
with that of the angular-momentum operators J,, Jy, Jz. Since we are 
dealing here with a two-dimensional space, the states ¥11;2 are the basis 
of a representation analogous to the representation D/?) of the rotation 
group. The space of the representation spanned by 1/2 is called the 
isotopic spin space. We have operators ἕξ, t,, and ἐξ whose properties are 
analogous to those of the angular-momentum operators J;, Jy, Jz. If we 
have a system of several nucleons, the operator 


T= D (ἢ (11-16) 


is the infinitesimal operator for the simultaneous “rotation about the 
g-axis in isotopic spin space” for all particles. We can similarly define 
operators 7; and T,,. 

For a system of two nucleons, the function ¥1)2(1)¥1;2(2) has both 
nucleons in the neutron state, and 7'y(¥1);2(1)¥1/2(2) = 1)2(1)¥1/2(2). 
Thus Τ᾽ = 1 for this state. The function ~_1;2(1)W_1;2(2) describes a 
system of two protons, and Τὶ = —1. The functions y1/2(1)~_1/2(2) 
and wW_1;2(1)W1;2(2) describe states containing one neutron and one 
proton, with T; = 0. We see that 


Τι = 3(N — 2), (11-17) 


where N and Z are the numbers of neutrons and protons in the system. 
The total number of nucleons in the system is N + Z. So far as the 
nuclear forces are concerned, the value of 7; is irrelevant. 

lor a system of identical nucleons, we must construct states having a 
definite symmetry with respect to interchange of identical particles. For 
two particles, the first two functions listed above are symmetric under 
interchange of nucleons 1 and 2. The other two functions can be combined 
to give the symmetric and antisymmetric combinations y1/2(1)W_1;2(2) + 
Y—1;2(1)¥1/;2(2). Only the symmetry of the wave functions can affect the 
energy of the system, since we are neglecting the Coulomb forces. For two 
nucleons we see that the number of symmetric states is three, while the 
number of antisymmetric states is one. The first symmetry type corre- 
sponds to the partition [2] with dimension 3, the second to the partition 
[11] with dimension 1. 

In analogy to the total spin δ, we introduce the isotopic spin (isobaric 
spin, /-spin) 7, where (27 + 1) gives the multiplicity of the states of a 
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given charge symmetry. For two nucleons we have: 


[2]: f= 1, Tp 1,0, --Ἰ; 
[11]: T = 0, T; = 0. (11-18) 
The symmetric state, with 7 = 1, is an tsobaric triplet. The energy will . 
be the same for the three states with T; = 1,0, —1(N — Z = 2,0, —2). 
Similarly, for three nucleons, we have: 
[8]: T= 3, 27 +1= 4, rT; = 3 3 at 3; 
N — Z = 8,1, —1, —3; 
[21]: Τ -- 4, 2T +1 = 2, Τι 
Ν --Ζ2-ΞΞ 1, --Ἰ. (11-19) 


The first charge multiplet has four isobars, and the second has two. . 

The results for any number of nucleons are identical with the corre- 
sponding results for spinj = 4. For a state with charge-symmetry pattern 
[λ1λ2], 7 = 301 — Az). 


11-7 Nuclear spectra in Z-S coupling. Supermultiplets. If the nuclear 
forces do not depend strongly on the spins, we can, as in the atomic prob- 
lem, write the wave function as the product of an orbital function and a 
function of the spin and charge variables. The interaction Hamiltonian is 
symmetric in the space coordinates of the nucleons, so the orbital wave 
functions should be combined to give a total orbital function of definite 
symmetry. The energy of the state will depend critically on this symmetry. 
Since the nuclear forces are primarily attractive, the energy will be lowered 
if the symmetry of the orbital wave function is increased. Thus we may 
expect that the state whose orbital function has the highest symmetry 
will have the lowest energy. Since the total wave function of the system 
of identical nucleons is required by the Pauli principle to be completely 
antisymmetric, we must construct charge-spin functions of definite sym- 
metry and obtain the total wave function by taking the product of the 
orbital function with a charge-spin function having the conjugate symme- 
try. Since the energy of the state is determined only by the orbital func- 
tion, while the multiplicity depends on the charge-spin function, each 
energy level will be a supermultzplet. 

For a single nucleon, four charge-spin states are possible. If we label the 
states by the values of ἐς and s,, we have four basis functions: 


W1/2,1/25 ¥1/2,—-1/2) Y—1/2,1/2) W—1/2,-1/2. (11-20) 


The symmetry character for a single nucleon is [1], and has 7 = $,S = 3, 
with multiplicities 27 + 1 = 2,25 +1 = 2. 
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For two nucleons, there are sixteen charge-spin states. If the charge- 
spin function is symmetric, [2], then either both the spin function and the 
charge function are symmetric so that 27 + 1 = 3,2S + 1 = 3, or they 
are both antisymmetric with 2T + 1 = 1,25 + 1 = 1. Thus the Young 
pattern [2] contains the charge-spin multiplicities (11), singlet charge, 
singlet spin; and (33), triplet charge, triplet spin. Similarly, the antisym- 
metric charge-spin function [11] must be a product of charge and spin func- 
tions of opposite symmetry, so it contains (13), singlet charge, triplet spin; 
and (31), triplet charge, singlet spin. 

The Young pattern [1*] represents four nucleons in a completely anti- 
symmetric charge-spin state. Since all four sets of indices must be different, 
each of the functions (11-20) appears once, so that 7 = S = 0. Thus 
[14] = [0] has the multiplicity (11), singlet charge and singlet spin. Simi- 
larly, the pattern [13] is equivalent to [1] and has multiplicity (22). 

Now we can find the charge-spin functions for three nucleons by using 
the outer product and analyzing for S and 7’: 


Ee (Ee ΞΕ (11-21) 


The partition [1] has multiplicity (22), while [2] contains the multiplicities 
(11) and (33). The left side of (11-21) is [1](22) @ [2]((11) + (33)). We. 
analyze this product and find 


[1](22) Ὁ [2](11) — (22) 


(1](22) ® [2](33) — (22) + (24) + (42) + τ [3] + [21]. (11-218) 


Similarly, we have 


ΓΊ 
ἘΠ ΠΟ ΠΝ ΞΕ +o, (11-22) 


[1]}(22) Ὁ [1Π11(43) > (22) + (24) 
[1](22) Ὁ [11}(81) — (22) + (42) 


Subtracting the known structure [1](22) from Eq. (11-22a), we find that 
[21] contains the multiplicities (22), (24), and (42). Subtracting this last 
result from Eq. (11—21a), we find the structure of [3]. Finally we have the 
multiplet structures for three particles (Table 11-15). 

The same ladder process takes us from r = 8 tor = 4. For r = 4, 
the possible Young patterns are [4], [31], [22], and [211] (omitting [14] = 
[0]). To carry out the ladder process, we take the outer product of [1](22) 
with each structure of Table 11-15, and obtain Table 11-16. From the 
last entry, since [1*] = [0] has multiplicity (11), we find the structure 
of [211]. 


[21] + [1]. (11-22a) 
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TABLE 11-15 


(2T + 1, 25 + 1) 
[A] (22) (24) (42) (44) Dimensionality 


20 
20 


TABLE 11-16 


ΩΤ + 1,28 + 1) 
(13) (15) (35) 
(11) (81) (51) (83) (58) (55) 


[1] (22) Ὁ [3] (22) 
[1] (22) ὦ [3] (44) 


[1] (22) Φ [21] (22) 
Π] (22) ® 121) (13) 


7 4] + [81] 


0 
| [31] - [22] + [211] 
0 


[1] (22) ® [1°] (22) O} (211) + [1] 


TABLE 11-17 


(ΩΤ + 1,28 + 1) 


nN (11) (:} ({ (33) (2) (65). ‘Dimension N 


[4] 


[22] 
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The analysis of the completely symmetric structure [4] can be found 
from the following theorem: 


THEOREM. To obtain a completely symmetric charge-spin function, 
we must take direct products of charge and spin functions both of which 
have the same symmetry. Thus the charge-spin function for the parti- 
tion [n] is a sum of products [n] ®@ [n], [n — 1, 1] Ὁ [n — 1, 1],..., ete., 
where the sequence ends with [vy + 1, vy] ® [v+ 1, vy] if n = 2ῶν -Ε 1 is 
odd; and with [ν, ν] @ [v, v] if nm = 2p is even. 


The values of S (or 7) for these simple charge and spin structures 
are given by Eqs. (11-4) and (11-5), so we find that 


for n even, n = 2v, the charge-spin function |[n] contains the multi- 
plicities (2v + 1, 2v - 1), ὧν — 1,2v — 1), ..., (55), (83), (11); 


for n odd, n = 2y + 1, the charge-spin function [n] contains the mul- 
tiplicities (ὧν + 2, 2v + 2), (2v, 2v),... (44), (22). 
(11-23) 


Thus the structure of [4] is (55) + (83) + (11). Combining this with 
the first entry in Table 11-16, we find that [31] contains (3?) + (33) + (33). 
Using these results, we can then determine the structure of [22] (Table 
11-17). 

Continuing this procedure, we can construct the charge-spin functions 
for r = 5 by adding a particle to the structures for r = 4, and so on. 

In general, the symmetry pattern of the charge-spin function will have 
four rows [AjAoA3A4]. Using Eqs. (10-29) and (10-30), we find that this 
pattern is equivalent to [\j\5\30], where 


Mo= At — Ag, Ao = Ag — Na, As = Ag — Aq (11-24) 


are the reduced partition numbers. The d’’s completely characterize the 
symmetry of the charge-spin function. In place of these one can also use 
the numbers P, P’, P”’ defined by 


(P, P!. Pl) = = Sa et λυξολιθε δὴ. 


(11-25) 


Since \j > Ay > Az, P > P’ > P”, and P and P’ are necessarily posi- 
tive. The significance of the quantum numbers P, P’, P’”’ is the following: 
P is the largest value of 7, contained in the supermultiplet. P’ is the largest 
value of S, for a state having 7; = P. (At the same time, P is the largest 
value of S, contained in the supermultiplet, and P’ is the largest value of 
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T; for a state with S, = P.) Finally, P” is the largest value of Σ᾿ :--} gO) 
for a state with Τὶ = P and S, = P’ (or 5; = P and T; = P’). 


Problems. (1) Prove the last statements. 
(2) Prove that P+ P’ + P” + 4dr is always an even positive integer. 


Finally, we present Table 11-18 (p. 438) listing the charge-spin struc- 
tures for r < 10. 


11-8 The L-S coupling shell model. Seniority. The charge-spin func- 
tions found in the last section must be combined with orbital functions to 
give the total wave function of the system. In order to satisfy the Pauli 
principle, the two factors must have conjugate symmetries. Since the 
Young pattern for the charge-spin function has at most four rows, the 
pattern for the orbital function can have at most four columns. 

The L-S shell model of the nucleus is very similar to the correspond- 
ing atomic model which we discussed in Section 11-3. The single-particle 
wave functions are calculated in some averaged central potential and are 
labeled by quantum numbers n and J. The wave function for a single 
nucleon is a vector in a (21 + 1)-dimensional space. If there are r nucleons 
in the (n, l)-orbit, the orbital wave function will be an rth-rank tensor. 
To obtain functions of definite symmetry we must reduce the space 
of rth-rank tensors into its component irreducible representations of 
SU(2l - 1). The angular-momentum analysis will be similar to that of 
Sections 11-2 and 11-3. 

We illustrate the procedure for / = 1. For the p-shell nuclei, configura- 
tion (p)’, the maximum number of particles in the shell is 4(2/ + 1) = 12. 
All the results are available in Tables 11-2 and 11-18. For r = 0 or 12, 
we obtain a '1S-term (L = 0,S = T = 0). Forr = 1, the orbital and 
charge-spin patterns are both [1], and we have 22. 


TABLE 11-19 


Orbital Charge-spin 


[A] (Ρ, Ρ’, Ρ")) (2Τ + 1, 25 + 1) 


[11] (100) (13) (81) 
[11] = [1] [2] (111) (11) (83) 
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Figure 11-1 


For r = 2, the results are given in Table 11-19. Because the nuclear 
forces are attractive, the states with higher orbital symmetry will be lower 
in energy. In addition, one finds that the energy increases with increasing 
L. A diagram of levels for p-shell nuclei with r = 2 is given in Fig. 11-1. 
The spin multiplicities are written explicitly, while the charge multiplic- 
ity is shown by dots above the corresponding values of 7T;. Thus the 
131D-term in Table 11-19 is shown on the diagram as the ὅ in Li®; the 
33P_term is shown as the *P-level in Be®, Li®, and He®. When we include 
the perturbations due to spin-orbit interactions, we obtain a further 
splitting of the levels. The effect of the Coulomb interaction will be 
to make the horizontal lines in the diagram slope up toward the left. 

The structure for r = 0, 1, ..., 61s given in Table 11-20. 


Problem. Draw the level diagrams for the (p)?- and (p)4-configurations. 


The same analysis can be applied to configurations of nucleons in the 
d,f,...shells. Asin atomic spectra, one can improve the classification by 
introducing the group O*(21-+ 1). The arguments are almost identical 
with those of Section 11-3. The only difference is that the contraction 
process which couples a pair of l-nucleons to L = Ὁ gives their orbital 
function the symmetry [2]. The corresponding charge-spin function has 
the symmetry [11] and contains the multiplets (13) and (31). The results 
for r < 4 in the d- and f-shells are given in Tables 11-21 and 11-22. 
The tables are constructed by combining the results of Tables 11-10 and 
11-11 with those of Table 11-18. 


[cHaP. 11] 


APPLICATIONS TO ATOMIC AND NUCLEAR PROBLEMS 


446 


(7 Ξ 4) TIQHO-p UVAIOON AHL JO ὈΝΙΊΠΙ WOU ONISIUY SALVIG 


Io-IT @iav ye 


(FF) (ZZ) ($88) [8] di (TT) [11] ΞΞ [111] 

ὦ dd dDH (12) 
GoGo 

() (ZZ) ($8) [17] α (01) [1] 
SAdI (08) 

(ZZ) (| — 99 (t] = [111 α (01) [8] 

(€€) (11) (ITT) [Z] di (TT) [11] 
ig ap (02) 

( (001) ΠῚ] g (00) iz] 

eT 
(22) ($9) [1] ad (01) [1] 
(TT) (000) [0] g (00) [0] 
I+settaa (μ '« Ὁ) ΙΝ] a (exit Nl 

ulds-od1eq9 10 


THE L-S COUPLING SHELL MODEL. SENIORITY 447 


11-8] 


(gg) (8) (IT) 


ee) ©) (5, 


Ge) (eg) (11) 


(88) (ε 


(11) 


(ZZ) 


(112) 


(002) 


(011) 


(000) 


[F] 


[18] 


[22] 


[11] 


[0] = [1111] 


dd,d),HI 
ap 
di 


(OT) 


(12) 
(TT) 


(2) 
(06) 
(00) 


(19) 
(02) 
(11) 


(OF) 
(02) 
(00) 


[1] = [1111] 


[116] 


[2] 


[18] 


[F] 


448 APPLICATIONS TO ATOMIC AND NUCLEAR PROBLEMS [cuHap. 11 


TABLE 11-22 


STATES ARISING FROM FILLING OF THE NUCLEAR f-SHELL (r < 4) 


Orbit Charge spin 
: 
[A] (ui poms) [Ὰ] (P,P’,P”) | ΩΤ᾿-Ι,28 -Ἑ 1) 
0, [] (000) [0] (000) (11) 
1 [1] (100) [1] $35) (22) 
2 | pI (000) (200) [11] (100) ey 
[14] (110) [2] (111) (11)(33) 
3 | [8] (100) (300) [114] = [1} (bk — 4) (22) 
21 (100)(210) (21 Cy (22) (4 
[111] (111) [3] ($35 (22) (44) 
4 | 4 (000)(200)(400) | [1111] ΞΞ [01 | (000) (11) 
13 
[31] (110)(200)(310) | [211] (110) Gy (33) 
[22] (000)(200)(220) | [22] (200) (11) C.) (33) 
35 
[211] (10) 11) [31] (211) ἡ (88) (ἴς 
[1111]ΞΞ 1111 | (412) [4] . (222) (11)(33) (55) 


11-9 The jj-coupling shell model. Seniority in jj-coupling. The 
4j-coupling scheme in nuclei is analogous to the approximation scheme 
used in Section 11-5 for atoms. The individual nucleons move in some 
averaged potential. The spin-orbit interaction is assumed to be large, so 
that the energy levels of a single nucleon can be specified by quantum 
numbers n, 1, 7, m;, where j = 1+ $ orl — 4. If there are r nucleons in 
the system, the charge state of the nucleus will be described by the charge 
functions which we constructed and labeled with the value of the isotopic 
spin 7’ in Section 11-6. If the r nucleons are equivalent (1.6., if they are 
in the same nij-shell), we construct the spin-orbit function for the system 
by taking products of r single-particle functions. The single-particle func- 
tions form the basis for a representation of the group SU(2j7 + 1). The 
spin-orbit wave functions of a definite symmetry type will form the basis 
for an irreducible representation of SU(2j + 1). To obtain the total wave 
function we must multiply the spin-orbit function by a charge function of 
conjugate symmetry. Thus the spin-orbit functions will be labeled by the 
value of T. Since the Young pattern for the charge function has at most 
two rows, the pattern for the spin-orbit function contains no partitions 
with A; > 2. In addition, the number of rows in the pattern for the spin- 
orbit function does not exceed 27-+ 1. For example, for r = 5, we may 
have a spin-orbit function with [A] = [221]. Then the charge function has 
[Δ] = [32], so that 7 = 2. 
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The angular-momentum analysis of the (j)’-configuration was given 
in Section 11-2, Tables 11-3, 11-5, and 11-7. 

The concept of seniority can be introduced in the 7j-coupling scheme by 
"a procedure similar to that used in Section 11-4. We would like to find 
some additional quantum numbers to characterize the terms arising from 
a given nuclear configuration. To do this, we look for a group G which is 
a subgroup of SU(2j + 1) and which contains the rotation group O*(3) 
as a subgroup. The terms will then be characterized by the partition [Δ]; 
the angular momentum J, and the irreducible representation of G to 
which the term belongs. 

Suppose that we have two nucleons in the configuration ( j)*. The 
spin-orbit wave functions vin’, V? (1,42 = —j, --7 -ἘἘΠ1,...,2 τ- 1,5 
of the two nucleons are vectors in the even-dimensional space (dimension 
2j + 1) of the representation D” of the rotation group. The product 
functions y$?y? form the basis for a representation of the unitary group 
SU(2j + 1) and, at the same time, form the basis for a representation of 
the rotation group O*(3). Equation (11-6), for half-integral 7, shows that 
the antisymmetric bilinear form (skew product) 


Wyo = eat i ΣΣ (ny ey® = Wy} (11-26) 
m=—J 


couples the angular momenta of the two particles to give a resultant 
J = 0. The three-dimensional rotations induce linear transformations 
in the tensor space, but they leave the function Yy—o of (11-26) unchanged. 
But there is a larger group G of transformations in the (27 + 1)-dimensional 
space which leave (11-26) invariant. The skew product (11-26) is an anti- 
symmetric bilinear form in the vectors of an even-dimensional space. 
It is therefore invariant under the symplectic transformations Sp(2j + 1), 
which we studied in Chapter 10. The operation (11-26) for taking the skew 
product is precisely the contraction which we introduced in Section 10-8. 

The skew product (11-26) is antisymmetric and has J = 0. The cor- 
responding charge function for the two nucleons must be symmetric, with 
partition [2], so 7 = 1. 

The decomposition SU(2j7 + 1) — Sp(2j + 1) > O+T(3) is carried out 
by methods similar to those of Section 11-4, using the results of Chapter 
10 on the symplectic group. 

For 7 = 8, the angular-momentum analysis Sp(4) > ΟἿ (8) is obtained 
from Tables 10-5 and 11-3. For r = 1, [A] = [1] contains J = 3 (Table 
11-3), and [1] contains (7,02) = (10) (Table 10-5), so the representation 
(10) of Sp(4) contains J = 3. For r = 2, the partition [11] contains 
J = 0, 2 (Table 11-3) and (o,02) = (00), (11) (Table 10-5). Since the 
‘representation (00) of Sp(4) has J = 0, (11) has J = 2. Continuing in 
this fashion, we obtain the resolution Sp(4) — OT(3) (see Table 11-23). 
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Problem. Construct the tables for 7 = 8, 5 in Table 11-28. 


By combining the results in Table 11-23 with the results of Table 10-5 
we obtain the classification of the spin-orbit functions. The corresponding 
charge function is completely determined by giving the value of Τ. The 
representations of Sp(2j -+ 1) are characterized by symbols (0102...9;), 
where og; < 2. Since the Young pattern for this symbol has two columns, 
it can be described by giving the sum and difference of the lengths of the 
two columns. We express the lengths of the two columns as $s + ἐ. The 
seniority number s is the smallest number of particles for which the repre- 
sentation of Sp(2j + 1) can occur; the quantum number ¢ is called the 
reduced isotopic spin. The results of the analysis are tabulated in Table 
11-24. 


Problem. Construct Table 11-24 for j = 8,7 = 3. 


CHAPTER 12 
RAY REPRESENTATIONS. LITTLE GROUPS 


Throughout the previous chapters we have considered the representa- 
tion of groups by linear operators acting on vectors in a Hilbert space. 
To each element g of the group G, we associated a linear operator Dg), 
and required that 


D(g1)D(g2) = Ds) if 9192 = 93. (12-1) 


The operators D(g) of the representation act on the vectors y in the 
Hilbert space. However, a pure state of a physical system is described in 
quantum mechanics not by a normalized vector y, but rather by a ray ey, 
where € is an arbitrary phase factor (\e| = 1). To each element g of the 
symmetry group G we should therefore associate an operator D(g) which 
acts on the rays in Hilbert space and maps rays into rays. In this way we 
associate with the group element g a process of “translation” which takes 
each physical state of the system into another possible physical state of 
the system. We should therefore, a priori, not restrict ourselves to requir- 
ing that the operators of a representation satisfy (12-1). Instead we should 
require only that 


D(gi)D(g2) = €D(gs) [1 gige = 93, (12-2) 


where € is a phase factor which depends on σι and gy. Such representations 
are called ray representations (or projective representations), while the 
representations defined by (12-1) are called vector representations. In this 
chapter we shall consider the problem of finding the ray representations 
of a group. At the same time, we shall examine the conditions under which 
the ray representation (12-2) can be replaced by a vector representation 
(12-1). 


12-1 Projective representations of finite groups. It is remarkable that 
the problem of finding the ray representations of finite groups was stated 
and completely solved long before the advent of quantum mechanics. In 
a series of papers, Schur gave the general method for finding the irreducible 
representations of a finite group in terms of fractional linear transformations 
(projective transformations, collineations). 
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By a projective representation we mean the following: 
We associate with each element A, B,... of a finite group a fractional 
linear transformation 


yee he ᾿ς, Wits 1 Gite + ott τ Gin—1%n—1 1 Gin 
Oniv1 aa On 2X2 ἪΞ ea =P An n—1%n—1 + Ann 


G@=1,...,n—1), (12-3) 


where the matrix D(A) of the coefficients α;; is nonsingular. The frac- 
tional linear transformations give a representation of the group H if 


{A}{B} = [48]. (12-4) 


The degree of the representation is the degree n of the matrices D(A). 
The transformations (12-3) can be regarded as linear transformations 


Yi oe > Digi (2 a 1, ae | n), (12-5) 
j=1 
where 
ous ΡΒ. ee Ξ 
τι τε τὲ CS Tie itn ct) (12-5a) 


are homogeneous coordinates. 

From (12-3) or (12-5a) we see that the multiplication of the elements 
a;; by a common factor does not change the transformation {A}. If we 
write out the matrices corresponding to (12-4), we find 


D(A)D(B) = wa,aD(A8), (12-6) 


where the wa.g are a set of constants depending on the choice of D(A) 
and D(B). Conversely, if we are given a set of nonsingular matrices satis- 
fying (12-6), we can find a corresponding representation (12-4) in terms 
of fractional linear transformations. Thus the problem of finding repre- 
sentations of a group by fractional linear transformations is equivalent 
to finding representations by linear transformations D(A) which satisty 
(12-6). | 

We shall call the representation (12-6) a projective representation be- 
longing to the factor system wa,z. If, in particular, all factors w4,z are 
equal to unity, Eq. (12-6) defines the usual representations, which we 
shall call vector representations. 

If the matrices of two representations differ only by a factor, 


D'(A) = aD(A), D’(B) = bD(B),..., (12-7) 


they will correspond to the same set of fractional linear transformations 
{A}, {B}, ...and are said to be associated. 
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The concepts of equivalence and reducibility are the same as before. 
The projective representation D’(A) is equivalent to the representation 
D(A) of (12-6) if there exists a nonsingular matrix S such that D’ (A) = 
SD(A)S~! for all A in H. Then 


D'(A)D'(B) = wa.pD'(AB), (12-8) 


so that equivalent representations belong to the same factor system. If 
we can find a matrix S which gives all the representatives D'(A) the 
reduced form 


ea ᾿ i (12-9) 


0 2(A) 
the representation D(A) is reducible to the direct sum of the projective 
representations ἢ. + D3. From (12-8) and (12-9) we see that the 
factor system ὡς, 8 is the same for D(A), D’(A), D{(A), and Dj(A). 

The projective representation (12-6) is irreducible if there is no equiva- 
lent representation having the form (12-9). 

The elements w4,3 of the factor system in (12-6) cannot be chosen 
arbitrarily. Suppose that the finite group H consists of h elements H o= αὶ, 
ff,,..., Hy_1. If the matrices D(H;) give a projective representation of 
H belonging to the factor system wz, then for any three elements P,Q,R 
of the group H, 


D(P)D(Q) = wp,gD(PQ), 
D(P)D(Q)D(R) = wp,gD(PQ)D(R) = wp,gwpea,rD(PQR); (12-10) 


D(Q)D(R) = wa,rD(QR), 
D(P)DQ)D(R) = wa,rD(P)DQR) = we,rep,arD(PQR); (12-10a) 


ὡριρώρρ, = ὡριρεῶρα (P,Q0,R = Ho,...,Hn-1). (12-11) 


Thus the associative law for group multiplication forces the h? constants 
wa,p to satisfy the h® equations (12-11). 

Conversely we now show that for every system of h? nonvanishing con- 
stants w4,z which satisfy (12-11), there exists a projective representation 
of H belonging to the factor system w4,3. To prove this we introduce ἢ 
independent variables zy,, ΦΗ͂Ι, ..., TH,~-1, and construct the h-by-h 
matrix X with matrix elements 


XP.q = ὡρρο-ἱρρο (P,Q = Ho,...,Hn-1). (12-12) 


The rows and columns of X are labeled by the group elements H;. The 
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matrix X clearly can be written as 


X= >) D(R)er, (12-13) 


RCH 


where the sum extends over all elements R of H, and the matrix D(A) can 
be found from (12-12) by setting xz = 1 and all the other variables equal 
to zero. We shall show that the matrices D(R) satisfy (12-6). 


Let YHo YHy +++) YHn-1 be a second set of independent variables. 
Define the h variables zz,, 2#,, .--, 2H,—1 by the equations 
ep = >) RS tRYS, (12-14) 
RS=P 


where the summation extends over all elements R and S for which RS = P. 
We denote the matrix (12-12) by Y or Z if the variables xz are replaced 
by yr or zr. The P, Q-matrix element of the product XY is 


(XY)p.q= >» WPR-! RWRQ-',QTPR—'YRQ7!. (12-15) 
R 


But, for the elements (ΡΤ ἢ), (RQ~"), Q, we have, from Eq. (12-11), 
WPR-!,RORQ1,Q = WPR-',RQ~'SPQ*,Q) 
so that (12-15) becomes 


(XY)p.9 = WpPQ-',@ 2 WpR-!,rQg-!XPR-1YRQq!. (12-16) 
R 


Comparing the sum in (12-16) with (12-14), we see that it is equal to zpg—}, 
so that 


(XY)p.q = wpag-',qzPpq7! = ΖὈ,ρ, (12-17) 


or 
XY =Z. (12-17a) 


Substituting from (12-13) and (12-14), we find 


>, D(R)D(S)reys = Dy D(T)zer = δ, or, sD(RS)zrys, (12-18) 
R,S T R,S 
and, when the coefficients of the independent variables σαν 5 are equated, 
the h-by-h matrices D(R), D(S) satisfy 
D(R)D(S) = wr,sD(RS). (12-19) 


From (12-12) and (12-13), the matrix D(R) contains only one nonzero 
element in each row and each column and is therefore nonsingular. Thus 
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the matrices D() constructed in Eqs. (12~12) and (12-13) form a repre- 
sentation belonging to the factor system w4,.3. We have thus shown that 
the necessary and sufficient condition for the existence of representations 
belonging to a factor system ὡς, 5 is that the h? numbers w A,B satisfy the 
h® equations (12-11). 

The equations (12-11) have an infinite number of solutions. If w A,B 


is a solution and cy,, Cy,,..-, CH, _, are any constants not equal to zero, 
then 
CACB 
Οὐ. = WA,B (12-20) 
CAB 


is also a solution. Solutions w4,z and w4. 5 for which one can find constants 
e so that (12-20) is satisfied are called associated or equivalent factor 
systems. If we find a representation D(A) belonging to the factor system 
wp, the matrices 


D’(A) = c4D(A) (12-21) 

satisfy 
D'(A)D'(B) = cacpwa,pD(AB) = co ὡς ΒΓ (ΑΒ) = ὡὐἡ, 50(Α8). 
(12-22) 


Thus, if two factor systems are equivalent, the representations belonging 
to one are immediately determined from the representations belonging to 
the other by means of (12-20). Representations belonging to nonequivalent 
factor systems are said to be of different type. 

We now distribute all solutions of (12-11) into classes of equivalent 
factor systems. The number of classes is finite: Taking the determinant of 
(12-19) and letting det D(R) = dp, we have 


Ξε eats, (12-23) 
drs 
If we choose the constants c4 in (12-20) to be σα = dai” (so that c, is 
one of the h solutions of the equation c,” = ἃ A), We can obtain from the 
factor system wr,g an equivalent system 


ἢ .ς CRC 
OR, S = 
CRS 


OR,S 
for which, according to (12-23), 
(Wr,s)" = 1. (12-24) 


Thus a class of equivalent factor systems necessarily contains a factor 
system in which the h? quantities w4 3 are hth roots of unity. Therefore 
the number of classes cannot exceed h’”’, and hence the number of classes 
is finite. 
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Let us denote the m classes by Ko, K1,.-., Km—1, where Ko is the class 
containing the factor system w4,z =1. If the factor systems ωἷδ and 
ws, are solutions of (12-11) and belong to the classes K, and K,, their 
products ws . ws also satisfy (12-11). The class K,, to which this new 
solution belongs, does not depend on the particular choice of the solutions 
w), and wf, within the classes K, and K,, but is determined by the 
classes themselves. We write ΚἈΚ, = K,, and note that K,K, = 
K,K, = Καὶ. We thus have defined a multiplication of classes which is 
commutative. Furthermore, we easily see that if K.Kg = K.K,, then 
Ks = K,. The class Ko serves as the unit element. Finally it is clear that 
this class multiplication is associative, and the classes Ko, Ay, ..., Kn—1 
therefore form an abelian group of order m, which is called the multtplicator 
of the group H. | 

Schur developed general methods for finding the multiplicator and for 
the construction of the irreducible projective representations of large 
classes of finite groups. The argument is too long to be given here. Instead 
we illustrate the procedure for some simple cases. 


12-2 Examples of projective representations of finite groups. The 
cyclic group generated from an element A of order ἢ, A°=E,A,A?,..., 
A™—! can be defined by the algebraic condition 


A" = E. (12-25) 
For a projective representation, the matrix D(A) must satisfy 
[D(A)|” = ol. (12-26) 


If we replace the representative D(A) by D’(A) = w~*/"D(A), we obtain 
a vector representation, D’(A™) = [D’(A)]”. Thus for cyclic groups, 
the multiplicator consists of the unit element Ko, and all projective 
representations are equivalent to the usual vector representations. The 
irreducible representations are all one-dimensional. 

Let the abelian group H be the direct product of two cyclic groups 
generated by elements A with order n and B with order n’, respectively. 
The algebraic equations characterizing the group are 


A*°= FE, BY =E, AB = BA. (12-27) 
The representatives will satisfy the equations 
[D(A)]” = al, [D(B)]” = 61, D(A)D(B) = cD(B) D(A), (12--28) 


with constants a, ὃ, c. The constants a and ὃ can be incorporated into 
D(A) and D(B), so we are left with only the last constant ὁ in (12-28). 
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Since D(A) and D(B) appear on both sides of the last equation in (12-28), 
the constant c cannot be changed by altering the matrices. However, we 
must determine the restrictions imposed on ὁ by (12-28). Multiplying the 
last equation on the right by D(B), we have 


D(A)[D(B)]° = cD(B)[D(A) D(B)] = c7[D(B)]? D(A). 
Repeating this process, we obtain 


D(A)[D(B)]* = c*[D(B)]?D(A) 
and, finally, 


D(A)[D(B)]" = c"[D(B)]"’ D(A), 


or 
οἴ = |, (12-29) 


Similarly, by repeated left multiplication with D(A) we find 
Cv I, (12-29a) 


Thus the constant ¢ must be both an nth and an n’th root of unity. If ἃ is 
the greatest common divisor of n and n’, c must satisfy 


εἶ = 1. (12-29b) 


If n and n’ are relatively prime, ἃ = 1, and therefore c = 1. In this 
case, all representations are equivalent to vector representations, and all 
irreducible representations are one-dimensional. This is the case, for 
example, for n = 3, n’ = 2. 

Ifn = n’ = 2, we get the four-group 


A?7=E, B?=E C= AB=BA. (12-30) 


The argument given above shows that c? = 1,c = +1. Fore = +1, the 
operators satisfy the equations 


[D(A)]” = [D(B)?? = 1, D(A) D(B) = D(B)D(A), (12-31) 


and we obtain the usual one-dimensional irreducible representations. If 
c = —1, we have 


[D(A)]? = [D(B)? = 1, D(A) D(B) = —D(B)D(A). (12-32) 
If we choose D(C) = 7D(A)D(B), then 
[D(C)]” = —[D(A)D(B)][D(A)D(B)] = [D(A)D(B)][D(B)D(A)] = 1. 


The matrices D(A), D(B), D(C) have their squares equal to one, and anti- 
commute. The irreducible representation is given by the Pauli matrices. 
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Problem. Prove that the irreducible representations of (12-32) have dimension 
two. 


The dihedral groups D, are generated from two elements A and S 
satisfying the equations 


A" =F, S?=E, SAS= Am (12-33) 


We denote the matrix representatives of A and S by Band T. They satisfy 
the equations 


B" = 6, T? = tl, TBT = cB. (12-34) 


The constants ὃ and ¢ can be incorporated into the matrices B and T 
(B’ = νυ "58, T’ = 1131). After this is done, our equations are 


B?=1, T?=1, TBT = cB. (12-342) 


Taking the nth power of the last equation in (12-34a) and using the first 
two equations, we find οἷ = 1, so the constant ὁ must be an nth root of 
unity. Letc = εἶ, ε = exp (2mi/n). If we multiply B by εἶ, the first two 
equations in (12-34a) are still valid, while the last is replaced by TBT = 
¢”—2m'’B—1_ Tf n is odd, we can always choose m’ so that m — 2m’ = 0, 
or γι — 2m’ = n. Then TBT—! = B, and we obtain only the usual 
vector representations. If n is even, we can eliminate c if m is even, and 
we can replace it by ε if m is odd. Thus, for even n, there are two classes 
Ko and K,. For the class Ko, c = 1, the operator equations are 


Β'.- (1 T?=1, TBI = Β΄", (12-35) 


and we obtain the usual irreducible vector representations. For the class 
Κι, c = ε, and the operator equations are 


Br =-4: / ale TBT = εΒ 1 (neven). (12-36) 


For n = 2, we get the four-group which was treated above. It 1s easy to 
show that the irreducible representations of (12-36) are two-dimensional. 


Problem. Show that the inequivalent irreducible representations of (12-36) 


have the form 
εἶ 0 01 
Β -- ; T = ; 12-37 
ἱ εἰτ- | k A ( ) 


where r = 1, 2,..., n/2. 
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The symmetric group S,, is generated by the n — 1 transpositions 


T, = (12), 72 = (23), ..., Τ,.- = (n --- 1, η) 
which satisfy the equations 
a=1,...,n—1 
T?=E, (T;Tj4,)2=E, τα = 7,7, Jo ττὉ70Σὔ2ν τ 2 
: poate = ae Fiat, tae r=1,2,...,n —3 
s=r+2,...,n—1 
(12-38) 


Conversely, one can show that the abstract group defined by the equations 
(12-38) is isomorphic to S,. 

Let us assume that we have a projective representation of S, in which 
the elements Τ᾽; are represented by matrices A;. The operator equations 
corresponding to (12-38) are 


A? = al, (12-39) 
(A;Aj41)° = byl, (12-392) 
A,As = CrsAzAr, (12~39b) 


where the αἱ, bj, cr; are constants different from zero. The constants ¢;s 
occur only for n > 4 and, as we see from (12-39b), cannot be altered by 
multiplying the matrices A, by factors. Thus the constants c,. are deter- 
mined by the fractional linear transformations. 
From (12-39b), we have A,A,A;' = c,,A,. Squaring and using 
(12-39), we find 
eB (12-40) 


The indices r, r +- 1, s, s + 1, which appear in the permutations 7, and T, 
of (12-38), are all different. If we take another pair of permutations 
Ty’, T's for which 7’, r’ + 1, s’, s’ + 1 are all different, there exists a permu- 
tation T’ which takes the indices 7, r + 1, s,s + lintor’,r’ + 1,8’, s’ + 1, 
so that 

ΤΙ ee AP TTT = Ty (12-41) 


If the permutation T is represented by the operator A, the corresponding 
equations for the operators of the representation are 


AA,A' = cA,, AA,A~* = dAy, (12-—41a) 
where c and d are constants different from zero. From (12-39b), 


AA,A~!AA,A7! — CrsAA,A~*AA,A“}, 
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and, using (12~41a), we have 
cd AyAs = Ca ς,.4..Α4,; or A,Ag = CrsAhg Ar’. 
Comparing with (12-39b), that is, 
ApAg = Cr's'As'Ar', 
we find that (,ς = 6,"... Thus according to (12-40) all constants c,, are 


the same and equal to +1. Letting 7 = +1, we have c,, = 7 for allr, 8. 
From (12-39a) we have 


Aj;Aj414; = δι᾿ ΑΤ AFH. 
Squaring, we get 
AjAjq1 AFA s 414; = DFAGHAT AAT ATH, 
b2 
azaj41 = re ᾽ 
αγάγ ει 

b? = αξαἶ γι. (12--42) 
Since the matrices A; can be multiplied by arbitrary constants, we can 
choose the constants a; in (12-39) arbitrarily. We do this in two alterna- 


tive, but equivalent, ways. 
First we set 


αι ΞΞ Ag = °°? = QAn-1 = ἢ, (12--43) 
From (12--42), ὃ; = -ΕἸ. We define matrices B,,..., Bn—1 by the equa- 
tions 
By, = Ai, Bz = jb, Az, Bz = διδ24, Bs = jbybob3Az, " 
(12-44) 


and find that they satisfy the equations 
Β -- 1, (Β,Β,,υνἘ = 51, BB, = jB,B, (12-45) 
Alternatively, we set 
Q1 = Go = τὐὐ = Gn_1 = 1, (12—43a) 
and introduce matrices Cy, ..., Cn—1: 


σι --Ξ Ai, Co = b,Aa, C'3 = b1b2A3, C's — bi beb3A4, eee 
(12-44a) 
which satisfy 


CP=1, (@04a)°=1,. CC, = 0,Ο,. (12-45a) 
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For 7 = +1, both systems reduce to (12-39), and we obtain the class Καὶ 0 
of vector representations of the permutation group. For 7 = —1, we ob- 
tain the class K, of projective representations, with operator equations 


B}=—-1,  (B;Byj41)?> = —1, 84,8,-- —B,B,, (12-46) 
or 


Ci=1, (CCy4)? =1, CC, = —C.C,  (1246a) 


The last two sets are interchangeable. If we multiply all matrices B; by 
V/—1, the resulting set satisfies (12—46a). 

For n « 4, the constants c,, do not occur in (12-38). Thus forn < 4, 
the symmetric group has only the usual irreducible vector representations 
which we found in Chapter 7. For n > 4, there are additional irreducible 
representations for which the operators satisfy (12-46). Schur showed 
that for n > 4 the number of inequivalent irreducible representations of 
this second type is equal to the number of partitions 


m= Vy tv Ἔ τ +m (1 > ¥2 >+++ > Pm > 0) (12-47) 
of n into unequal integers. To the partition (12-47) there corresponds an 


irreducible representation of degree 


! = 
_ 9l(n—m)/2] n: Μὰ Vp ἐς 
ἤνινννυινι = 2 aise ΤΕ, πα π΄, (12-48) 
1: 2Q- 22 " α«β a β 


where [(n — m)/2] denotes the largest integer which is < (n — m)/2. For 
n = 4, we have two new irreducible representations of degree fy, = 2 
and f3,1 = 4. For n = 4, the equations (12—46a) are: 


Ci=C3=C3=1, (C102)? = (C032? = 1, σις = -- Ο56!. 
(12-49) 


The representation of degree two is obtained by setting 


C1 = ¢;, Cy = Mba, — ho, Cs = f0. — s/he, (12-50) 


where o, = (7 δ), σ = (ἢ Ὁ), σ, = (4 —9) are the Pauli matrices. 

For the complete theory, we refer the reader to the third paper of Schur 
which contains many remarkable results which were later rediscovered 
independently. 


Problem. For n = 4, assume the existence of an irreducible two-dimensional 
representation of (12—46a) and derive the result (12-50). 
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12-3 Ray representations of Lie groups. The states of a quantum- 
mechanical system are described by unit vectors Ψ in a Hilbert space. 
[An inner product (¢, ψ) is defined for the Hilbert space, and this product 
is positive definite, so that ||¢|| = (¢, ¢) > 0 for any vector in the space. 
In particular, for unit vectors ¥, ||y|| = 1.] To every unit vector y there 
corresponds a unique physical state of the system. The converse is not 
true. A given physical state is describable by any of the set Ψ of unit 
vectors ey, where € is complex and [εἰ = 1. There is a one-to-one corre- 
spondence between physical states and rays Ψ. Any vector in the ray Ψ 
can serve as a representative of the ray. 

The transition probability between physical states corresponding to 
rays ® and Ψ is given by |(¢, ψ)} 2, where.¢ is any vector in the ray ® and 
y is any vector in the ray Ψ. We may therefore define an inner product 
of rays, 

(ῷ, Ψ) =|, ¢ind, viny, . (12-51) 


which is independent of the particular choice of ¢ and y. 

To each transformation of the symmetry group of the physical system 
there corresponds a one-to-one mapping of the physical states. Each ray 
Ψ is mapped into a ray W’: 

vow’. (12-52) 


Since the new description must give the same observable results as the 
original one, the mapping must preserve transition probabilities: 


[(Φ', ΨΊ} = |(@, WI’. (12-53) 


The remarkable result, first proved by Wigner, is that the ray corre- 
spondence (12-52) can always be replaced by a vector correspondence: 
Representatives y, Ψ' can be selected from the rays Ψ, W’ so that the 
vector mapping 


yow = Uy (12-54) 
satisfies | 
U(o+ ψ) = Ud + UY, (12-55) 
and either 
(a): (Ud, Ud) = (φ, ψ), (12-56a) 
or 
(Ὁ): (Ud, Up) = (Ψ, φ). (12-56b) 


In other words, we can replace the ray mapping by an additive operation 
on the vectors of the Hilbert space. Two alternatives may occur. The 
operator U is either (a) linear and unitary, or (b) antiunitary. There is 
no a priori reason for selecting one of the alternatives (a) or (b). 
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The operator U is still not defined uniquely, since multiplication by 
any phase factor ε will not alter the preceding results. Thus we may 
regard the operator U as a representative of the operator ray εἴ]. We can 
select the representative U in any convenient way. 

If r and s are two elements of the symmetry group G of the quantum- 
mechanical system, we associate with each of them an operator representa- 
tive U(r), U(s). To the product rs, which is also in G, there will correspond 
an operator U(rs). But the requirements imposed above lead only to the 
relation 

U(r) U(s) = w(r, 5) U(rs), (12-57) 


where |w| = 1, and the phase factor w depends on the elements r and s 
of G. Equation (12-57) is identical with (12-6), which defined the ray 
representations of finite groups. 

We now wish to consider continuous groups and, in particular, Lie 
groups. In our discussion in Chapter 8, we showed that the parameter 
space of a Lie group will in general consist of several disconnected pieces, 
one of which contains the identity element e of the group G. For those 
elements r of G which are contained in the sheet of the identity element e 
(so that they can be reached by a continuous path from the identity), we 
can prove that only the alternative (a) of Eq. (12-56) occurs, so that U(r) 
is a unitary operator. In any neighborhood of the identity e, an element r 
can be written as the square of some element 8, sor = 85. From (12-57) 


Ue) = πῶσ U(s)U(s). (12-58) 
Since the square of a unitary or antiunitary operator is unitary, we con- 
clude that U(r) is unitary for any r in the neighborhood of the identity. 
Finally, every element 7 in the sheet of the identity can be expressed as a 
product ryrg---7r, of elements in a given neighborhood of the identity. 
Since each of the operators U(r;) is unitary, and a product of a finite 
number of unitary operators is unitary, we conclude that U(r) is unitary. 
The transformations in the sheet of the identity form a subgroup, and 
we shall restrict ourselves to this group G’. For any elements r, 8 of G’, 
the operators U(r), U(s) are unitary and satisfy Eqs. (12-55) and (12-56a). 
So far, we have imposed no conditions of continuity on the operator U(r) 
as r varies over G. It can be shown that, in the neighborhood of the identity 
e, the operator representatives U(r) can be selected so that they are con- 
tinuous; i.e., for any € > 0 and any vector y, there exists a neighborhood 
I of r such that | 
|U(r)y — U(s)¥l| < ε (12-59) 


for sin 3t. From this result it follows that the factor w(r, 8) in (12-57) is a 
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continuous function of r and s. [Use the identity 


w(r, s)[U(rs) — U(r's’)W + U(r'’)[U(s’) — U(s) 
+ [U(r’) — U(r)|U(s)b = [w(r’, 5) — (7, 8)]UC's’)y (12-60) 
to prove the continuity of w(r, s).] 
We conclude that, in the neighborhood of the identity, the elements r of 
the group G’ can be represented by continuous unitary operators U(r), 


and that w(r, s) in (12-57) is a continuous function. The function w(r, 8) is 
called a local factor. It can be written as 


w(r, 8) —= exp [vE(r, s)], ᾿ (12-61) 


where é is a real, continuous function of r and 8, which we call a local 
exponent. 

The operators U(r) can be multiplied by any function ¢(r) which is 
continuous and has absolute value unity. The operators 


U'(r) = o(r)U(r) = exp [es(r)] - U(r), (12-62) 


where ¢{(r) is a real, continuous function, will also be continuous. If we 
substitute (12-62) in (12-57), we find 


U'(r)U"(s) = $(r)o(s) U(r) U(s) 
$(r) $(s)w(r, 8) U(rs) 


ie. ee oe BUG: 


so that 
U'(r)U'(s) = w'(r, s)U'(rs), | (12-63) 


Ce HOES ele, ἦν (12-64) 


This procedure is completely analogous to that for finite groups. [Com- 
pare Eqs. (12-21) and (12-22).] The factors w(r, s) and w'(r, 8) are equiva- 
lent local factors. The local exponents é(r, 8) and é’(r, 8) are related by 


ἕξ, 8) = &(r, 8) + S(r) + $(s) — (5). (12-65) 


We shall choose U(e) to be the identity operator 1. If wesetr = s = e 
in (12-57), we find 
U(e)U(e) = w(e, e)U(e), 


so that w(e,e) = land &e,e) = 0. If we set s = εἴη (12-57), we find 
U(r)U(e) = w(r, 6) U(r), 
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so that 
w(r,e) = 1, i(r,e) = 0. (12-66) 
Similarly, | 
we,r) = 1, E(e,r) = 0. (12-66a) 


Using (12-57) and the associative law (rs) = r(st), we find 


w(7r, s)w(rs, t) = w(r, st)w(s, ὃ) (12-67) 
or 


E(r, 8) + &rs,t) = &(r, st) + £(s, ὃ). (12-67a) 


If the Hilbert space of the representation (12-57) is finite-dimensional, 
the operators U(r) are n-by-n unitary matrices. If we let det U(r) = D(r), 
then D(r) is continuous and |D(r)| = 1. Taking the determinant of 
(12-57), we find : 

D(r)D(s) = e***” D(rs), (12-68) 


where n is the dimension of the representation. If we let 


U(r) 


U'(r) = [D(r)]!/" } (12-69) 
and divide (12-57) by (12-68), we find 
U'(r)U'(s) = U'(rs). (12-70) 


Thus finite-dimensional ray representations are always equivalent to 
vector representations. In deriving this result, we assume that r and 8 
are near the identity e. In (12-69), we must select a particular nth root 
of D(r). So long as we remain in the neighborhood of the identity, the 
result (12-70) is valid. If the parameter space of the group is simply con- 
nected, any closed curve in the space can be contracted to a point. Then 
the root [D(r)]'/" can be defined uniquely along any path and will return 
to its initial value when r describes a closed path. The argument fails for 
the three-dimensional rotation group. The parameter space is doubly 
connected, and for even n we obtain instead of (12-70) the result 


U'(r)U’(s) = 4U'(rs). (12—70a) 
Two local exponents & and ξ΄, which satisfy (12-65), are said to be 


equivalent, 


= ξ΄. (12-71) 
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If ¢= then?’ =& If = ξ' and & = ξ΄, so that 


EC, 8) = E(r, 8) ae 10) ἮΝ ζι1(5) = ζι(78), 
er, 8) = E'(r, 8) a ζ2(7) = 2(s) = f2(rs), 


then 
ξ΄ (γ, 8) = &(r, 8) + $17) + fo(r) + f(s) + ζ2(6) — 108) — ζο( 8) 
= £(r,s) + f(r) + ζ() — S78), 
where 


f(r) = 0) + ζω), 


so that ἑ = ξ΄. We therefore get a separation of the local exponents into 
equivalence classes. 

If £, and £2 are local exponents, then § = af + Bé&o, with real a, 6, 1s 
also a local exponent. Moreover, it is clear that the class to which & 
belongs is independent of the choice of & and £2 within their classes. 
Thus the nonequivalent classes of local exponents form a linear vector space 
with real coefficients. The dimensionality of this vector space determines 
the number of essentially different types of ray representations. If the 
dimensionality is zero, all local exponents are equivalent to £ = 0, so that 
the ray representations all reduce to vector representations. 

Next we consider a one-parameter subgroup of the Lie group G. From 
Section 8-11 we know that we can introduce a canonical parameter 0 
so that 

r(0) = e, r(01)r(@2) = τίθι + 62). (12-72) 


We denote the unitary operator U(r) for r = r(@) by U(@). The infinitesi- 
mal Hermitian operator u which generates U(@) is 


= ae = 
πὰ Ἢ hae (12-73) 


If r and s in Eq. (12-57) correspond to parameter values 6, and 62, we can 
write Eq. (12-57) as 


U(81:)U(62) = w(81, 62)U(61 + 42). (12-74) 


Differentiating with respect to 6, and setting 6; = 0, we have 


ἀωίθι, θ dU(0 
Wwe εξ mol 5} _,- Ux) + 000, 63) ae 


dU(63)_ 
αθς 


= f(02)U(82) + 
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From (12-66a), w(0, 62) = 1;w(61, 02) = exp [{ξ(θι, 62)], so 


Setting 0; = 0, we find 


os 1; 
f (92) ae ey 


Thus f is a pure imaginary, continuous function of 6, and f(0) = 0. Drop- 
ping the subscript on 62 and setting f = ig, where g is real, we find that 
our differential equation for U(@) is 


sa ΡΤ ΤΠ (12-75) 


Introducing the unitary operator 


θ 
{7,(0) = exp | 2 [ 9(6’) dg’ |. U(6), (12-76) 
we obtain 
due 
ἢ ἐμἴ7'. (12-77) 


Integration of this equation gives 


U'(6) = e™ (12-78) 
which satisfies 
9 (θ1) ΄(θ2) = U'(@, + 42). (12-79) 


Thus, for a one-parameter subgroup, the ray representation can always 
be replaced by an equivalent vector representation. This result is the 
analog of the result we found in Section 12-1 for cyclic groups. 

It can be shown that it is possible to construct canonical exponents: 
1.e., for any é’(r, 8) we can find an equivalent exponent £(r, 8) for which 
(r,s) = Ο if r and 8 are in the same one-parameter subgroup. 

An n-parameter Lie group is generated by the infinitesimal elements of 
nm one-parameter subgroups. In Chapter 8, we showed that the ἢ infinitesi- 
mal elements X;(¢ = 1,...,) form the basis for the Lie algebra of the 
group. The multiplication law for the algebra is 


[X,, Xj] = ci: Χα, (12-80) 


where the real numbers cj; are the structure constants of the group. The 
finite transformations of the one-parameter subgroup generated by X; 
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are exp (0X;). In Chapter 8, we showed that the representations of the 
group G can be determined, by integration, from the representations of its 
Lie algebra. If the Hermitian operators D; represent the basis elements 
X; in a vector representation, the operators satisfy the commutation 


equations 
i[D;, Dj) = ci;De. (12-81) 


The operators for the finite transformations will then be unitary operators 
exp (70D;,). 

The phase factors w(r, s) which occur in the ray representations of the 
group will manifest themselves by adding constants to the commutator 
equations (12-81). The Hermitian operators D; for a unitary ray repre- 
sentation will satisfy the equations 


i[D;, Dj) = εἴς + Biz - 1, (12-82) 
where the @;; are n(n — 1)/2 real constants. From (12-82) we see that 
B:; = —Bj:. If we replace the operators D; by 

ἢ = D;+a;:1 (a; real), (12-83) 


then the operators for finite transformations, exp (7@D;), are replaced by 
exp {10(D; + a;)} = exp (tai6) - exp (7@D,), 


so that they are multiplied by phase factors. The effect on (12-82) of the 
shift (12-83) to an equivalent set of phase factors for the finite transforma- 
tions is to replace it by 


i[D’,, Di] = ci;Di + 8%; +1, (12-82a) 
where 
Bi; = Biz — ακοῖ;. (12-84) 


Two sets of constants 8;;, 8;; which are related by (12-84) are equivalent. 
Their representations are transformed into each other by (12-83). 

The constants 8;; in (12-82) are in general not independent. If we write 
the Jacobi identity (8-57) for the operators D;, Dj, Dx, 


[D:, (Dj, Del] + [D;, (De, Dil] + [De, [Di, Ds]] = 0, (12-85) 
and substitute from (12-82), we find the conditions 
ck Bu + chBix + οἴτβη = 0. (12-86) 
If the sets of constants pi? and p\? satisfy (12-86), then 


Biz = 0 BS? + a8)? (12-87) 
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also satisfies (12-86). Thus the admissible B;;'8 are vectors in a real 
vector space of dimension < n(n — 1)/2. The ray representations (12-82) 
will all be equivalent to vector representations if the admissible B;;’S are 
equivalent to the null vector, i.e., if the dimensionality of the vector space 
of the 8;,’s is zero. 

First we consider some simple examples. For an n-parameter abelian 
group, the structure constants cj; are all zero. The infinitesimal elements 
satisfy the equations 


[(X,X,]=0 (Gj=1,...,n). (12-88) 


The corresponding equations (12-82) for the operators of the representa- 


tion are 
1{1}2ὼ 12} = Biz + 1. (12-89) 


Since the structure constants vanish, Eq. (12-86) imposes no restriction on 
the 8;;’s. The dimensionality of the vector space of the 6;;’s is n(n — 1)/2. 
Any vector 6;; can appear in (12-89). The positive multiples of a given 
8;; correspond to equivalent representations, since 


ilmD;, mD;] = m?6;;-1, (12-90) 
and the Hermitian operator mD; will give finite transformations 
exp (im0D,), 


so that the representations differ only in a scale change in the variable 8. 
Only the null vector 8;; = 0 corresponds to the vector representations. 

For the rotation group in three dimensions, the Hermitian angular- 
momentum operators satisfy 


U2, Jy] = Jz + 6-1, Jy, υ,] = Je + Be +, 
lJ 2, Jel = Jy + By. (12-91) 


The #’s are equivalent to zero since the transformation (12-83), 


Js igs Js + Bs° 1, 
reduces (12-91) to 


We,Jy = Jt, Wy, JS τὸ Jt, yt, Jt] = Jy. (12-92) 


So we have another proof that the ray representations of the three-dimen- 
sional rotation group are all equivalent to vector representations. 

Instead of considering the quantities 6,;;, we can introduce a function 
which is defined for all elements of the Lie algebra. The elements of the 
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Lie algebra are linear combinations of the basis elements X; with real 
coefficients, 
1 ae) Pe, Se ee. πὰ (12-93) 


and the operators representing these elements are 
A = AmD mn, B= δια Dm (12-94) 
For the elements.a and b, Eq. (12-80) becomes 


[α, ὃ] = CimdibmXk, (12-95) 
and Eq. (12-82) yields 


i[A, B] = cimdibmDy + Bimaibm: 1 
a CimAt0m Di + F(a, b)- 1, (12-96) 
where 
F(a, b) ἊΣ Bim@10m = —F(6, a). (12-97) 


In particular, ifa = X,;andb = X;, 
F(Xi, X53) = Bij. (12-98) 


If the operators D,» are replaced by the equivalent operators ἴηι = 
Dm + m1, so that A and B in (12-94) are correspondingly changed, 
Eq. (12-96) becomes 


4’, ΒΊ = chndibmD + [F(a, Ὁ) — axCimaibm| - 1 


a CimO10mD', ἘΠ F'(a, b) “ 1, (12-99) 
where : 
F’(a, b) = F(a, b) — axcimaibm- (12-100) 


The shift from one representation to another equivalent representation is 
described by the change from F to F’, where a, are arbitrary real constants. 
If the a; can be chosen so that F’(a, δ) = 0 for all a and ὃ, the representa- 
tion is equivalent to a vector representation. 

Equation (12-100) can be simplified as follows: Consider a linear function 
A defined on the Lie algebra so that 


A(X;) = αι. (12-101) 
Then 
A(a) = a,j, (12-102) 
and using (12—95), we obtain 


A((a, b]) = ancimaidm. (12-103) 
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Comparing with (12-100), we have 
F'(a, b) = F(a, ὃ) — A(a, δ]). (12-104) 


Thus, two systems of exponents will be equivalent if the difference between 
the corresponding functions F’(a, ὃ) and F(a, b) is a linear function of the 
commutator [a, ὁ]. 

We can find conditions for the function F corresponding to the conditions 
(12-86) on the constants 8,;; by writing the Jacobi identity 


[A, [B, C]] + [B, [C, ΑἹ] + [C, [A, B]] = 0 
and substituting from (12-96). The result is 


F(a, [6, c]) + F(, [e, al) + Fe, [a, b]) = 0. (12-105) 


12-4 Ray representations of the pseudo-orthogonal groups. ‘The real 
homogeneous linear transformations which leave the real, nonsingular 
quadratic form 


P(X) = δα (Gik = 9xi) (12-106) 


in the n real variables x; (¢ = 1,...,) invariant are called pseudo- 
orthogonal transformations. By a suitable change of coordinate basis, the 
form F can be brought to principal axes, so that 


Pp n 
2 2 
F(x) = es = Σ Li = εἰ ORL pry 
i=1 


1=p+l1 
eames for 2 ΞΞ Ips i 


é;= —1 fortz=p+l,...,n 
(12-107) 
The group of pseudo-orthogonal transformations W, 
x = Wx, Xi ΞΞ Wirth (2 = l, . 60} n), (12-108) 


which leave the form F’, invariant is denoted by G?. From (12-107), we 
see that Gand Gt” are the same group. 

If p = n, the form is positive definite, and G7 is the orthogonal group 
in n dimensions, O,. For p ¥ n, we get groups analogous to the Lorentz 
group (for which n = 4, p = 3). 

The transformations of ΟἿ which can be reached continuously from the 
identity form a subgroup G,” of proper pseudo-orthogonal transformations. 
A transformation W belongs to G;,” if its determinant is equal to 1, and if 
the determinant of its first p rows and columns is positive. 
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Problem. Prove the preceding statement. 


We can also discuss the groups 13 of inhomogeneous pseudo-orthogonal 
transformations, 


x’ = Wx+u4, v= τ G=1,...,n), (12-109) 


where u is an arbitrary real vector (translation). If W leaves the form 
F(x) of Eq. (12-107) invariant, the transformation (12-109) leaves the 
form F(x — y) invariant, where x and y are arbitrary vectors. If we 
restrict W to G’?, I? is restricted to its proper subgroup 1 ἐ 

If the transformation (12-109) is followed by a second transformation 


x” = W’x’+ vu’, 
the resultant transformation is 


x’ = W(Wx-+u)t+u 
— W’'Wx + (u’ + W’u). 


Thus, if we denote the transformation (12-109) by (W,u), the group 
multiplication in 15 is defined by 


(W’, u’)(W, u) = (WW, W'u + v’). (12-110) 


It is convenient to interpret this law of combination as the matrix multi- 
plication of matrices of order n + 1: We associate with the transforma- 


tion (W, u) the matrix 
[ rt (12-111) 


where the last column consists of the components of u followed by the 
constant 1. The element (1, 0) is the identity element of Ip. 


Problems. (1) Verify the group-multiplication law (12-110) for the matrices 
(12-111). 
(2) Show that the inverse of (W, u) is (W—!, —W—'u). 
(3) Show that the translations (1, u) form an invariant subgroup T,, in 1 a, 
and that 
ees 
T= Gh: 
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We wish to construct the Lie algebras of the. groups G? and I?. This is 
done most simply in terms of the matrices (12-111). The “rotations” in 
the 2j-plane form a complete set of one-parameter subgroups of G?. The 
“rotation” W“” in the 7j-plane is a transformation acting only on the 
variables αν, 77: 


Ww: v= Wyte + waz; , 
᾿ sr a; (no summation!), 
7) ΞΞ Wyiti + W 5 5X5 
Cp = ὅν. TORT 4:9" (12-112) 
2 2 2 2 
€,x'; +. 525 = εξ + €j;Xj. (12-113) 


If ε; = €; = +1, then W” is a rotation: 


x’; = x;,cos 0+ x; 510 9, 
χ᾽ = —2z; sin 6 + 2; cos 8, 
x; = 2, forr + 1,2. (12-114) 


The corresponding matrix (12-111) is 


we? 0 
| 0 ἢ ; (12-115) 
where the matrix W“ is 
1 7 
1 
I . 
a} +++ 6050. -+- sing (12-116) 
2 -+ —sin 0 cos 6 
1 
1 


To find the corresponding infinitesimal matrix we evaluate dW‘ /d@ at 
6= 0: 
+1 at the (27)-position, 
| has —1 at the (jz)-position, 
sae 0 elsewhere. (12-117) 


pi = dw’? 
αθ 
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If εἰ = —e;, the “rotation” W” is a Lorentz transformation: 


χ', = x; cosh θ — x; sinh 8, 

vi; = --ὔς sinh 0+ 7; cosh θ, 

oe forr ¥ 1,9, (12-118) 
and the corresponding infinitesimal matrix has —1 at the (ζ)- and (j12)- 
positions, and zero elsewhere. 


Both cases can be taken care of by choosing the infinitesimal matrices 
in the form 


(wp, = --εἰ; Sir 85x + €5 O50 Six 
= —gi1 δῇς + 911 Sik, (12-119) 
where 
git = Εἰ Si, JilGim = 5m, gigi = Nn. (12-120) 


We denote by αἱ) the element of the Lie algebra which corresponds to the 
matrix w. We can evaluate the commutator [a;;, ax] by using the cor- 
responding matrices (12-119). We find 


(a,j; ακι] = QjrAil — Jik@jl + GilAjk — GjI%k, 
aj = —Qi; (4,9, Kel = Ayes cy): (12-121) 


The infinitesimal matrix for a translation along the 7-axis will have a 
one in the (z, n + 1)-position and zero elsewhere: 


(tar = Sse 8t,n41- | (12-122) 


We denote the corresponding element of the Lie algebra by b;. The transla- 
tions commute with one another, so that 


[b;, bx] = 0 for all 1, k, (12-123) 
and, using (12-119) and (12-122), we find 
(aij, bx] = gjnbi — θικθ]). (12-124) 


Equation (12-121) describes completely the Lie algebra of G7. Adding 
Eqs. (12-123) and (12-124), we obtain the Lie algebra of 15. 
Multiplying (12-121) by gj, and using (12-120), we find 


gjxlaij, αμι] = (n — 2)α:ι (12-125) 


(9 jx; = Ὁ because σ᾽) 18 symmetric and aj, 1s antisymmetric). Similarly, 
from (12-124), 
gjxlaij, bx] = (n — 1)di. (12-126) 
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First we consider the homogeneous groups G?. For n = 2, the Lie 
algebra has a single element a12. The group is cyclic, and all representa- 
tions are vector.representations. For n > 2, we use (12-125) to transform 
the function F defined in Eq. (12-97): 


(n — 2)F(a;;, ακι) = F([grnair, ἀμ], ακι) 
= F ([9rnair, Axi), Qnj) — F([an;, axil, YrhQir) 
= F(grnajn, [Qir, axt]) + F(gradir, [anj, axi]). 


Now substitute for the commutators from (12-121): 


σε (Ajn, Ait) — σφι (α;,, Ort) 
iW (Ajn, Ark) — Gril’ (azn, ay 
ΕΗ + φεδ(α;, Ark) — Gril (jn, Aik) 
+ 95K (Air, Gat) — Grek (air, απ) 
+ gril (Gir, αι) — gil’ (Gir, Ane) 


The first and seventh terms, and the fourth and sixth terms cancel, leaving 


(n — 2)F (α;), O41) = σ᾽; (σεκαῖν, Ont) — gin’ (GrnQjn, Orr) 
+ gil (GrrQjn, rk) — σι (GrnQir, ἀμ). (12-127) 


We define a linear function on the Lie algebra by setting 
A(Gst) = Grr (Ger, Anz). (12-128) 
Then, according to (12-121), 


(n — 2)} (α;;, ακι) = gjrA(ai) — gixA(ajr) 
+ gitA(ajx) — gj1A(aix) 
= A([ai;, αμι]). (12-129) 


Thus F(a,;, αμι) is a linear function of the commutator [a;;, ακι], and is 
therefore equivalent to zero. 

Next we consider the inhomogeneous groups I? forn > 2. We first 
use Eq. (12-126) to transform the expression for F(a,;;, bx): 


(n — 1)F(az;, be) = griF’(ai;, [axi, ba) 
= gnitF ({a;3, axi], δᾺ) + F(axi, [az;, bal)}; 


then we use Eqs. (12-121) and (12-124) to expand the commutators which 
appear as arguments of F: 
(  gjxF (ait, bn) — gixF (ar, bn) 
(n — 1)F(az;, be) = σκιὰ + σα (azz, bx) — gjrF (ax, bn) 
+ σα (xt, δὴ — ginF(axi, b;) 
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The third and fifth terms, and the fourth and sixth terms cancel, leaving 
(n — 1) Ε(α;;, be) = girl (gridit, bn) — girl (gniaj1, bn). (12-180) 
If we define the linear function A for the basis elements b; so that 
A(bs) = gniF (ait, bn), (12-131) 
we have, from Eq. (12-124), 


(n — 1)F (aij, be) = σμιλ(δὴ — girA(;) 
= A([a,;, θκ]). (12-132) 


Since F(a;;, bz) is a linear function of the commutator [a;;, bel, 
F(a;;, by) = 0. 


Finally we must show that F(6;, 6;) = 0. The linear function A 18 
already prescribed by (12-128) and (12-131), so we can only check to see 
whether F'(b;, bj) = 0. We transform F (b;, bj) by using (12-124): 


(n — 1)F(b;, bj) = gneF (Lain, bel, δὴ 
-- gnu {F ({ain, b;], bx) + Ε{Γ ὃ; bel, ain) }. 


The second term is zero since [b;, δ] = 0. In the first term we use (12-124): 


(n — 1)F(b;, δ) = gue{gngl' (bi, be) — gisF' (bn, bx) } 
ΡΟ, b;) — σωσμ (bn, bx) = F(bi, δὴ) 


| 


[σε (bn, bz) = Ὁ since it is the product of a symmetric factor gx, and an 
antisymmetric factor F(ba, b,)]. Thus, 


(n — 2)F(b;, δὴ = 0 
and, forn > 2, 
F(b;, b;) = 0. (12-133) 


We have shown that, forn > 2, all ray representations of J7, are equiva- 
lent to vector representations. Just as for the rotation group, there may 
still be multivalued representations. 

For n = 2, the Lie algebra of 12 is defined by 


(aio, bi] = —€1b2, 
[a12, b2] = €261, (12-134) 
[b,, bol — 0. 


484 RAY REPRESENTATIONS. LITTLE GROUPS [cHap. 12 


The Jacobi condition yields nothing in this special case. If we denote 
the operators of a representation by Ajo, By, Bo, their commutators are 


14.152, Bi] = —eBo+ 8-1, — i[ Ayo, Bo] = 2B, + 8-1, 
{B,, Bo] ΞΞ β' 1, (12-135) 


where β, 6’, 8” are real constants. We use the change of phase (12-83) and 
introduce operators 
; 5. ; . / 
ree ra ᾿Ξ gue (12-136) 
Then 
a[A 19, Bi] = —€,B5, [A 12, 84] --- ε281, (12-137) 


but we are left with the constant β in the equation 
Bi, Bo] = B-1. (12-138) 


Thus, for n = 2, there is a one-dimensional manifold of inequivalent ray 
representations. For 6 = 0, we get the vector representations of J "ὦ 


12-5 Ray representations of the Galilean group. The Galilean group G 
is the group of transformations which connect inertial frames of reference. 
Such frames of reference can be displaced from one another, shifted in 
time, rotated in space, and finally, they can move with constant relative 
velocity. Thus Galilean transformations change the coordinate vector x 
and the time ¢ to x’ and ¢’, where 


x’ = Wx+vi+u, 
{ι -- {-Ἡ τ. (12-139) 


In (12-139) W is a proper orthogonal transformation in three-dimensional 
space, v is the constant velocity vector, u is the vector describing the 
translation of the system, and 7 is the time displacement. Pure Galilean 
transformations are the transformations 


x’ = x + vi, ἐξ αὶ (12-140) 


Such a transformation is sometimes referred to as an “acceleration.” 

Since the rotations W are described by three parameters, v by three, 
u by three, and 7 by one, the Galilean group Gis a 10-parameter Lie group. 
If we denote the element (12-139) of G by (W, 7, Vv, u), the multiplication 
law is 


(W’, τ ν΄, ι΄) ᾿ (W, T, Vv, u) 
= (WW,r+7',Wv+v',Wut+u’4+v’r), (12-141) 
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and can be represented by the multiplication of the 5-by-5 matrices 


νυ 
0 1 τ]: (12-142) 
0 0 1 


The unit element of G is (1,0, 0,0), and the inverse of (W,7T, ν, ἃ) 15 
(W-!, --τ, —W7'v, —-W—*{u — vr}). The infinitesimal matrices have 
the form 


Sk κα 
0 0 φ]: (12-143) 
00 0 


where S is a 3-by-3 skew-symmetric matrix, k’ and k are arbitrary column 
vectors, and ¢ is a real number. We denote the basis elements of the Lie 
algebra by a;;, b; (asin the preceding section), the pure Galilean transforma- 
tions by d;, and the time displacement by f. The commutator equations 
are: 

[α;;, Ger] = δ;καιι — δικαγι + δια — δας, (12-144) 


[a,;, b;| = 5 540; στὸ δικῦ), [b;, bj] = 0; (12-145) 
(aij, ἀμ] = ὃ, ἃ; — Sund;, (did) = 0; (di, bs) = Ὁ; (12-146) 
[α;}; fl =, 0, [b;, 1) as 0, ἰα;, 1 Ξ-- ὃ;. (12-147) 


i ΄-΄ρ΄πΠΠϊΠ΄΄Ὸ--.. 0.0 


Problem. Verify Eqs. (12-144) through (12-147). 


In investigating the ray representations of the Galilean group, we can 
make use of the results of the preceding section for n = 3. The rotations 
plus translations, and the rotations plus pure Galilean transformations 
form subgroups of G which are isomorphic to G3. From the results of the 
last section we can always adjust the function F’ of Kq. (12-97) so that 


F (aij, dur) = F (aij, be) = (ας, dx) = Fb: δὴ 
Fea) = 0: (12-148) 


From Eq. (12-125), for n = 3, and gjx = 93%; 


ai = (Giz, Axi), (12-149) 
so that 
F(ay,f) = F({aix, ακι], f) 
= F (azn, ax, fl) + F(laix, 7], ax) = 0, (12-,60) 
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since the arguments are zero according to Eq. (12-147). Similarly, from 
Eq. (12-126), 
2b; = [α;,, bel, (12-151) 
so that 
(δι, f) = 3F ([aix, be], f). 


Again, using the Jacobi relation (12-105) for Γ΄, and Eqs. (12-147), we find 
F(b;,f) = 0. Similarly, F(d;,f) = 0. 
The only remaining quantity to be examined is F'(b,, d,). From (12-126), 
2F (b;, dx) = F (aij, b;], ἀκ) 
= F(lai;, del, bj) + F([dx, ὃ], a3). 


Using Eqs. (12-146), we have 


2F' (bi, ἀμ) = 554 (di, δ) — δι (d;, δὴ 
= F(d;, by) — δι (d;, δὴ 
= —F (bg, di) — δι! Γ(ά;, b;). (12-152) 


Interchanging 7 and k, we obtain 
2F (bz, d;) = —F(6,, dx) a δ (d;, b;), 
and substituting on the right of (12-152), we find 


F'(b;, dx) = --ᾧὠἐ δ} (dj, b;) = Ὕ bx, (12-153) 
where 
γ = —1F(d;, δὴ (12-154) 


is a constant. For Y γέ 0, we cannot eliminate the constant from the 
corresponding operator equations 


WB;, Dy] = ΎὝ 6° 1. (12-155) 


Thus the set of equivalence classes for the Galilean group is one-dimen- 
sional. 


12-6 Irreducible representations of translation groups. The groups 
which we discussed in the preceding sections included the Galilean group, 
the group [3 of euclidean motions (rotations and translations) in three 
dimensions, and the inhomogeneous Lorentz group, 4. In all these groups, 
the translations form an abelian invariant subgroup Τῷ. The simplest 
procedure for finding the representations of the full group is to consider 
first the representations of the translation group 7". 
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T,, is the group of transformations 
x =x-+4, Ly = Ly + ιἰν (y=1,...,n). (12-156) 


We shall restrict ourselves to finding the irreducible unitary vector 
representations of Τῷ. If the operator representative of the translation u 
is D(u), then 

D(u) Div’) = Diu t+ wv). (12-157) 


Since the translation group Τα is abelian, all its irreducible vector repre- 
sentatives are one-dimensional. If y is the basis function of an irreducible 
unitary representation, then 


Ρ(ὺψ = e®™y, (12-158) 


where the real number ὃ depends on the translation vector u. If n, isa 
unit translation along the x1-axis, 


D(ny)y = ety, κι = 6(m), 
and if u4n, is a translation of amount μι along the x-direction, then 
D(uini)y = et i“y. 


Proceeding similarly for 12, 73, . . - , Tn, WE find 


Duy = e*Y = foru= δὲ wm, (12-159) 
1 


where k is a real vector. 

Thus an irreducible unitary representation of T', 1s characterized by a 
real vector k-in the n-dimensional space. We shall indicate the representa- 
tion by writing the basis function as y(k) or y,. The general representation 
of T,, will be a direct sum of representations (12-159) for different k’s. 

In particular, we can realize the representations in terms of space func- 
tions y(r) by defining the operators D(u) to be 


δίψα) = Yr + 4), (12-160) 
so that, with y,(r) = e™", 
D(u)¥, (4) = ψεί + u) = ey, (τ). (12-161) 


The resolution of ¥(r) into basis functions y,(r) 1s just the Fourier 
analysis 
Wr) = [ dkaye** = | ἀκακψκ(), (12-162) 
and 
D(u)y(r) = [ «κακοῖν ψκα). (12-162a) 
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Alternatively, we can consider the Hermitian infinitesimal operators 
py of the representation which satisfy [p,, p,,] = 0. Since the operators 
p, all commute, we can determine simultaneous eigenfunctions y, such that 
py, = ky,, where k is any real vector. 

In considering space groups in crystals, we find that the continuous 
translation group 7’3 is replaced by a discrete group of translations along 
three noncoplanar directions. The translations which describe the lattice 
are given by the vectors 


a= nya; + No@q + N3a3 (N14, 700, 7.5 = 0, ro mal I ὃν 2, (12-163) 


where a1, 82, a3 are not coplanar. The group is abelian and therefore has 
only one-dimensional irreducible vector representations. The argument 
given above shows that for each real vector k, we obtain a one-dimensional 
representation, 

D(a)y, = οἱ. 


But here, because of the discreteness of the group, the representations 
corresponding to different k’s may be equivalent. Two vectors k and k’ 
which differ by an amount 


Ὁ = mb; + mabe + msb3 (m1, m2,m3 = 0, +1,...), (12-164) 


where 
8. X 83 a3 X aj 
= b 24 5 ὦ 
bi=2 @1° 8. X ag’ : @j* a2 X a3’ 
ai X 8. 
ἘΣ ο.] 
b3 = are aca (12-165) 


give equivalent representations, since e@ = 1. The vectors ‘by, Do, bs 

are the basis vectors of the reciprocal lattice, and b is called a reciprocal 

lattice vector. To find a complete set of nonequivalent representations, we 

find the set of vectors k such that the length of the vector k is less than or 

equal to the length of any vector k + Ὁ. The vectors k found in this wa 

fill the first Brillouin zone. | 
The basis functions ¥, can be realized as coordinate functions, 


v,(r) = e™'¢, (nr), (12-166) 
where ¢,(r) has the periodicity of the lattice, 
φμί(τ + a) = ¢,(r). (12-167) 


We obtain a complete set by letting k run through the first Brillouin zone. 
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Problem. Draw the first Brillouin zone for a plane lattice in which the angle θ 
between a; and ag is 90°. Do the same for |a1| = |ag| and θ = 120°. 


12-7 Little groups. We consider the transformation group 1 ᾿" 
α΄ -- χα (12-109) 
(W',u’)(W,u) = (WW, Wu + wv’), (12-110) 


which leaves the form F,(x — y) invariant, where 
F(x) = S: ε.τ:. (12-107) 
i=1 
Then the bilinear form (“scalar product”) 
{x,y} = » EL iYi 


is left invariant by the homogeneous transformations W: 
{Wx, Wy} = {x,y}. (12-168) 


If we have found a representation of J? and then restrict ourselves to the 
subgroup 7'n, the representation will decompose into a direct sum of one- 
dimensional representations of 7',. Let us consider a particular irreducible 
representation of Τ᾽ which is contained in the representation of Ij: 


D(u)y(Ko, ἢ = et*ouly(Ko, ἢ), (12-169) 


where ¢ is an additional set of indices which may be needed to label the 
basis functions of the representation of 15. The basis function y(Ko, £) 
gives a one-dimensional subspace of the representation of 15. We apply 
to (12-169) the operator D(W) which represents the “rotation” (W, 0). 
Since (W, 0)(1, u) = (1, Wu)(W, 0), 


D(W) D(u)¥(ko, ἢ = eto"! [D(W) (Ko, ἢ)! 
= D(Wu)[D(W)¥ (ko, 5)!- 
Letting Wu = α΄, we have 


D(w')[D(W)W (ko, ὃ] = eto” ΤΠ D(W) (Ko, 51 
-- οἰκου [D(W)y(Ko, Ὁ, (12-170) 


because of (12-168). Thus ΘΟ Ψ(Κο, £) is in the subspace of the repre- 
sentation of 7,, which corresponds to the vector WKo. The vector Wko 15 
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obtained by applying the transformation W to the components of the 
vector Κρ. According to (12-168), {Wko, Wko} = {Ko, Ko}. Conse- 
quently, if the space of an irreducible representation of J ” contains 
the representation of Τῷ corresponding to Κρ, it must also contain the 
representations of T, corresponding to all vectors Κα having the same 
“length” as ko, that is, all vectors k with {k,k} = { ko, Ko} which can be 
reached by transformations W. 

We now consider the subgroup G;, which consists of all “rotations” 
W,,, that leave the vector ky unchanged: 


Wako = Ko. (12-171) 


The group G, is called the group of the wave vector ko, or the little group. 

From Eq. (12-170), we see that the functions D(W,,)¥(Ko, £) also 
belong to the vector kp. We consider this subspace and find an irreducible 
representation of the little group G,,: 


D(Wro)¥(Ko, ὃ = Σὺ ¥(ko, 2) [D(Wee,) ler, (12-172) 


where 7 labels the basis functions of the irreducible representation of Gx. 
We now show that an irreducible representation of the entire group I? 
is automatically determined by the selection of the irreducible representa~ 
tion (12-172) of the little group. 
Let W; be a “rotation” which takes ko into k: 


For each k which satisfies {k, k} = {Ko, ko}, we select one W,. Any 
other rotation which takes kp into k can be expressed in the form W,,W,,,. 
Corresponding to the basis functions ¥(Ko, ¢) we define sets of basis func- 
tions for each k: 


W(k, ἢ = D(W,y)¥(Ko, ὃ. (12-174) 
If a rotation W takes k into k’, then 
Wk = κ', 


WWiko = Wk, 
Wr 'WWiko = Ko, 
so that Wy'WW,, is in Gy, and 
W = WwW,Wi', (12-175) 


where W,, is some element of G,,. 
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The representation of W is now completely determined: 
D(W(k, ὃ = ΡΟ) DW.) D( Wie Ws, ὃ 
= ΡΟ) D(Wx,)¥{Ko, ἢ 
= D(We) du ¥(Ko, 1)[D(Wi) he 


= >> vk’, 2)|_D(Wo) he; 
D(W)V(k, ὃ = >> ¥(Wk, 2)[D(Weo) |e. (12-176) 


Equation (12-176) and Eq. (12-170), 


D(u)y(k, ὃ = es" W(k, ὃ, (12-170) 


completely determine the irreducible representation of 13. 


Problem. Prove that the choice of the vector ko, for which the little group was 
selected, is irrelevant. Show that the representations obtained by starting from 


the little group Gx, where k = W ko, are equivalent to the representations 
obtained by starting from Gp. 


For the euclidean group in three dimensions, the “scalar product” 
{x y} is the usual scalar product x-y. The vector ky can be transformed 
by a rotation W into all vectors k having the same length kp - ky = k@. 
The little group G,, is the group of rotations around the direction of Ko. 
Since this is an abelian group, it has only one-dimensional representations. 
The index ¢ takes on a single value 70 which is either integral or half- 
integral. 


For the Lorentz group, we have 
2 2 2 2 
{χ, x} = αἴ + χ + 13 — 4 = GijTid;, 


Jig = εἰ δι) |« -- +1, t = 1,2, | (12-177) 
--ὶ, ὶ τ 4 : 


where x, = ct. The transformations x’ = Wx leave {x, x} unchanged: 
{Wx, Wx} = {x, x}, 
Wx gWx == TG, 
WoW = τ. (12-178) 
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Taking the determinant of (12-178), we find that det W = +1. The 
proper Lorentz transformations are those for which det W = +1, 
Writing out the (4, 4)-component of (12-178), we find 
Wai ijWj4 = 944, 
or 
ws ape ¢ as Dee = we, = 1. (12-179) 


If we take the inverse of (12-178) and replace W~! by W, we find 
WgW = g. (12-178a) 
Taking the (4, 4)-component yields 
Wi4 — Wat — οἷς — ὧς = 1. (12-179a) 
From the last equation we see that 
wig > liwee > tl oor) wag < I. (12-180) 


The Lorentz transformations for which w44 > -+1 are said to be ortho- 
chronous. The proper orthochronous Lorentz transformations satisfy the 


conditions 
det W = +l, W44 > +1, (12-181) 


and can be reached continuously from the identity. They form the group 
which we designated by σ΄ δ, 
A vector x is said to be timelike if 


{x, x} < 0; (12-182) 
spacelike if | 

{x,x} > 0; (12-182a) 
and a null vector if 

{x,x} = 0. (12-182b) 


The speed of a material particle must be less than the velocity of light, c, 
so its space and time displacements Az,, At must satisfy the condition 


(Ax;)* + (Axa)? + (Ars)? « c? (At)?. (12-183) 


Thus the space-time displacement of a material particle is a timelike 
vector. 

A timelike vector is said to be positive (future, in the positive light cone) 
ifr, > 0, and negative (past, in the negative light cone) if x4 < 0. 
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A null vector is said to be on the positive light cone if x4 > 9, and on the 
negative light cone if x4 < 0. 

We now show that the proper orthochronous Lorentz transformations 
take positive timelike (or null) vectors into positive timelike (or null) 
vectors; ie., if 2? + 22 +23 < 22 and x4 > 0, then the transformed 
vector x’ satisfies the same conditions. 

The first part follows from the condition {x’ x/} = {x,x}. The fourth 


component of x’ is 
Lq = W41T1 + W42%2 + W43%3 + W444. (12-184) 


The Schwartz inequality applied to the first three terms on the right gives 


2 2 
|w4it1 + W4et2 + Wagts|" < (υἷι + wae + wi3)(x_ + χ8 + 13) 


< (wis — 1)x3 < wir. (12-185) 


This equation shows that the last term in (12-184) dominates the first 
three. Thus xj has the same sign as waar4. If was 2 1, then x, has the 
same Sign aS 74. 

In finding the irreducible representations of the proper orthochronous 
Lorentz group, we choose a vector Ko and find the irreducible representa- 
tions of the little group Gx,. There will be four principal types of repre- 
sentations: 

(1) Ko is timelike, {ko, Ko} < 0; 
(2) ko is a null vector, {Ko, Ko} = 9, but Ky ¥ 0; 

. (3) Ko = 0; 

(4) Ko is spacelike, {Ko, Ko} > 0. 


Type 1. Starting from Ko, we obtain functions corresponding to all 
vectors k = Wky. As shown above, if ko4 is positive (negative), then k4 
is positive (negative). We denote these two subtypes as 1, and 1_. If 


{Iko, Ko} = —m7, we can find a transformation W such that the vector 
k = Wk, hash, = ko = [8 = 0, and ki = μι. If Ko is a positive time- 
like vector, kg = ++/m?; if ko is a negative timelike vector, kg = —/m?. 


We choose to construct the little group for the vector of the form 
(0, 0, 0, ka). 


The little group is then the group of those Lorentz transformations W 
which leave the fourth component of a vector unchanged; i.e., the group 
Οἱ of rotations in three-dimensional space. We know the irreducible 
representations of this little group: they are the representations D%”, 
where j is integral or half-integral. For each 7 we obtain an irreducible 
representation of the little group and a corresponding irreducible repre- 
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sentation of the Lorentz group. The constants kg = ++/m? and 7 deter- 
mine the mass and spin of the system. 

The irreducible representations have the same form for all values of 
{ko, Ko}. This can be shown by using the isomorphism (automorphism) 


W — W, u— au (a real), 


ΟὟ, αὐ > (W, au). (12-186) 
This is.an isomorphism, since 


(γ΄, u’)(W, u) = (W'W, Wu + uv’), 
(W’, au’)(W, au) = (W'W, aW’u + au’) 
= (W'W, ofW’u + wv’). 


Thus, if we are given any representation D(W), D(u) of the group, the 
operators D(W), δ΄ (α) = D(au) also give a representation. But 


D'(u)y(Ko, f) eo D(au)y(Ko, ὃ ἘΞ θἴΚοναα (Ko, φ᾿ 
= elleosiv (leo, ᾧ). 


So the new representation corresponds to the vector ako, with {ako, ako} = 
αἴ Κρ, Ko} and (ako), = ako. 

Type 2. Again we have two subtypes: 0, when ko, is positive and 0_ 
when ko4 is negative. The rest mass m of the particles is zero. The argu- 
ment given under Type 1 shows that the representations are similar for al] 
values of ko, We can always find a W to make our typical k have the 
form (0,0,1,1). The little group G, is the set of transformations W 
which leave the vector k:(0, 0, 1, 1) unchanged. These transformations are 
of three types: The first is the group of rotations in the (1-2)-plane: 


cos@ —sin@d 0 0 
R δὲ = sin 6 cos@é ὁ 0 : 12--187 
12(θ) ἥ i 10 ( ) 
0 0 0 1 
the other two are: 
1 O —a a 
0 1 0 0 
2 a? 
Ti(a)=ja 0 1 -- --- (12-187a) 
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and 
1 O 0 0 
0 1 —b b 
b? b? 
T.0)=|0 ὑ 1- τς F |: (12-187b) 
b? b? | 


where a and b are arbitrary real numbers. The transformations 7; and 72 
form one-parameter abelian groups. 7(@) and 7T2(b) commute, and we 
find that the little group is isomorphic to the group of euclidean motions 
in two dimensions. 

The result is easily derived by noting that the group is a three-parameter 
subgroup of the homogeneous Lorentz group. We then try to find those 
infinitesimal matrices which leave k invariant, namely the matrices 


12, G44 + α34, do4 + 34 (12-188) 


which generate the three subgroups listed above. 

Type 3. If ky = 0, the basis functions are invariant under all transla- 
tions. The little group is the group of proper orthochronous homogeneous 
Lorentz transformations Gy 

Type 4. We choose as the typical vector κο = (1,0, 0,0). The little 
group is the group which leaves the first coordinate unchanged. It is there- 
fore the group G? of Lorentz. transformations with two space coordinates 
and one time coordinate. | 

Only the representations of Types 1 and 2 appear to have physical 
significance. 


Problem. Show that the infinitesimal matrices (12-188) generate the finite 
transformations (12-187). 
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